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FOUNDATIONS 


mc, Hugues. On definitions. 

309 (1950). 
his paper suggests a syntactical characterization of the 
or less vague relation of synonymity. The statement 
‘stands for b”’ is said to be an absolute definition (a rela- 
n of synonymity) for the definiendum a, relative to a 
imal system 5S, if and only if there exists a complete axiom 
tem A(a) for a and b=(x)A(x) is provable in S. The 
thor notes several rather serious objections to this pro- 

D. Nelson (Washington, D. C.). 


Philos. Sci. 17, 302- 


nson, Julia. General recursive functions. 
Amer. Math. Soc. 1, 703-718 (1950). 
‘The author discusses the restriction of schemata of defini- 
n sufficient to generate the class R of general recursive 
unctions and its subclass R, of general recursive functions 
a single variable. Among the results are the following: 
E(x) =x—[4/x} and Q(x) =0"); then the class R can 
generated by substitution from x+-y and Q using the least 
amber schema F(x) = wy(A (x1, ---, xx, y) =0), or from x+y 
E using the inversion schema (J) F(x) =yy(A(y) =x). 
R, can be generated from two primitive recursive func- 
using a substitution schema F(x)=B(A(x)) and the 
prsion schema (J). Methods of constructing the two 
tions are discussed and it is shown further that no single 
tion is sufficient. Without using metamathematical 
thods [S. C. Kleene, Math. Ann. 112, 727-742 (1936); 
Amer. Math. Soc. 53, 41-73 (1943); these Rev. 4, 
126}, the author shows that every general recursive function 
Sof the form A (cy(B(x:, ---, xx, y)=0)), where A and B are 
litive recursive and there exists for every x1, ---, x, a 
y such that B(x, ---, x, y) =0. D. Nelson. 


Proc. 


, R6ézsa. Zusammenhang der mehrfachen und trans- 
J. Symbolic Logic 15, 248-272 


Let the natural numbers be ordered in a series S, begin- 
img with 1, of order type — in the second number class. A 
tion y(n) is recursive of type & if g(1) is given and 
+1) is expressed by substitutions out of given functions 

i the values of ¢ for arguments which are before n+1 

im 5S. A recursive function of type w* can also be given by a 
bid recursion as defined by Ackermann [Math. Ann. 
118-133 (1928) ]. Conversely any k-fold recursion can be 
placed by a simple recursion of type w*. An analogous 
subsists for transfinite multiple recursions of type 

+++, =), defined as follows: Let orderings S; of type 
(@=1,---,m) of the natural numbers be given; the 
Sequence (#:,---, ms) is before (m;',---,#m') if for some 
®, is before n,’ in S, and nj=nj(j=1, ---,r—1). A recur- 
of type (w", ---, w") can be reduced to a simple recur- 

of type wt---+, By using the normal form of a k-fold 

ion [the author, Math. Ann. 113, 489-527 (1936)], 
quence of functions ¥..(%, %2, m3) is defined which con- 
all multiply recursive functions (with repetitions). The 





function ¥(m, m1, M2, 23) =~m(%1, M2, M3) is given by a recur- 
sion which is equivalent to a simple recursion of type w*. 
The diagonal process shows that this function cannot be 
defined by a recursion of type w*. It is remarked that all the 
functions considered are general recursive. Proofs are given 
for a special case, but the methods are applicable in general. 
A. Heyting (Amsterdam). 


Wagner, K. Zum Reprisentantenproblem der Logik fiir 
Aussagenfunktionen mit beliebig endlich oder unendlich 
vielen Wahrheitswerten. Math. Z. 53, 364-374 (1950). 

This paper describes propositional calculi of u-valued logics, 

where yu is any cardinal (it is the cardinal of the set B below). 

Given any 2 sets 2? and B and any mapping f of M onto B, 

the elements of Jt shall be called statements, those of B 

truth-values. Two statements x and x’ are equivalent 

(written x~x’) if and only if f(x) = f(x’). An n-ary truth- 

function is defined as a mapping ¢ of IX - - - X Mt ( factors) 

into M in such a manner that if x;~x;', x2~%0', «++, Xn.~%Xn’, 
then (x, «++, %n)~o¢(x1', +++, Xn’). One unary and two 
binary truth-functions are then defined which reduce to 
negation, conjunction and disjunction, respectively, in case 

B contains only two elements (true and false). The main 

theorem of the paper is a generalization of the existence of 

a disjunctive normal form, i.e. it is shown that every truth- 

function g(x, --+, x,) can be represented as a “‘polynomial”’ 

in the x, --+,%, and their generalized negations. 
I. L. Novak (Berkeley, Calif.). 


Wang, Hao. The non-finitizability of impredicative prin- 
ciples. Proc. Nat. Acad. Sci. U.S.A. 36, 479-484 (1950). 
For the system of set theory Z determined by Bernays’ 

axioms I-III and Va [J. Symbolic Logic 2, 65-77 (1937); 

6, 1-17 (1941); 7, 133-145 (1942); these Rev. 2, 710; 4, 183], 

it can be shown that for any normal formula ¢ (a formula 

equivalent to one in which all bound variables are set 

variables), the formula (1) (3B)(x)(xeB= (x, Xi, ---, Xx)) 

is provable in L. The author shows, however, that this is 

not true in the impredicative case in which ¢ is not limited 
to normal formulas. More precisely, that in a subsystem 
of L, assuming the consistency of this subsystem, formula 

(1) cannot be deduced for all g from any finite number of 

formulas of the form of (1). Enumerating the classes pro- 

vided by a finite number of cases of (1) the author uses a 

diagonal procedure to construct a class provided by the 

impredicative principle but not in the enumeration. It is 
observed that the methods may be extended to other 

systems. D. Nelson (Washington, D. C.). 


Lorenzen, Paul. Konstruktive Begriindung der Mathe- 

matik. Math. Z. 53, 162-202 (1950). 

The author bases arithmetic on rules of construction. The 
fundamental constructions are of the form 2, =z: and 2, 2s, 
where 2s; and 2; are sequences of marks, I, II, etc. The 
construction I =I is allowable and further constructions are 











470 
provided by rules such as 2,=2,->>%I=2,1. The author 
explains the arrow and subscript notation as follows: ““Um- 
gangssprachlich kénnte etwa— als ‘dann’, die darunter 
befindliche Variable als ‘fiir jedes x’ gelesen werden.” and 
further, “‘Das Verstehen dieser Regeln ist durch einfaches 
Vor- und Nachmachen des Konstruierens nach ihnen zu 
lernen, es ist unabhangig vom Verstehen einer der tradi- 
tionellen Umgangssprachen. In diesem Sinne ist die hier 
gegebene Begriindung ‘sprachunabhangig’.’’ Examples are 
given of-application of the rules, but a precise constructive 
meaning is not given these symbols nor are explicit rules 
stated for their formal use. In ordinary usage one would 
be inclined to consider these notations a part of meta- 
mathematics, but the author appears to reject the distinc- 
tion, mathematical-metamathematical: ‘‘die Unterscheidung 
zwischen Mathematik und Metamathematik dem Grund- 
lagenproblem nicht angemessen ist.” Further rules are 
posited for the introduction of addition and multipli- 
cation. Characteristically logical principles such as 
(Pi P2, D2 > 1) > (1 Ps) are regarded as eliminable meta- 
rules (“‘sie die Menge der gegebenen Regeln nur um elimi- 
nierbare Regeln erweitert’’). The principle of mathematical 
induction is also treated in this fashion. The positive 
connectives other than implication are introduced by 
schemata such as the following for universal quantification, 
p.(x)—A.p(x), and for conjunction, p;, p2—>piAp2 The 
usual rules for the elimination of these are regarded again 
as eliminable rules. The negation of p is defined as pA, 
where A stands for any formula distinct from every deriv- 
able formula, the distinctness to be established in a specific 
semiotic system. The greater part of intuitionistic arithmetic 
in this approach is, of course, established on the non- 
formalized level of the ‘—»” notation. The last section of 
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the work is concerned with the foundation of classical 
arithmetic. The consistency of this extension is assured by 
a correspondence with the intuitionistic system similar to 
that of Gédel [Ergebn. Math. Kolloqu. 4, 34-38 (1933)]; 
however, Lorenzen’s correspondence is homomorphic with 
respect to “—»”’ as well as conjunction and universal 
quantification. D. Nelson (Washington, D. C.). 


Neubauer, MiloS5. Sur quelques simplifications de la 
théorie axiomatique d’ensembles de von Neumann, 
Casopis P&st. Mat. Fys. 74 (1949), 142-144 (1950). 
(French. Czech summary) 

Some simplifications of the development of mathematics 

from the axioms of von Neumann [Math. Z. 27, 669-752 

(1928) ] are given. I. L. Novak (Berkeley, Calif.). 


JaSkowski, Stanislaw. Quelques problémes actuels con- 
cernant les fondements des mathématiques. Casopis 
P&st. Mat. Fys. 74 (1949), 74-78 (1950). (French, 
Polish summary) 


Hamel, Georg. Was ist Geometrie? Geometrie und 
Anschauung. Math. Nachr. 4, 502-511 (1951). 
Lecture of a somewhat philosophical nature given before 

the Berliner Mathematische Gesellschaft, Nov., 1950. 


Whyte, L. L. Fundamental physical theory. An interpre- 
tation of the present position of the theory of particles. 
British J. Philos. Sci. 1, 303-327 (1951). 


Beth, Evert W. Fundamental features of contemporary 
theory of science. British J. Philos. Sci. 1, 291-302 
(1951). 


ALGEBRA 


Dushnik, Ben. Concerning a certain set of arrangements. 

Proc. Amer. Math. Soc. 1, 788-796 (1950). 

Given integers 0<k=m, a set S of arrangements (permu- 
tations) of M={1, 2, ---, m} is called k-suitable if for every 
subset {a;,4=1, 2, ---, &}, there is a member of S in which 
#<k implies a, follows a;. The smallest N for which there is 
a set of N arrangements k-suitable for m is evaluated in 
certain cases, and applied to the evaluation of the dimen- 
sion, in the sense of Dushnik and Miller [Amer. J. Math. 
63, 600-610 (1941); these Rev. 3, 73], of certain partially 
ordered sets. P. M. Whitman (Silver Spring, Md.). 


*Schwerdtfeger, Hans. Introduction to Linear Algebra 
and the Theory of Matrices. P. Noordhoff, Groningen, 
1950. 280 pp. 15 florins; bound, 17.50 florins. 

This valuable book is an introduction to the concepts of 
linear algebra and the theory of matrices which the author 
intends to supplement with another (shorter) volume includ- 
ing the elementary divisor theory. The four chapters and 
appendix include thirty-nine sections of which the following 
are representative. 1. The number space; 2. Linear depend- 
ence of points in number space; 3. The replacement pro- 
cedure; 4. Linear equations, rank; 7. Determinants (the 
Weierstrass axioms are proved as fundamental properties 
from an inductive definition); 11. Linear homogeneous 
transformations; 12. The formal laws; 15. Elementary trans- 
formations; 16. Equivalence; 17. Congruence; 18, 19. Com- 
plex and real symmetric matrices; 20. Hermitean matrices; 
21. Skew-symmetric matrices; 22. Notion of a group in 





linear algebra; 23. Similarity, the characteristic polynomial; 
25, 26, 29. Orthogonal, unitary and symplectic groups; 
Appendix: Projective space and its linear subspaces, col- 
lineations, correlations, null systems, linear complex. 
Admirable features of the book include a list of examples 
for solution, footnotes with historical notes, references to 
the original literature and to extensions of the topics treated, 
a geometric framework for the algebraic results, and a sum- 
mary of the principal problems considered in chapters III 
and IV. (The last is particularly recommended as an aid to 
the orientation of beginning graduate students.) There are 
many detailed results not available elsewhere in a text at 
this level. The reviewer finds it impossible to approve some 
features: inadequate introduction to the concept of an 
abstract vector space; the treatment of determinants before 
the proof that matrices of order m form a ring (and inade- 
quate emphasis on this fact); failure to use the concept of 
dual space in relating row and column vectors (particularly 
desirable for use in the appendix); lack of any mention of 
matrices over a noncommutative field; and, use of a notation 
sometimes overexplicit to the point of being clumsy. On 
p. 68, footnote 4, the use of “group” could mislead @ 
student, on p. 157, footnote 3, the reference should be to 
theorem 19.5 rather than to 29.5, and on p. 272 it is falsely 
stated that a single pair of conjugate nonnull lines of a null 
system define the (matrix of the) null system. Aside from 
these trivialities, no errors were noted, the results are 
generally clear and accurate and the general impression 
made by the book is pleasing. Many graduate students, 
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particularly those interested in applications, should find this 
auseful addition to the elementary literature of the subject. 
W. Givens (Knoxville, Tenn.). 


Varoli, Giuseppe. Calcolo di alcuni determinanti. Boll. 

Un. Mat. Ital. (3) 5, 293-297 (1950). 

Since cos” x is a linear combination of cos px, p=0,1,---,m, 
and cos mx is a linear combination of cos ®x, where in each 
case the coefficients are explicitly known, the values of the 
determinants involved are also known. This yields, for 


r—s+1 , 


where r,s=1,2,---,p denote row and column, and 


p=2,3,---, [4m]. The binomial coefficients are zero if 
s>r+1. A. W. Goodman (Lexington, Ky.). 
Szele, T. Periodische zyklische Differenzenmatrizen. 


Acta Math. 84, 181-187 (1951). 

Any set of m elements a; (¢=0, ---,m—1) in an Abelian 
group G can be used to define a cyclic difference matrix 
M with the a; as first row, the second row formed by the 
Gin, —@; (¢=0, 1, ---, m—1) (@,,=c@,) and every later row 
formed from the preceding in the same way. The matrix is 
called periodic if some row coincides with the first one. It is 
shown that only 4 types of periodic cyclic difference matrices 
exist. If G is the set of algebraic numbers then the only peri- 
odic matrices M (M0) are the ones formed from an initial 
row a, b,b—a, —a, —b,a—b, ---,a—b obtained by the 
process do=4d), a,=5, ay = Ay—1 — Ae—2 (k=2, 3, eee, 6r—1). 
The elements a, } are arbitrary; the period is 3. An applica- 
tion to group rings of finite cyclic groups {c*} of order m is 
made. If the coordinates are taken from a commutative ring 
with unit element and characteristic 0, then (c—1)*—1 isa 
zero divisor in the group ring if and only if 6|m and 3k. 

O. Todd-Taussky (Washington, D. C.). 


Egervéry, E. Eine Bemerkung iiber definite quadratische 
Formen. Publ. Math. Debrecen 1, 193-195 (1950). 
This paper is essentially Kronecker’s derivation, by com- 

pleting the square, of the well-known criterion that a 

quadratic form be definite. B. W. Jones (Boulder, Col.). 


Parodi, Maurice. A propos d’un critére de stabilité. C. R. 

Acad. Sci. Paris 232, 204-206 (1951). 

The purpose of this paper is to show that the convenient 
criterion for a square matrix M = (a,;) to be positive definite, 
det || || >0 and min (a;;) =max|a,;|, (¢47;4,7=1,2, ---,n), 
while not strictly true is nevertheless quite useful in practice. 

R. Hamming (Murray Hill, N. J.). 


Afriat, S. N. The quadratic form positive definite on a 

a manifold. Proc. Cambridge Philos. Soc. 47, 1-6 

51). 

The main result is the following. Let A be the matrix of 
areal n-ary quadratic form, and let ¥, be a vector space of 
kdimensions whose dual manifold is spanned by the columns 
q of an »X(n—k) matrix U, whose leading (n—k)-rowed 
minor is nonsingular. Then a necessary and sufficient condi- 
tion that the quadratic form be positive definite over %, 
is that the principal leading (2n—2k+m)-rowed minors of 
the matrix (—1)*~* (¢, 9’) be positive for 1Sm=k. 

i. A. Todd (Cambridge, England). 
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Seitz, Jifi. Note sur un probléme fondamental de la 
théorie de l’équilibre économique. Aktudrské Védy 8 
137-144 (1949). 

A quadratic form >°7..-1¢ax is positive — for 


any real x1, +++, Xs satisfying Djm1eajej=0, h=1, ---, p<n, 
if and only if the successive determinants 
0-0 Cu * Cir 
0-0 Cyn * Cpr 
(r=), very n) 


Cu * Cpr Gy * Cir 





Cir * Cpr On * Orr 





have the same (alternating) signs. Proof is given, with the 
remark that the general result (for »>3) could not be found 
in the literature available to the author. Another general 
proof can be found, for ||aa|| symmetrical, in H. Hancock, 
Theory of Maxima and Minima [Ginn, Boston, 1917, chap- 
ter VI], where the theorem is given using the signs of the 
terms of the expansion of the determinant 








0-090 Ce) na 
‘ye aT eee 
Cu * Cp. Gu-A+ Gy 
Cin * Con Gui * Gan—A 


in powers of A, and where further references are supplied 
[loc. cit., pp. 106-107]. J. Marschak (Chicago, IIl.). 


Roth, William Z. On the matric equation 
X*+AX+XB+C=0. 


Proc. Amer. Math. Soc. 1, 586-589 (1950). 

Let A, B, C be matrices of order m over F, the field of com- 
plex numbers or a sub-field thereof, and let R=[—3: 4]. If 
the matric equation (1) X*+AX+XB+C=0 has a solution 
X in F, then, it is proved, there exists at least one pair of 
polynomials f(A), g(A) with coefficients in F, neither of 
degree greater than m, such that f(R)g(R) =0 and such that 
f(X+A) =g(—X—B)=0; further, if f(R)=[y; ¥], then 
(2) XU+V=XM+WN=0. If, in addition, M is nonsingular, 
X,= —M~(X+B)M-—A is also a solution of (1) with ele- 
ments in F. Conversely, if a polynomial f(4) with coefficients 
in F and of degree not greater than m can be found such 
that f(R) is of rank m and M is nonsingular, then any solu- 
tion X of (2) is a solution of (t) and X; is likewise a solution. 
With slight modifications, the results also apply to the 
matric equation X¥DX+AX+XB+C=0, even when D is 
singular. D. E. Rutherford (St. Andrews). 


Bell, James H. The solution of a unilateral direct product 
matrix equation. Proc. Amer. Math. Soc. 1, 777-781 
(1950). 

The matrix equation to which the title refers is 
Q(X) = Dkn040XK,X"=0, where the A, are r by p, the 
K,, are t by n, X is n by n and the is the direct product. 
It is observed that this equation is equivalent to the rp 
equations 5,.oLmaX"=0, where Lna=AmijKm and a= (4, j) 
has the range (1, 1) to (r, p). For =n, a necessary condition 
for a solution is that the determinants | >>j,-olmeX™| have a 
common factor of degree n. If also p=r, 


Q(A) — Q(X) = SIX (A—X)), 
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where A=XJ, is m by n, and an algorithm for, the solution 
can be obtained by first reducing Q(A) to a left associate in 
Hermite triangular canonical form. W. Givens. 


Moore, M. J. A simple test for the reality and sign of the 
roots of two determinantal equations of high degree. 
Math. Gaz. 34, 94-98 (1950). 

Let A,.(—x)=0 denote the characteristic equation of 
a matrix, whose elements just above the main diagonal 
are positive and those just below are negative, while all 
others are zero. There exist polynomials F, and G, such that 
Ao-(x) = F,(x*), Aors1(x) = xG,(x*). The roots of F, and G, are 
negative and alternate. This result is proved by means of 
the relation between F, and F,_; and G,_,; obtained by 
expanding the characteristic determinant. An expanded ver- 
sion of this argument also shows that if the terms just below 
the diagonal are positive instead of negative and nonzero 
diagonal values are permitted (the other restrictions re- 
maining the same) then A,, has real roots. 

F. J. Murray (New York, N. Y.). 


Kriise, K. Die graphische Ermittlung der reellen Wurzeln 
kubischer Gleichungen. Elemente der Math. 5, 131-134 
(1950). 

Roots of reduced cubic as abscissas of intersections of a 
variable circle through the origin with a fixed parabola; 
from this the natural genesis of discriminant. 

R. Church (Annapolis, Md.). 


Mitrinovitch, D. S. Sur les équations algébriques non 
rationnelles. Fac. Philos. Univ. Skopje. Sect. Sci. Nat. 
Annuaire 2, 143-164 (1949). (Serbo-Croatian. Russian 
and French summaries) 

The author points out that by elimination (e.g. Sylvester) 

a polynomial P(z) can be formed, among the roots of which 

are included the roots of a given equation A(z) =0, where 

A(z) =R(z, t:, ---, t,) is a rational function of its arguments 

and where t;#=A;,(z) is a rational function of z. Using 

simple examples this method is contrasted with (a) the 
elementary method of disposing of radicals by raising to 
suitable powers and (b) the method described by G. Loria 

[Mathesis 52, 129-131 (1938)] of forming the norm by 

multiplication of conjugate expressions. The results are 

formulated for the case where the A; are themselves rational 
functions of further auxiliary variables of which known 

integral powers are in turn rational functions (etc., for a 

finite number of steps) of one or more variables z. 

R. Church (Annapolis, Md.). 


Sakakihara, Kanenji. On symmetric polynomials. Mem. 

Fac. Sci. Kyiisyii Univ. A. 5, 83-87 (1950). 

The author proves that any symmetric polynomial 
Dixit «++ x78 is expressible in the form > +5,,5.,°** Se, 
the sum being over every permutation of m numbers, 
expressing each such permutation as a product of dis- 
joint cycles: cc, --- c,. The ambiguous sign is determined 
by the parity of the permutation and if c; is the cycle 





(@:2 --+ a,)then s,, is the sum of the ‘th powers of the x’s 
with t=ps,t+pat --* +Pa,- B. W. Jones. 
Abstract Algebra 


Riguet, Jacques. Sur les ensembles réguliers de relations 
binaires. C.R. Acad. Sci. Paris 231, 936-937 (1950). 
Let ® be a set of binary relations such that (1) any two 

relations in R are disjoint, (2) if RyeM and RseR then there 
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exists a unique Re with R:R2CR, (3) 0 is not in MR, (4) 
given R,eR, there exists Re with R;'CR. Then § is a 
group of difunctional relations having for identity the unique 
quasiequivalence of ®, and the group-inverse of Re® is 
Re. [Cf. the author’s previous work on relations, Bull. 
Soc. Math. France 76, 114-155 (1948); these Rev. 10, 502.] 
P. M. Whitman (Silver Spring, Md.). 


Iséki, Kiyosi. Sur les ensembles finis. C. R. Acad. Sci. 

Paris 231, 1396-1397 (1950). 

The author lists several conditions, each equivalent to the 
finiteness of a set E. For instance: Every prime ideal in the 
Boolean ring of all subsets of E is a divisor of 0. 

P. M. Whitman (Silver Spring, Md.). 
Iseki, Kiyosi. On disjunction property of lattice. Portu- 

galiae Math. 9, 169-170 (1950). 

Theorem: In a lattice, “given a>b, there exists x such 
that af\x0, b(.\x=0” is equivalent to “given a+b, there 
exists x such that af)\x+0 and b()\x=0 or vice versa”. The 
lemma (on existence of a maximal dual ideal) which the 
author uses in the proof is not valid without some additional 
condition such as finiteness. P. M. Whitman. 


Ellis, David. Notes on the foundations of lattice theory. 

Publ. Math. Debrecen 1, 205-208 (1950). 

In the usual postulates for a distributive lattice, aUJa=a 
and af)\a=a can be replaced by aUaUalU --- Ua=a for 
some finite number of terms and its dual. 

P. M. Whitman (Silver Spring, Md.). 


Vassiliou, Ph. A set of postulates for distributive lattices. 
Publ. Nat. Tech. Univ. Athens no. 5, 3 pp. (1950). 
(English. Greek summary) 

The author gives two solutions of problem 64 of the 
reviewer's ‘‘Lattice Theory” [Amer. Math. Soc. Colloquium 
Publ., v. 25, revised ed., New York, 1948; these Rev. 
10, 673], by appropriate sets of postulates for distribu- 
tive lattices involving the undefined ternary operation 
(a, b, c) = (afb) U(6No)U(cNa). His neatest set is perhaps 
(0, a, 1) =a; (a, 6, a) =a, and 


(a, (6, c,d), e) a ((e, a, d), C, (e, a, b)). 


Closely related solutions have been given by Croisot and 
Sholander [see the two following reviews ]. 
G. Birkhoff (Cambridge, Mass.). 


Croisot, R. Axiomatique des lattices distributives. Cana- 

dian J. Math. 3, 24~27 (1951). 

Answering problems 64 and 65 of Birkhoff [see the pre- 
ceding review and the reference cited there], the usual pos- 
tulates for distributive lattices are proved independent, as 
are shorter sets. For a Boolean algebra, there need only exist 
complements satisfying (d, e, (b, a, c)) = (0, (e, d, c), (d, é, a)) 
and (b,a,b’)=a. P.M. Whitman (Silver Spring, Md.). 


Sholander, Marlow. Postulates for distributive lattices. 

Canadian J. Math. 3, 28-30 (1951). 

The following postulates serve for distributive lattices: 
a=af\(aUb) and af\(bUc)=(cf\a)U(bNa). Additional 
postulates produce 0, J, and complements. Postulates of 
Croisot [cf. the préceding review] for distributive lattices 
are reduced to (0, a, (J, b, J)) =a and 

(a, (0, a ((a, ¢, €), d, (b, a, €)). 
M. Whitman (Silver Spring, Md.). 
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Croisot, Robert. Diverses caractérisations des treillis 
semi-modulaires, modulaires et distributifs. C.R. Acad. 
Sci. Paris 231, 1399-1401 (1950). 

The author continues his studies of conditions for semi- 
modular and modular lattices of infinite length [cf. same 
vol., 12-14, 95-97 (1950); these Rev. 12, 4, 5]. The present 
note announces 31 implications relating such conditions; 
most of them concern the lattice of ideals of a semi-modular 
lattice [cf. Dilworth, Trans. Amer. Math. Soc. 49, 325-353 
(1941); these Rev. 2, 343]. In particular, problem 47 of the 
reviewer's Lattice Theory [Amer. Math. Soc. Colloquium 
Publ., v. 25, rev. ed., New York, 1948; these Rev. 10, 673] 
is explicitly solved. Proofs of the results announced will 
appear later. G. Birkhoff (Cambridge, Mass.). 


Dubreil-Jacotin, Marie-Louise. Quelques propriétés des 
équivalences réguliéres par rapport a la multiplication et a 
Punion, dans un treillis 4 multiplication commutative avec 
élément unitée. C. R. Acad. Sci. Paris 232, 287-289 
(1951). 

Let ZL denote a commutative multiplicative lattice with 
multiplicative unit e [G. Birkhoff, Lattice Theory, Amer. 
Math. Soc. Colloquium Publ., vol. 25, revised ed., New 
York, 1948; these Rev. 10, 673], and p an equivalence rela- 
tion on the elements of Z preserving union and multiplica- 
tion and such that the equivalence class of e contains only 
integral elements. Let F denote the relation a=) if and only 
if xa =e is equivalent to x\Jb=e; F preserves intersection. 
If for some p, the equivalence class of e contains only e, then 
in the sublattice L’ of integral elements of L, p is a refine- 
ment of F. In the quotient lattice L’/F, every class is a 
unique product of maximal classes if and only if the ascend- 
ing and weak descending chain conditions hold. If Z is 
residuated, then p is a refinement of the “Artin equivalence”’ 
(a= if and only if e:a=e:5). If L isa lattice-ordered group, 
p must be the equality. P. M. Whitman. 


Lesieur, Léonce. Sur les treillis multiplicatifs complets a 
condition minimale. C.R. Acad. Sci. Paris 232, 290—292 
(1951). 


An Artin lattice is a complete multiplicative lattice with 
a zero and an infinity and in which the descending chain 
condition holds. An element h is called bilateral if x-aSa 
and a-xa for all x. Theorems in Artin lattices: Every 
union (unrestricted) of nilpotent elements is nilpotent. The 
union of all x with x*Sh for some integer n(x) is a bilateral 
element r, with r,"Sh and is called the radical of h. 

P. M. Whitman (Silver Spring, Md.). 


Frucht, Robert. Lattices with a given abstract group of 
automorphisms. Canadian J. Math. 2, 417-419 (1950). 
Given a group G of finite order g with m generators, there 

exists a lattice with at most 5(m+2)g+2 elements whose 

group of automorphisms is isomorphic to G. Given a graph 

H with q vertices, p edges, and no isolated points, there is a 

lattice with p+q+2 elements whose group of automor- 

phisms is isomorphic to that of H. The lattices are generally 
nondistributive, unlike the larger lattices with a similar 
property found by G. Birkhoff [Revista Unién Mat. 

Argentina 11, 155-157 (1946); these Rev. 7, 411]; cf. also 

previous work of the author [e.g. Amer. J. Math. 72, 195- 

199 (1950); these Rev. 11, 320]. P. M. Whitman. 


Krishnan, Viakalathur-S. Une théorie générale des idéaux. 
C. R. Acad. Sci. Paris 231, 1397-1399 (1950). 

_ The author states that many of the properties of ideals 

in rings and distributive lattices hold in any commutative 
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ringoid. A ringoid is an algebra with binary multiplication 
(assumed associative in this paper) which is distributive 
with respect to other binary operations [G. Birkhoff, 
Lattice Theory, Amer. Math. Soc. Colloquium Publ., vol. 
25, rev. ed., New York, 1948; these Rev. 10, 673]. Proofs 
are to appear subsequently. 

P. M. Whitman (Silver Spring, Md.). 


Fuchs, L. On semigroups admitting relative inverses and 
having minimal ideals. Publ. Math. Debrecen 1, 227-— 
231 (1950). 

This paper is concerned with semi-groups admitting rela- 
tive inverses in the sense that if a belongs to such a semi- 
group 5S, then there exist elements e,a’ in S such that 
ea =ae=a, and aa’ =a’a=e [cf. Clifford, Ann. of Math. (2) 
42, 1037-1049 (1941); these Rev. 3, 199]. Two elements 
a, b of S belong to the same class C, if aS=bS. The class C, 
is a semi-group with the following structure. It is the sum of 
disjoint groups G, these groups being isomorphic to a group 
G under an isomorphism x—>x,. Multiplication in C, is then 
defined by x.y; = (xy),. Analogous results hold for the classes 
D, defined by the relation Sa=Sb. The restriction is then 
made that S contains a minimal left ideal. It then follows 
that it also contains minimal right ideals. Further, the union 
of all minimal left ideals coincides with the union of all 
minimal right ideals and this union is a semi-group having 
a similar structure to that termed the kernel in the case 
where S is finite [Suschkewitsch, Math. Ann. 99, 30-50 
(1928) ]. The author next defines the rank of a principal 
right ideal as follows. If the ideal is minimal, it has rank 1. 
The rank is m if every principal right ideal properly con- 
tained in it has rank m—1 or less, and there is at least one 
principal ideal properly contained in it of rank m—1. It is 
then shown that if aS has rank n, then the left ideal Sa also 
has rank m (the rank of a left ideal being similarly defined. 
Starting with a right ideal of rank m, the left ideals gener- 
ated by generators of this ideal then have as their union a 
semi-group of similar structure to that of the Suschkewitsch 
kernel. D. Rees (Cambridge, England). 


Serre, J.-P. Sur un théoréme de T. Szele. Acta Univ. 

Szeged. Sect. Sci. Math. 13, 190-191 (1950). 

Let C be a commutative ring with unit element, let p be a 
prime ideal of C (not necessarily different from (0)), and 
denote by Q, the quotient field of the residue class ring C/p. 
Let G be a C-module and consider the properties: (Z,) Every 
nonzero C-endomorphism of G is a C-automorphism; (£3) 
{0} and G itself are the only submodules of G which are 
invariant under all C-endomorphisms of G; (£,) if x0, 
yx0 belong to G there exists a C-automorphism S of G for 
which s(x) =y. Property (£2) is equivalent to the statement 
that G is isomorphic to the additive group of some Q,. 
Properties (E;) and (£,) are each equivalent to the state- 
ment that G is isomorphic to a vector space over some 
field Q,. R. M. Thrall (Ann Arbor, Mich.). 


Smiley, M. F. Some questions concerning alternative 

rings. Bull. Amer. Math. Soc. 57, 36-43 (1951). 

This address summarizes present knowledge of alternative 
rings without finiteness conditions. The discussion is divided 
into three parts: (1) geometry, where interest is guided by 
applications to projective planes; (2) algebra, where Jacob- 
son’s structure theory for associative rings serves as a model ; 
(3) topology. Several questions are posed, and a bibliography 
of 55 items is included. R. D. Schafer. 
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Szendrei, J. On the extension of rings without divisors of 
zero. Acta Univ. Szeged. Sect. Sci. Math. 13, 231-234 
(1950). 

The author proves the following theorem. Let R be an 
arbitrary ring without divisors of zero. Then there exists 
one and only one ring & having the following properties: 
(1) R contains a unit element; (2) & contains no divisor of 
zero; (3) R is a minimal extension of R, that is, there is no 
proper subring of R which contains R and which possesses 
a unit element. The ring & is determined as follows. Every 
nonzero element of R is of order p where is a prime or 0. 
Let m be the least positive integer such that, for some a0 
in R, a=ma. If no such a exists, let m=0, a=0. Let 
d=(p, m). If d=1, then R possesses a unit element, namely, 
m’a where mm’ =1 (mod p). If d¥1, the construction of R 
given by the author is the same as the construction of 
R*(a,d) given by Brown and McCoy [Duke Math. J. 13, 
9-20 (1946), in particular, pp. 13-14; these Rev. 7, 361]. 

F. Kiokemeister (South Hadley, Mass.). 


Brown, Bailey, and McCoy, Neal H. Some theorems on 
groups with applications to ring theory. Trans. Amer. 
Math. Soc. 69, 302-311 (1950). 

Das Ziel der Arbeit ist, verschiedene Strukturunter- 
suchungen der letzten Jahre iiber assoziative und nicht- 
assoziative Ringe [siehe z.B., R. F. Arens und I. Kaplansky, 
Trans. Amer. Math. Soc. 63, 457-481 (1948); diese Rev. 10, 
7; R. A. Good, ibid., 482-513 (1948); diese Rev. 9, 565; die 
Verfasser, Amer. J. Math. 69, 46-58 (1947); diese Rev. 8, 
433; N. Jacobson, ibid. 67, 300-320 (1945); diese Rev. 7, 2; 
M. F. Smiley, Bull. Amer. Math. Soc. 53, 775-778 (1947); 
Amer. J. Math. 72, 93-100 (1950); diese Rev. 9, 172; 11, 
311; M. Zorn, Ann. of Math. (2) 42, 676-686 (1941); diese 
Rev. 3, 100] und die hierfiir geschaffenen Begriffsbildungen 
(regulares Ideal, F-Regularitat, Radical, F-Radical, Primi- 
tiver Ring, halbdirekter irreduzibler Ring mit Null-F- 
Radical, u.a.) einer umfassenden Theorie unterzuordnen, die 
im wesentlichen Satze iiber Gruppen mit Operatoren 
enthalt, wobei sich auch neue Resultate iiber nichtassozia- 
tive, insbesondere alternative Ringe ergeben. Sei G eine 
additiv geschriebene, nicht notwendig Abelsche Gruppe mit 
gegebenem Operatorenbereich 2, der die inneren Auto- 
morphismen von G enthalte; sei die kleinste zulassige Unter- 
gruppe von G, die ein Element aeG enthalt, mit (a) bezeich- 
net. In G sei eine Abbildung jedes Elementes a aus G auf 
eine Untergruppe F(a) von G gegeben mit den Axiomen: 
F(a+6)CF(a)+(6) und aus beF(a) folgt F(a+b)C F(a). 
Dann heisst G eine (F, 2)-Gruppe. Ein Komplex von Ele- 
menten aus G heisst F-regular, wenn fiir alle Elemente a des 
Komplexes gilt aeF(a). Alsdann bildet der Komplex N der 
Elemente a aus G, fiir die (a) F-regular ist, eine maximale 
zulassige Untergruppe von G, die F-regulir ist, und die 
Faktorgruppe G—WN besitzt keine nicht triviale F-regulare 
zuldssige Untergruppe. Ist G die additive Gruppe eines 
Ringes, so erhdalt man durch passende Wahl von F(a) 
bekannte Strukturaussagen iiber Ringe. Ist G die additive 
Gruppe eines nicht notwendig assoziativen Ringes R (sog. 
Naring), so sei F(a) fiir aeR erklart als die Menge der 
endlichen Summen }°,aP,-aA,, wobei P bzw. A ein endliches 
Produkt aus Rechts- bzw. Links-multiplikationen ist. 2 
bestehe aus allen Rechts- und Links-multiplikationen mit 
Elementen aus R einschliesslich des identischen Auto- 
morphismus. Dann erweist sich F(a) als eine Untergruppe 
von G, die obige Axiome fiir F erfiillt, so dass sich die 
Existenz eines maximalen regularen Ideals M(R) mit der 
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Eigenschaft M(R/M(R))=0 auch fiir nicht-assoziative 
Ringe ergibt. Weiter wird in Analogie zum assoziativen Fall 
der Satz bewiesen: Ist R, der volle Matrizen-Naring tiber 
einem Naring R, so ist R, genau dann regular, wenn R 
regular ist. Dabei ist der Begriff der Regularitat einer Unter- 
menge von R auch jetzt wieder erklart durch aeF(a) fir 
alle a der Untermenge. Insbesondere kann man fiir alter- 
native Ringe R die Untergruppe F(a) definieren durch aRa. 
Der Begriff der (F, 2)-Gruppe wird weiter spezialisiert zum 
Begriff der (F, 2:, 2)-Gruppe: sei G eine beliebige Gruppe, A 
die Gruppe der inneren Automorphismen, 2;, 2 Operator- 
enbereiche mit ACQ,CQ und es bezeichne wie oben (a) 
bzw. (a), die kleinste Q-zulassige bzw. Q,-zulassige Unter- 
gruppe von G, die durch a erzeugt wird und sei gegeben eine 
Abbildung der Elemente a von G auf Q;-zuldssige Unter- 
gruppen F(a), so dass fiir allea, beG gilt F(a+-6) C F(a) +-(6),. 
Alsdann bildet der Komplex N der Elemente aus G, fiir die 
(a) F-regular ist, den Durchschnitt aller 0-zuldssigen Unter- 
gruppen, die als maximale Q-zulassige Untergruppen in 
modularen Q,-zulassigen Untergruppen enthalten sind; 
dabei heisst eine Q,-zuldssige Untergruppe U modular, wenn 
ein nicht in U gelegenes Element e¢ existiert mit F(e)C U und 
ausserdem e in jeder Q,-zuldssigen Untergruppe enthalten 
ist, die U eigentlich enthalt. Hier ergibt der Fall, dass N 
nur aus dem Nullelement besteht, Anlass zur Zerlegung 
einer (F,,,2)-Gruppe in primitive Summanden. Durch 
Spezialisierung von F(a) ergibt sich auch jetzt eine Reihe 
von Resultaten der oben genannten Arbeiten. 
R. Moufang (Frankfurt am Main). 


Levitzki, Jakob. Prime ideals and the lower radical. 

Amer. J. Math. 73, 25-29 (1951). 

An infinite sequence a», a, --- of elements of a ring R is 
an m-sequence if for each nonnegative integer m there exists 
an element 5, such that a,,,;=¢,5,¢,. An m-sequence may 
be said to be associated with its first element. The author 
proves that an element a of a ring R belongs to the lower 
radical of R as defined by Baer [same J. 65, 537-568 (1943); 
these Rev. 5, 88] if and only if each m-sequence associated 
with a is a vanishing m-sequence, that is, all terms are zero 
from some point on. This, in conjunction with results of the 
reviewer [ibid. 71, 823-833 (1949); these Rev. 11, 311], 
shows that the lower radical may also be characterized as 
the intersection of all the prime ideals of the ring. 

N. H. McCoy (Northampton, Mass.). 
65-Tye 129-4 C/94P 
Almeida Costa, A. On nili and quasi-regular ideals. 

Anais Fac. Ci. Porto 34 4 ). (Portuguese) 

Some results are proved concerning the Jacobson radical 
and the various radicals defined in terms of nilpotence (Baer, 
Kéthe, Levitzki). I. Kaplansky (Chicago, Ill.). 


Lombardo-Radice, Lucio. Ilradicale del centro dell’algebra 
legata a un gruppo. Univ. Roma. Ist. Naz. Alta Mat. 
Rend. Mat. e Appl. (5) 9, 205-211 (1950). 

If the order of a group G is divisible by a prime #, the 
corresponding group algebra I over a field of characteristic 
p has a nontrivial radical. The theory of group representa- 
tions yields necessary and sufficient conditions for an ele 
ment of I to belong to the radical. The aim of the author is 
to obtain such conditions by a direct approach. In a previous 
paper [Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat 
Nat. (8) 4, 53-54 (1948); these Rev. 10, 98] he gave neces 
sary conditions. These conditions are studied further and it 
is shown that they are sufficient in the case that the given 
element belongs to the center of I. R. Brauer. 
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Herstein, I. N. Group-rings as *-algebras. Publ. Math. 

Debrecen 1, 201-204 (1950). 

Using methods used in the study of Banach rings and topo- 
logical groups, the following results known for finite groups 
G are shown: Let '= { Saig;, a; complex numbers, geG} be 
the group ring of G over the complex numbers; then I is a 
semisimple unitary *-ring, and irreducible representations 
are equivalent to unitary representations ((>-aig;)* is de- 
fined as }-a@igi [see, e.g., Raikov, Trav. Inst. Math. 
Stekloff 14 (1945), section 1; these Rev. 8, 133]), the group 
operations inducing unitary transformations in minimal left 
ideals (which are the constituent unitary spaces of Pr). 

G. K. Kalisch (Minneapolis, Minn.). 


van der Corput, J. G. Le théoréme fondamental de 

Palgébre. Math. Centrum Amsterdam, Scriptum no. 

21, i+47 pp. (1950). 

Most of this paper is given over to the following amplifica- 
tion of the fundamental theorem of algebra. If ® is an 
ordered field then there is an ordered algebraic extension Q 
of , which preserves the ordering of @, and is such that the 
field 2(4) obtained by adjoining a root of x*+-1=0 to Q, is 
algebraically closed. The novelty of this result lies in 
the coverage of the case in which the ordering is non- 
Archimedean, which circumstance makes it impossible to 
use a method of successive approximations. 

The author introduces the notion of the divisibility of an 
ordered field by a polynomial F(x) of degree m over it, in 
terms of the roots of F™(x)=0, where F(x) is the Ath 
derivative of F(x). He requires that for each hk from zero 
to n—1 the roots of the equation F™(x)=0 which lie in @ 
should divide # into a finite number of intervals in each of 
which F(x) is of constant sign. He proves that if @ is an 
ordered field and F(x) a polynomial over it there is an 
ordered algebraic extension #{ F} of @ which is divisible by 
F(x) and that every ordered algebraic extension of #{ F} is 
likewise divisible by F. As a step in this proof he shows that 
if F’(x) is non-negative in an interval of @ then F(x) is 
increasing in that interval. He then shows that every ordered 
field @ has an ordered algebraic extension ®* which is 
divisible by every polynomial over it. This is equivalent to 
asserting that if a polynomial f(x) with coefficients in 6* has 
contrary signs at elements a and b of @* then there is a root 
of f(x) =0 in ®* between a and b. The familiar argument of 
Gauss then leads to the desired result. A noteworthy feature 
of the proofs is that definite algorithms are given for con- 
structing the entities whose existence is being established. 

This paper also contains a result suggested by another 
aspect of the fundamental theorem of algebra, namely the 
construction of a splitting field for a polynomial over a given 
(not necessarily ordered) field . The problem raised is to 
construct (rather than simply establish existence) of such 
a splitting field in the case for which no algorithm is avail- 
able for factoring polynomials over , and a solution is 
given. H. Levi (New York, N. Y.). 


Evans, Trevor. The word problem for abstract algebras. 

J. London Math. Soc. 26, 64-71 (1951). 

The author considers the word problem for a class & of 
algebras equationally defined by a finite set of operations 
and axioms, each of the axioms stating that every algebra 
of & satisfies a certain identical relation. He defines an in- 
complete Y-algebra as a set of elements J such that for 
every ordered sequence (x, ---,%,) of m=n(k) elements 
of J, the function f,(x:, ---,%,) is either undefined or as- 
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signed a single value in J, f, being an operation of the class 
of algebras Y, the set J being further required to satisfy two 
consistency conditions with respect to the axioms and opera- 
tions in &{. The main result of the paper is the theorem: If 
% is a class of algebras having the property that any incom- 
plete Y{-algebra can be embedded in an Y-algebra, then the 
word problem can be solved for this class. The author 
applies this embeddability criterion to loops and other 
nonassociative multiplicative systems, as well as to lattices, 
to obtain from known embedding theorems a positive answer 
to the word problem for these systems. 
G. Bates (South Hadley, Mass.). 


Albert, A. A. A theory of power-associative commutative 
algebras. Trans. Amer. Math. Soc. 69, 503-527 (1950). 
This paper continues the author’s study of commutative 

power-associative (p.a.) rings and algebras of characteristic 

prime to 30. The early part of the paper is devoted to a 

proof of the following remarkable theorem. Let A be a 

simple commutative p.a. ring in which the equation 2x=a 

is solvable for all @ and which contains two orthogonal 

idempotents whose sum is not the identity. Then A is a 

Jordan ring. This result is then applied to commutative p.a. 

algebras. By the degree of such an algebra A is meant the 

maximum number of mutually orthogonal idempotents in 

Ax where K is the algebraic closure of F, the centre of A. 

Then a simple commutative p.a. algebra always possesses 

an identity and is a Jordan algebra if its degree exceeds 2. 

Next, a study of Jordan algebras over fields of finite charac- 

teristic is given (excluding the cases where the characteristic 

is 2, 3, or 5). It is shown that the simple algebras are of those 
types already described in the case of characteristic 0, except 
possibly for algebras of degree 1. The author then procedes 
to study those structure theorems relating to the radical, 
and shows that the radical can be defined as the maximal 
nilideal in the case of commutative p.a. algebras, and proves 
that with the consequent definition of semi-simple algebras, 
such algebras always possess identity elements and are the 
direct sums of simple algebras. Finally, it is shown that, at 
least for algebras of characteristic 0, a simple commutative 

p.a. algebra of degree 1 coincides with its centre, and is 

consequently a field. D. Rees (Cambridge, England). 


Srinivasa Rao, K. N., and Venkatanarasimhiah,C.K. The 
resolution of the Clifford algebra (Dirac algebra) with any 
number of symbols as the direct sum of minimal left 
ideals. Proc. Indian Acad. Sci., Sect. A. 32, 46-51 
(1950). 

The authors construct minimal left ideals of a Clifford 
algebra A whose sum is the algebra A. They check that the 
corresponding representations of A are the ones given by H. 
Weyl and the reviewer [Amer. J. Math. 57, 425-449 (1935) ]. 

R. Brauer (Ann Arbor, Mich.). 


Jaffard, Paul. Corps demi-valués. C. R. Acad. Sci. Paris 

231, 1401-1403 (1950). 

Let G denote a Jattice-ordered group. The author extends 
work of Krull [J. Reine Angew. Math. 167, 160-196 (1932) ] 
and Zelinsky [Bull. Amer. Math. Soc. 54, 1145-1150 (1948); 
these Rev. 10, 426]. For example, to each Abelian G corre- 
sponds a field semivalued by G. Every field semivalued by 
G is a topological field if and only if G has a maximal filet 
[cf. the author, same C. R. 230, 1024-1025 (1950); these 
Rev. 11, 579). 

P. M. Whitman (Silver Spring, Md.). 
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Dieudonné, J. Linearly compact spaces and double vector 

spaces over sfields. Amer. J. Math. 73, 13-19 (1951). 

A vector space E over a discretely topologized sfield K is 
said to be linearly topologized if there is given a Hausdorff 
topology on E for which a fundamental system of neighbor- 
hoods of 0 consists of linear subspaces of EZ. The space E is 
called linearly compact if every filter base on £ consisting 
of closed linear varieties has a nonempty intersection. This 
notion (introduced by Lefschetz) is applied to the theory of 
cyclic (K, A)-modules, where A is any ring with an identity. 
In particular, the reviewer’s generalization [same J. 71, 
443-460 (1949); these Rev. 10, 676] of Jacobson’s theory of 
self representations of fields [ibid. 66, 1-29 (1944); these 
Rev. 6, 35] is extended so as to cover the cases of infinite 
dimensionality. Thus, it is shown that an (A, K)-submodule 
of the (A, K)-module £ of all additive homomorphisms of 
A into K is the relations space of a cyclic (K, A)-module if 
and only if it is linearly compact in the topology induced by 
the weak topology of EZ. For tensor products of cyclic 
modules, it is proved, without finiteness assumptions, that 
the product of the relations spaces of the factors is dense in 
the relations space of the product. The characterization of 
(algebraically) ‘‘closed” cyclic (K, K)-modules as tensor 
products of K by K relative to subsfields L of K is general- 
ized to the case where K is not necessarily finite over L, and 
the module is not necessarily finite over K. This is accom- 
plished by means of a generalization to the infinite dimen- 
sional case of the Jacobson-Bourbaki theorem on subrings 
of the additive endomorphism ring of a sfield. We note, 
finally, that a simple proof is given in the beginning for 
Lefschetz’s structure theorem on linearly compact spaces 
[Algebraic Topology, Amer. Math. Soc. Colloquium Publ., 
v. 27, New York, 1942, p. 83; these Rev. 4, 84] according 
to which they are isomorphic to powers of the discrete space 
K, with the product topology. G. Hochschild. 


Nakayama, Tadasi. Construction and characterization of 
Galois algebras with given Galois group. Nagoya Math. 
J. 1, 11-17 (1950). 

The recent results of Hasse [J. Reine Angew. Math. 187, 
14-43 (1949); these Rev. 11, 576] on special generating sets 
of normal fields (or more generally, Galois algebras) are 
freed from the restriction that the order of the operator 
group be relatively prime to the characteristic of the base 
field, the author requires that all absolutely irreducible 
representations of the group lie in the base field. Thus non- 
semisimple modular group rings are admitted to the dis- 
cussion in which the general orthogonality relations of 
Brauer, the author, and Nesbitt furnish a criterion for 
absolute semisimplicity of associative Galois algebras. 

O. F. G. Schilling (Chicago, IIl.). 





Theory of Groups 


Magnus, Wilhelm. A connection between the Baker- 
Hausdorff formula and a problem of Burnside. Ann. of 
Math. (2) 52, 111-126 (1950). 

Let F be a free group, V the subgroup generated by the 
pth powers of elements of F and B=F/V. Burnside’s 
problem is concerned with the group B and the question 
whether B is finite when F is finitely generated. The author 
deals with the case where p is an odd prime and F has two 
free generators a, b. He considers particularly the inter- 
sections VF.s:f)F,, where F=F,, F2, --- is the lower cen- 





tral series of F, i.e. the problem of what elements of F, are 
expressible modulo F,,; in terms of pth powers. His method 
is to imbed F by means of the relations a=exp x, b=exp y 
in the ring R of formal power series in the (associative but 
noncommuting) variables x, y with rational coefficients, 
The Baker-Hausdorff formula (exp x)(exp y) =exp 2, where 
2=2,+2:.+--- and z, is a homogeneous Lie element of R 
of degree m (i.e. a linear combination of terms obtainable 
from x and y by repeated commutation), gives an iso- 
morphic mapping of F,/F,4, onto the additive group of 
homogeneous Lie elements of degree m with integer coeffi- 
cients. (If w(a, b) =exp w(x, y)eF,, then w#=w,+@n4:+--- 
and F,,w—w,). The set M, is defined as that part of this addi- 
tive group which corresponds to elements of (V Fai: Fn) /Fa, 
and M=M,+M:+--: is called the relation modulus of B. 
Theorems 1 and 2 give information about Lie elements 
which necessarily belong to M (e.g. all those with coefficients 
divisible by » and these are the only ones of degree <p), 
and also rules for obtaining new elements of M from given 
ones. It is shown in particular that the terms p2,, pz»; 
belong to M, where z, and 2,4; come from the Baker- 
Hausdorff formula and their rational coefficients are to be 
replaced by integers congruent mod p. A certain modulus H 
is then considered, closely related to M, but the results are 
difficult to summarize. They are used to construct a nil- 
potent Lie ring over the field of » elements which ‘‘admits 
a Hausdorff formula” where the exponential series is to be 
cut off where the denominators become divisible by p. Such 
a Lie ring gives rise to a group of exponent p having the 
same number of elements and so gives a lower bound for 
the order of B. Application is made finally to the case p=5 
and it is shown that B (with two generators) is of order at 
least 5" and B,/B; is of order 54‘ (B=B,, Bz, - - - is the lower 
central series of B). P. Hall (Cambridge, England). 


Mordkovité, G. Ya. On a criterion for the existence of a 
normal divisor for a finite group. Doklady Akad. Nauk 
SSSR (N.S.) 76, 633-634 (1951). (Russian) 

Let Q, R be two Sylow p-subgroups of the group G; 
Q:1=p*; G:1=p%g. If OF)R has p* elements, the complex 
Q-R must have p*~* distinct elements; further, p**-*<p*g. 
Thus if p>g, then Q=R and G has a normal subgroup of 
order p*. The theorem of the present article asserts that if 
p?>g, then G has a normal (not necessarily proper if a=1) 
subgroup F of order p* or p**. The proof depends on the 
obvious fact that either i=a@ or i=a—1. The author con- 
siders a greatest system Q, R, - - - of Sylow p-subgroups with 
nonirivial intersection D, and shows that the group which 
they generate is normal in G. Then D (of order p‘>1) is 
normal in G. The usual inductive argument can be used to 
construct F, from G/D. Group characters are not needed in 
the proof. J. L. Brenner (Pullman, Wash.). 


Mauldon, J.G. Covering theorems for groups. Quart. J. 

Math., Oxford Ser. (2) 1, 284-287 (1950). 

The author investigates the following problem due to 
Taussky and Todd [Ann. Soc. Polon. Math. 21, 303-305 
(1949); these Rev. 11, 7]: Let G be the set of p* vectors 
(a1, de, «++, Gn), OSa;<p, 1 Sin. Clearly G can be written 
as an additive group. First we wish to determine the smallest 
subset H of G so that any vector of G has at least n—1 
vectors in common. with some vector of H. We denote the 
number of vectors of H by 4(n, p). Secondly, we assume the 
further restriction that H is a subgroup. The number of its 
vectors is denoted by 5*(n, p). The author proves that if pisa 
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prime, m= (p"—1)/(p—1),r=2. Then 8(n, p) =8*(n, p) =p" 
where »=n(p—1)+1. He further proves that if p=2, r=2, 
n=2"t!—2, Then'd(n, p) <d*(n, p). P. Erdés. 


Zaremba, S. K. A covering theorem for Abelian groups. 

J. London Math. Soc. 26, 71-72 (1951). 

J. Todd and the reviewer [Ann. Soc. Polon. Math. 21, 
303-305 (1949); these Rev. 11, 7] proposed the following 
problem: Let G be an Abelian group with n base elements of 
order p. Let S denote the set of the y=n(p—1)+1 distinct 
powers of the base elements. Determine the minimal integer 
« for which there exists at least one set H consisting of ¢ 
elements such that G=HS (i.e., the set of all elements hs 
when heH and seS). In particular, determine the cases when 
H can be a sub-group of G. It is now shown that this is the 
case when » is a power of p and a method is given for finding 
the sub-group [see also the paper reviewed above ]. 

O. Todd-Taussky (Washington, D. C.). 


Szele, T., und Szélpél, I. Wher drei wichtige Gruppen. 
Acta Univ. Szeged. Sect. Sci. Math. 13, 192-194 (1950). 
Denote by Rt the additive group of the rational numbers, 

by 3(p) the cyclic group of prime order p; and by 3(p”) 

the Abelian group with generators, A1, Ag, ---, and generat- 

ing relations pA,=0, pA2=A), --* (pa prime). A group G 

is said to be full invariant (vollstandig invariant) if cG=G 

for every nonzero endomorphism ¢ of G. The only full in- 

variant Abelian groups are R+, 3(p), and 3(p*). 

R. M. Thrall (Ann Arbor, Mich.). 


It6, Noboru. Note on -groups. 

113-116 (1950). 

Let 6,(G) denote the mth commutator-subgroup of the 
group G. Magnus [Math. Ann. 111, 259-280 (1935) ] pro- 
posed the following problem which had been suggested by 
an investigation of A. Scholz and O. Todd-Taussky on the 
class field tower problem: Does there exist an infinite tower 
of p-groups G,, Ge, -- + such that G, is Abelian and that each 
G, is isomorphic with Ga41/On(Gas:) (On(Gas1) #1)? The 
author shows that, for every odd prime #, infinite towers 
of p-groups with these properties exist. For the application 
to class field towers, the opposite result would have been 
needed. The author also improves an inequality of P. Hall 
for the smallest order p* for which there exist p-groups with 
On (G) #1. R. Brauer (Ann Arbor, Mich.). 


Cernikov, S. N. On special p-groups. Mat. Sbornik N.S. 

27(69), 185-200 (1950). (Russian) 

In a group G, let [A,B] denote the commutator 
A“B-AB. A necessary and sufficient condition that a 
group @ have an ascending central series is that for every 
GeG and every sequence X;, X2,--- of elements of G, 
there exist an index k such that the higher commutator 
[---([G, Xi], Xe], ---, Xs] is the identity of G. An infinite 
group has an ascending central series if and only if every 
countable subgroup has such a series. In a p-group an 
element is said to be of infinite height provided for every 
natural number n, the element is expressible as a product 
of p*th powers of elements in the group. Let $ denote an 
arbitrary p-group of finite class. If the set of orders of the 
generators of $ is bounded, then the set of orders of all the 
elements of $ is bounded. Every element of infinite height 
in $ lies in the center. If $ contains only finitely many 
elements of any prescribed order (other than 1), then the 
set of elements of each particular order is finite. In order 
that a locally finite p-group satisfy the minimal condition 


Nagoya Math. J. 1, 





for Abelian subgroups, it is (1) necessary that the group 
have an ascending central series; (2) both necessary and 
sufficient that the group be special; (3) hence necessary and 
sufficient that the group satisfy the minimal condition for 
arbitrary subgroups; and (4) sufficient that the set of 
elements of any prescribed order (other than 1) be finite. 
R. A. Good (College Park, Md.). 


Cernikov, S. N. On locally solvable groups satisfying the 
minimality condition for subgroups. Mat. Sbornik N.S. 
28(70), 119-129 (1951). (Russian) 

Extending his result concerning locally finite p-groups 
[see the preceding review ], the author shows that an infinite 
locally solvable group G which satisfies the descending chain 
condition for Abelian subgroups must be the extension of 
the direct product A of a finite number of quasi-cyclic [p*] 
groups, where moreover G/A is finite and solvable. Thus G 
satisfies the descending chain condition for subgroups. Other 
results are the following. If H/B is an elementary Abelian 
q-group of order exceeding g, and if B is an elementary 
Abelian p-group, pq, then H contains an element of 
order pg. A locally solvable group G which has no infinite 
Sylow subgroup and which satisfies the descending chain 
condition for Abelian subgroups must be finite. 

J. L. Brenner (Pullman, Wash.). 


GluSkov, V. M. On the theory of ZA-groups. Doklady 
Akad. Nauk SSSR. (N.S.) 74, 885-888 (1950). (Russian) 
The first part of this paper contrasts in the group with 

ascending central series, abbreviated as ZA-group, three 

ranks: rank r, discussed by ikov [same Doklady (N.S.) 

70, 965-968 (1950); these Rev. 11, 496]; general rank 1; 

and special rank re, described by Mal’cev [Mat. Sbornik 

N.S. 22(64), 351-352 (1948); these Rev. 9, 493]. In contra- 

distinction to the Mal’cev ranks [Izvestiya Akad. Nauk 

SSSR. Ser. Mat. 13, 201-212 (1949); these Rev. 10, 507], 

rank r of a torsion-free ZA-group is preserved under com- 

pletion. A ZA-group has finitely many generators if and 

only if it has a finite normal series with cyclic factors. In a 

torsion-free ZA-group the following results are obtained: 

(1) r:Sr2Sr; (2) finitely many subgroups, each with a finite 

rational series, generate a subgroup with a finite rational 

series; (3) finitely many subgroups, each with finite rank in 
any sense, generate a subgroup with finite rank in the same 
sense. In a complete torsion-free ZA-group every term of 
the lower central series is complete. Either a ZA-group or 

a solvable group is complete if and only if the factor-group 

modulo its commutant is complete. R. A. Good. 

Gol’fand, Yu.A. Metaspecial groups. Mat. Sbornik N.S. 
27(69), 229-248 (1950). (Russian) 

Let G be a finite solvable group, »(G) the minimal 
normal subgroup of G such that its factor-group is special. 
Let G=H,.DHAi)D-:-DHi=1 be the descending special 
series for G, that is, H;= »(H;_,) for ¢=1, 2, ---, &. If kS2, 
G is called metaspecial. The principal results of this paper 
are arithmetic criteria for the natural number g in order 
that every group of order g should be, firstly, special or, 
secondly, metaspecial. Let ZL, be the class of all natural 
numbers having no divisor of the form pg, where p and g 
are distinct primes and A is the exponent of p modulo g. Let 
Lz be the class of all natural numbers having no divisor of 
the form p™%-"g*r, where p, g, r are primes, pg, gr, 
where \ is the exponent of » modulo gq, u is the exponent of 
q modulo r, and m(d, 7) is the least common multiple of \ 
and r. Let g be a natural number; every group of order g is 
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special if and only if g belongs to L1; every solvable group 
of order g is metaspecial if and only if g belongs to Lz. 
Various applications are cited, including some kriown results 
previously obtained by other methods. Other theorems in 
this paper indicate the broadness of the classes L; and Lz 
or give conditions for determining whether a particular 
number belongs to one of the classes. R. A. Good. 


Baer, Reinhold. Free sums of groups and their generaliza- 

tions. II. Amer. J. Math. 72, 625-646 (1950). 

[For part I see the same J. 71, 706-742 (1949); these Rev. 
11, 78.] An “‘add” is a set of elements in which a sum a+) 
is uniquely defined for certain pairs a, 6. An add A is said 
to be the strict amalgam of its subgroups if (1) every ele- 
ment of A lies in at least one subgroup of A, (2) intersec- 
tions of subgroups are subgroups, and (3) existence of the 
sums x+y, y+z, +x in A implies the existence of a sub- 
group of A which contains x, y, z. If (3) is replaced by (3) 
existence of x+y implies the existence of a subgroup of A 
which contains x and y, A is said to be the weak amalgam 
of its subgroups. An alternative characterization for amal- 
gam is given in terms of ten postulates which an add may 
or may not satisfy. Various consequences of subsets of these 
postulates are given. A vector of length m over an add A is 
an ordered set v= (a, ---,a,) of elements of A. If a;+ai41 
is defined, the vector (-- -a;_1, @c+@i41, @ix2, ++) is said to 
be a contraction of v. A vector is said to be irreducible if it 
has no contractions. If the vector m is obtained from v by 
a sequence of contractions, u is said to be a reduction of ». 
Two vectors u and v are said to be strictly similar if they 
are both contractions of some vector w; u and v are said to 
be similar, written u~v, if they are connected by a sequence 
of strictly similar vectors. Conditions are given in terms of 
the postulates satisfied by an add A in order that similarity 
be equivalent to strict similarity. The strong associative law 
is said to hold in A if (1) similar vectors of length 1 are 
necessarily equal and (2) no irreducible vector of length >1 
is similar to a vector of length 1. If the strong associative 
law holds in a weak amalgam then it is a strict amalgam. 
Various formulations of sufficient conditions for the strong 
associative law are studied, including a generalization of a 
reduction theorem given by H. Neumann [ibid. 70, 590-625 
(1948); these Rev. 10, 233]. R. M. Thrall. 


Baer, Reinhold. Free sums of groups and their generaliza- 

tions. III. Amer. J. Math. 72, 647-670 (1950). 

This paper is a continuation of the one reviewed above, 
and is concerned with characterizing the classes of adds 
(a) in which similar irreducible vectors are equal, and (b) 
in which similar irreducible vectors have the same length 
and similar vectors of length 1 are equal. The word problem 
for vectors is solved in both these cases. Various strengthen- 
ings of the strong associative law are introduced and rela- 
tions between them studied. Two vectors v and w in A 
are said to be equivalent if there exists ¢ in A such that 
t+v=w-+t. The vector v is said to be a cyclic reduction of 
w if they are connected by a sequence w=/(0), ---, t(k) =v 
such that ¢(é+1) is either a reduction of ¢(é) or is obtained 
from #(é) by a cyclic permutation of its coordinates. A vector. 
w is said to be cyclically irreducible if every cyclic reduction 
of w has the same length as w. Similarity of irreducible vec- 
tors over an amalgam A implies equality if and only if 
(1) equivalence of (a) and (b) implies that a and 5b are 
conjugates in some subgroup of A; and (2) cyclically irredu- 
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cible vectors v and w which are not both of length 1 are 
equivalent only if v is a cyclic reduction of w. 
R. M. Thrall (Ann Arbor, Mich.). 


Neumann, Hanna. Generalized free sums of cyclical 

groups. Amer. J. Math. 72, 671-685 (1950). 

Consider a group & generated by elements a; (arbitrary in 
number) with defining relations af=1, a? =a, ¢ 343, 
We say that @ is exactly defined by these relations if each 
a; has order exactly m, and if the cyclic subgroups generated 
by a; and a; have that intersection generated by a,*?. Con- 
ditions on the numbers m;, and a,; called compatibility condi- 
tions are found which are necessary and sufficient for exact- 
ness. These compatibility conditions are even sufficient for 
exactness when @ is further required to be Abelian. This 
paper is an outgrowth of a previous paper of the author 
[same J. 70, 590-625 (1948); these Rev. 10, 233] and is also 
closely related to a paper of R. Baer [ibid. 71, 706-742; 
(1949) ; these Rev. 11, 78]. The proofs center on the concept 
of amalgam introduced by Baer [loc. cit., p. 728]. A reduc- 
tion theory is given which reduces the general problem of 
exactness to the case of irreducible amalgams of a finite 
number of cyclic groups. In such an amalgam either all of 
the cycles are of finite order or all are of infinite order; 
these two cases are treated separately; the final conditions 
for exactness are stated in number theoretic terms. In the 
final section the methods are extended to show that an 
amalgam of locally cyclic groups is imbeddable in an 
Abelian group. R. M. Thrall (Ann Arbor, Mich.). 


* Miiller, Edith. Gruppentheoretische und Strukturanaly- 
tische Untersuchungen der Maurischen Ornamente aus 
der Alhambra in Granada. Thesis, University of Ziirich, 
1944. 129 pp. (43 plates) 

After two short chapters on Moorish art and the theory 
of groups, the author enumerates the symmetry groups of 
the plane, including not only the 17 plane-groups of Pélya 
and Niggli [A. Speiser, Die Theorie der Gruppen von 
endlicher Ordnung . . ., Springer, Berlin, 2d ed., 1927, pp. 
87-98] but also 63 others that admit operations interchang- 
ing the two sides of the plane. These are relevant because 
many wall decorations in the Alhambra involve woven 
bands going over and under one another. This introduction 
to two-dimensional crystallography is followed by a chapter 
on one-dimensional crystallography: the symmetry of rib- 
bons or borders [Speiser, op. cit., pp. 82-86]. The mosaics 
are classified according to the 17 groups of the ‘‘one-sided” 
plane, and the wall decorations according to the 80 groups 
of the “two-sided” plane. Special mention is made of the 
use of “‘bows”’ (Schleife) which are based on polygons {5/2}, 
{8}, {8/3}, {12/5}, and {16/7}. The Moors’ ingenious way 
of introducing these noncrystallographic figures is carefully 
analysed. Some of the patterns are faintly reminiscent of 
Kepler [Opera Omnia, vol. 5, Heyder-Zimmer, Frankfurt, 
1882, p. 118] and Badoureau [J. Ecole Polytech. (1) 29, 
Cahier 48, 163-206 (1880), pp. 168-169]. Then there are 
four chapters on “symmetry regions” and one on funda- 
mental regions. (A symmetry region is defined to be the set 
of points which are nearer to their transforms under one 
particular symmetry operation than to their transforms 
under any other symmetry operation.) Most of the 43 plates 
are reproduced from O. Jones, The Grammar of Ornament 
(Day, London, 1865]. Many of them are very beautiful; 
four are richly colored. H. S. M. Coxeter. 
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Hartley, E. M. Two maximal subgroups of a collineation 
group in five dimensions. Proc. Cambridge Philos. Soc. 
46, 555-569 (1950). 

This paper continues the recent investigations by Hamill, 
the author, and J. A. Todd into the properties and structure 
of a notable group G of collineations of Ss; the group, 
generated by 126 inversions, is of order 2*-3*-5-7 and 
possesses a simple subgroup G’ of index 2, generated by 
products of an even number of the inversions. One of the 
main problems of the investigation is the discovery of the 
large subgroups of G. With this end in view, Todd has re- 
cently computed the irreducible characters of G and this 
enabled him to list all the possible subgroups of index less 
than 200 [Proc. Roy. Soc. London. Ser. A. 200, 320-336 
(1950); these Rev. 12, 241]. Some large subgroups can be 
recognized easily by examining the configuration of vertices. 
In this paper, the author establishes the actual existence 
of another interesting pair of large subgroups, K;’ and Ky’, 
both subgroups of G’, which have indices 162 and 540 
respectively in G’, the second only being capable of exten- 
sion into G. The subgroup K;,’ is obtained as the group of 
operations of G’ which ieave invariant a certain cycle of 21 
mutually apolar 6-quadrics, one of the 324 such cycles, and 
it is shown to be isomorphic with the full linear group on 
three variables in the Galois field GF(2*). The subgroup K,’ 
is the group of operations of G’ which leave fixed a certain 
28-set of pairs of conjugate j-planes, one of 540 such sets, 
and K,’ is itself a subgroup of index 2 in a subgroup K, 
which is contained in G and not in G’. Further, K,’ is 
isomorphic with the simple group listed by Dickson as 
HO(3, 3*), and is therefore simple. J. G. Semple. 


Murnaghan, F. D. On the multiplication of S-functions. 

Proc. Nat. Acad. Sci. U.S.A. 36, 476-479 (1950). 

The author gives a modification of Frobenius’ formula for 
the characters of the irreducible representations of the full 
linear group which leads to a method of determining the 
reduction of the Kronecker product of two such representa- 
tions or of the product of the associated Schur functions. 

G. de B. Robinson (Toronto, Ont.). 


Yamanouchi, Takahiko. Tables useful for construction of 
irreducible representation matrices of symmetric group. 
J. Phys. Soc. Japan 3, 245-253 (1948). 

These tables consist principally of a tabulation of the 
three factors in a representation of the elements of the sym- 
metric group on 6 letters associated with a double coset 
decomposition of the group. These, together with tables of 
representation matrices for the factors, permit rapid nu- 
merical computation of the “physically significant” irre- 
ducible representations of the symmetric groups on not more 
than 6 letters. I. E. Segal (Chicago, Il.). 


Got6é, Morikuni. Faithful representations of Lie groups. 

II. Nagoya Math. J. 1, 91-107 (1950). 

A Lie group G is called faithfully representable (f.r.) if 
there exists a topological isomorphism ¢ of G into the general 
linear group of suitable degree n. It is shown ultimately that 
if @ exists, then ¢ can be chosen so that ¢G is closed. The 
author considers the problem of determining those Lie 
groups which are f.r. It is shown that a connected Lie group 
is f.r. if and only if its simple Lie subgroups are f.r. and the 
radical of the closure of its commutator subgroup is simply 
connected. To prove this the author first considers the semi- 
simple and solvable cases separately. A useful concept is 
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that of linear covering group G of a Lie algebra G: G is any 
connected f.r. Lie group generated by G and having the 
property that every f.r. Lie group generated by G is homo- 
morphic with G. It is shown that every Lie algebra admits 
one and only one linear covering group. Part I of the present 
paper deals with questions of closure of Lie subgroups 
(Math. Japonicae 1, 107-119 (1948); these Rev. 10, 681]. 
P. A. Smith (New York, N. Y.). 


Got6, Morikuni. Linear representations of topological 
groups. Proc. Amer. Math. Soc. 1, 425-437 (1950). 
This is a sequel to the author’s papers on faithful repre- 

sentations of Lie groups [Math. Japonicae 1, 107-119 

(1948); these Rev. 10, 681; and the paper reviewed above ]. 

An ()-group is defined as a locally compact connected 

group which admits a separating system of representations 

(and which therefore can be approximated by closed con- 

nected groups of matrices). An (/)-group is completely 

reducible if its representations are all completely reducible. 

The main theorem asserts that a locally compact connected 

group G is an (/)-group if and only if G=7TN, T)\N={1}, 

where T is a closed completely reducible (/)-group in G and 

N is a closed simpiy connected solvable Lie subgroup of G. 

P. A. Smith (New York, N. Y.). 


Chabauty, Claude. Limite d’ensembles et géométrie des 
nombres. Bull. Soc. Math. France 78, 143-151 (1950). 
The author extends a theorem of Mahler [Proc. Roy. 

Soc. London. Ser. A. 187, 151-187 (1946) ; these Rev. 8, 195] 

concerning lattices in Euclidean space to lattices in a locally 

compact topological group, by a direct group-theoretical 
method which does not depend on inequalities of Minkowski 
and Hermite, as does that of Mahler. Let G be a o-compact 

locally compact group; a discrete subgroup H is called a 

“lattice” if m(G/H) is finite, where m is the unique G-invari- 

ant regular measure on the left coset space G/H, normalized 

in the usual way (relative to the obvious measure on H). 

A sequence {F,} of lattices converges to a lattice F if for 

every compact set K and neighborhood N of the identity e 

in G, and for sufficiently large m, there exists for each 

xeF,()\K an element y in F such that y~'xeN, and for each 
yeF(\K an xeF, such that y~'xeN. Then if (1) G has a basis 
for the open sets consisting of sets whose boundaries are of 

Haar measure zero, (2) {H,} is a sequence of lattices in G 

such that (a) there exists a neighborhood N of the identity e 

in G such that H,()\N =e (n=0, 1, ---), and (b) m(G/H,) is 

bounded as a function of m (n=0, 1, - - -), the following holds: 

(3) there exists a subsequence of the H, which converges to a 

lattice H, and G(\H=e, m(G/H) Slim inf,.... m(G/H,). If 

the hypothesis is strengthened by. requiring also (c) there 
exists an open set S in G of finite measure such that 

G=S-H, (n=0,1,---), then (3) can be strengthened to 

assert that m(G/H) =lim,... m(G/H,). In the course of the 

proof a number of lemmas concerning the quotient measure 

m in G/H, where H is a lattice, are obtained. 

I. E. Segal (Chicago, IIl.). 


Specker, Ernst. Endenverbiinde von Riumen und Grup- 

pen. Math. Ann. 122, 167-174 (1950). 

The space of ends of a topological space r [H. Freuden- 
thal, Math. Z. 33, 692-713 (1931) ] appears as the space 
of prime ideals of the Boolean algebra A/J where A is the 
lattice of subsets of r with compact boundary and J is the 
ideal of all subsets with compact complement (a set s is 
compact in case every infinite subset of s has an accumula- 
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tion point in r). The algebra A/TJ is called the end-lattice of r. 
A similar lattice is defined for every topological group g 
(group operation written as x-y) by taking A-as the class 
of subsets a of g such that a-k —a is compact for every com- 
pact k, and J again as the class of complements of compact 
sets. For an abstract group g with cardinal z=X.=No an 
end-lattice A/J is defined (for each &,) as for a topological 
group but with “compact” replaced by “of cardinal <X,,” 
in the definitions of A and J. Obviously the end-lattice of 
the abstract group g coincides with the end-lattice of the 
discrete topological group g if X,=No (in particular if g is 
finitely generated). The end lattice of the topological group 
g is naturally isomorphic with the end-lattice of the topo- 
logical space g if (*) every compact set in g is contained in a 
compact, open, connected set. In fact if g is a totally dis- 
continuous topological group of homeomorphisms of a space 
r, if g(v) =r for some compact » in r, and if r satisfies (*), 
then the end-lattice of g as a topological group is naturally 
isomorphic to the end-lattice of r as a topological space. 
This generalizes similar results of Freudenthal [loc. cit.; 
Comment. Math. Helv. 17, 1-38 (1945); these Rev. 6, 277] 
and H. Hopf [ibid. 16, 81--100 (1943); these Rev. 5, 272]. 
The end-lattice of an abstract infinite group contains 2, 4, 
or an infinitude of elements (thus the end-space contains 
1, 2, or an infinitude of elements). The number is 4 when 
and only when g contains an infinite cyclic normal subgroup 
of finite index. If g is Abelian, the number of elements in the 
end-lattice is infinite exactly when either Z=X.=N» and 
every finitely generated subgroup of g is finite, or g=X.>Xo. 
In case the lattice is infinite, it contains no atomic element, 
with the possible exception of the case of a denumerable 
non-Abelian group not containing any infinite, finitely 
generated subgroup. These results generalize similar results 
of Hopf and Freudenthal on finitely generated groups, be- 
sides treating the problem in a purely algebraic, invariant 
fashion. D. Zelinsky (Evanston, IIl.). 


Fginer, Erling. Note on the definition of almost periodic 
functions in groups. Mat. Tidsskr. B. 1950, 58-62 
(1950). (Thea Rw. &, 512.) ae 
Let E() = {h| | f(t+h) — f(t)| <« for all ¢}. rom Bogoliou- 

boff’s proof of the main theorem for almost periodic functions 

[Ann. Chaire Phys. Math. Kiev 4, 185-08 (1939) ] follows 

that if (i) for all e>0, E(¢) contains a sequence 1, such that 

min,,,|7,-, t:| >0O and lim supz.. L—“n{x,x+L}>0 (where 
n{x,x+L} denotes the number of r,’s in the interval 

(x,x+L)), then f proves to be almost periodic. This is a 

condition on f formally weaker than the classical one re- 

quiring that E(e) be “relatively dense.’’ The author points 

out that one of his theorems [Mat. Tidsskr. B. 1944, 24-27; 

these Rev. 7, 60] shows that if E(e) satisfies the above two 

conditions the set of differences of elements of E(e) is rela- 
tively dense. This proves Bogoliouboff’s result directly. The 
author proceeds to formulate the corresponding facts for 
functions which are almost periodic in a group. 

Frantisek Wolf (Berkeley, Calif.). 


Maak, Wilhelm. Summierung der Fourierreihen glei- 
chartig fastperiodischer Funktionen auf Gruppen. Math. 
Z. 52, 770-778 (1950). 

If f(x) is a complex-valued function defined on a group G, 
and if e>0, a finite set of subsets A, - --,A, of G whose union 
is G is said to belong to T(f, «) if sup,, e| f(sxt) —f(syt)| <e 
whenever x and y belong to the same subset A; of G. The 
function f is called almost periodic (a.p.) if T(f,«) is not 
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empty for any positive «. The function f(x) is called 
“gleichartig’’ a.p. with f(x) if to each e>0 there corresponds 
6>0 such that each set of subsets A;, ---, A, which belongs 
to T(f, 5) also belongs to T(g, e). The author studies (among 
other things) the module of a.p. functions which are 
gleichartig a.p. with a given a.p. function f. These modules 
turn out to be identical with the modules of functions whose 
generalized Fourier series can all be summed by the same 
generalized Bochner-Fejér method. R. H. Cameron. 
Michiura, Tadasi. Sur les groupes semi-ordonnés. C. R. 

Acad. Sci. Paris 231, 1403-1404 (1950). 

Let G be a commutative, non-Archimedean /-group with 
a strong unit [in the sense of the reviewer’s Lattice Theory, 
Amer. Math. Soc. Colloquium Publ., v. 25, rev. ed., New 
York, 1948; these Rev. 10, 673]. Let M be a maximal convex 
subgroup of G. Then G/M can be mapped isotonely onto a 
subgroup of the additive group of real numbers. Applica- 
tions of this result are announced; proofs will be given 
elsewhere. G. Birkhoff (Cambridge, Mass.). 


Foster, A. L. Some elementary identities of ordered 
Abelian sets. Amer. Math. Monthly 57, 681-683 (1950). 
An ordered Abelian set is a linearly ordered subset of an 

Abelian group. Let |a, | be b—a or a—b as aXSb or bSa; 

/a,b/ be b—a or 0 as aSb or b<a; and [a, b,c] be the 

intermediate of a, b, c under the order. Various identities on 

these operations are found; e.g., 

/a, mite c/—/a, c/=|b, [b, c, a]. 
P. M. Whitman (Silver Spring, Md.). 


Jaffard, Paul. Groups archimédiens et para-archimédiens. 

C. R. Acad. Sci. Paris 231, 1278-1280 (1950). 

The author states theorems concerning these conditions 
on Abelian partially ordered groups, denoting an integer: 
(1) for x>0O and any y, there exists m with nxZy 
(“Archimedean”), (2) for x0, 0, and y, there exists m with 
nx<y (“para-Archimedean”’; often called “Archimedean” 
by others) and their relation with filets [cf. the author, 
same C. R. 230, 1024-1025, 1125-1126, 1631-1632 (1950); 
these Rev. 11, 579, 641]. For instance, a nontrivially 
ordered Archimedean group in which n>0 and nx=0 imply 
x20 is representable as a group of real functions if and 
only if it is para-Archimedean. P. M. Whitman. 


Alimov, N. G. On ordered semigroups. Izvestiya Akad. 
Nauk SSSR. Ser. Mat. 14, 569-576 (1950). (Russian) 
This paper studies the simply ordered semigroup 9, 

namely, a system closed under associative addition such 

that a< implies both a+¢<8+¢ and g+a<¢+8. An 
element aeS is called positive (or negative) provided for 
every xeS, a+x«>x« (or, respectively, a+ «<«);no generality 
is lost by supposing S contains a zero, denoted by 6; every 

other element is either positive or negative. Letters n and m 

denote nonnegative integers. An element aeS is called 

Archimedean relative to an element 8#@ provided m exists 

such that n2=m implies 8<na or B>na according as 8>@ 

or 8<6@; the semigroup © is Archimedean provided every 
two of its elements with the same sign are relatively Archi- 
medean. Two elements a and 8 in S form an abnormal 
pair provided for every +0, either na<n8<(n+1)a or 
na>nB> (n+ 1)a. Every non-Archimedean semigroup con- 
tains an abnormal pair. An ordered semigroup containing 
no abnormal pair is commutative. A criterion for the absence 
of abnormal pairs in a semigroup is given and then applied 
to yield the result that an ordered group is Archimedean if 
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and only if it contains no abnormal pair. Finally the prob- 
lem of embedding an ordered commutative semigroup © in 
an ordered Abelian group & is studied; the minimal & 
containing © is Archimedean if and only if S contains no 
abnormal pair. R. A. Good (College Park, Md.). 


Lambek, J. The immersibility of a semigroup into a group. 
Canadian J. Math. 3, 34-43 (1951). 
The polyhedral condition on a semi-group is the following: 
If elements of the semi-group are assigned to all sides and 
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angles of an Eulerian polyhedron with E edges in such a 
way that to each half-edge corresponds an equation xa= yb, 
where x and y have been assigned to the two sides of the 
half-edge and a and b to the two corresponding angles of the 
half-edge, then these 2E equations are interdependent in 
the sense that any one of them may be derived from the 
totality of others. The author proves that a semi-group can 
be imbedded in a group if and only if the cancellation law 
and the polyhedral condition are satisfied. 
F. Kiokemeister (South Hadley, Mass.). 


NUMBER THEORY 


Palama, Giuseppe. Una grande impresa: continuazione 
della tavola dei numeri primi di Lehmer a mezzo delle 
tavole del Kulik, del Polettie del Porter. Boll. Un. Mat. 
Ital. (3) 5, 343-360 (1950). 

Si danno notizie bibliografiche relative alle tavole di nu- 
meri primi e sull’odierno lavoro della continuazione della 
tavola dei numeri primi del Lehmer mediante quelle del 
Kulik, del Poletti, e del Porter. Author's summary. 


Thébault, Victor. Perfect squares of special form. Amer. 
Math. Monthly 58, 101-103 (1951), 


Thébault, Victor. Question d’arithmétique. 
300-303 (1950). 
The following problem is solved. For what bases is it 
possible to find 2 consecutive 3-digit numbers each of which 
equals the sum of the cubes of its digits? I. Niven. 


Jarden, Dov. Existence of an infinitude of composite n 
for which 2*'=1 mod mn. Riveon Lematematika 4, 65- 
67 (1950). (Hebrew. English summary) 

The author gives a new proof for Sierpifiski’s result which 
states that the congruence 2*-'=1 (mod m) has an infinite 
number of solutions for odd and composite values of 
[Colloquium Math. 1, 9 (1947); these Rev. 9, 331]. This 
proof is derived from the fact that the congruence 
"'=1(modm) is satisfied by each Fermat number 
a= F,,=2°"+1, and by each number n=F,,- Fs; where 
F,., Fn: are primes and m>1. J. Levitzki (Jerusalem). 


Mathesis 59, 


Szisz, G. On the solution of some special linear congru- 

ences. Publ. Math. Debrecen 1, 196-198 (1950). 

Let a, 6, m, n be positive integers such that a>), 
m=n (mod a) and (a, m) = (a, b) =1. Denote (axy—b)/m by 
f(m) , where xp is the least positive solution of ax=b (mod m). 
Then f(m) = f(n) and f(f(m)) =m. I. Niven. 


Cassels, J. W.S. The rational solution of the diophantine 
equation Y?=X*—D. Acta Math. 84, 299 (1951). 
Addenda and corrigenda to a paper of the same title in 

the same Acta 82, 243-273 ((1950); these Rev. 12, 11. 


Higgmark, Per. On an unsolved question concerning the 
Diophantine equation Ax*+By*=C. Ark. Mat. 1, 279- 
294 (1950). 

T. Nagell [J. Math. Pures Appl. (9) 4, 209-270 (1925) ] 
proved that Ax*+By'=C has at most one solution under 
the conditions C=1 or 3, both A>1 and B>1 if C=1, and 
(AB, 3) =1 if C=3. Furthermore if A =ac* and B =bd? where 
a, b, c, d are square-free and relatively prime in pairs, then 
any solution has the property that (xA'+ yB)/C=¢", where 
tis the fundamental unit of the field R((ab*c*d)'). Nagell 
determined the values of r in certain cases, and others are 








treated in the present paper. With all hypotheses as stated 
above, for C=3 it is proved that r=1 in each of the following 
three cases: Neither A nor B has more than 2 prime factors; 
A and B are odd, and neither has more than 4 prime factors; 
4|A, and A has at most 3 odd prime factors. Some similar 
results for C=1 are stated in terms of the fundamental unit 
of the ring generated by 1, (ab*c*d)!, (a*bed*)!. 
I. Niven (Eugene, Ore.). 


Oblath, Richard. Sur l’équation diophantienne 
4 3.4.2 


. 
mam Xi Xe Xs 


Mathesis 59, 308-316 (1950). 

Erdés is said to have conjectured that the indicated 
Diophantine equation is solvable for any given integer n> 1. 
This conjecture is verified for all »=106,128 by means of 
various identities and calculations. One general result ob- 
tained is that the equation is solvable if »+-1 is divisible 
by a prime of the form 4k+3. J. Niven (Eugene, Ore.). 


Thomas, J. M. The linear Diophantine equation in two 

unknowns. Math. Mag. 24, 59-64 (1950). 

The algorithm for solving ax+by=c in integers x, y is 
discussed by means of second order determinants with 
special reference to minimizing x*+-y*. When c= 1 the author 
shows that the minimum solution comes from the penulti- 
mate convergent when a/b is developed in its shorter 
continued fraction. D. H. Lehmer (Berkeley, Calif.). 


Sierpifiski, W. Remarques sur la décomposition des nom- 
bres en sommes des carrés de nombres impairs. Col- 
loquium Math. 2, 52-55 (1949). 

The author notes the equivalence of the two theorems: 
(A) Every integer of the form 8k+-3 is the sum of three 
squares; and (B) every integer is the sum of at most 10 odd 
squares, due respectively to Gauss and Turski. If one seeks 
to base a proof of either (A) or (B) on Lagrange’s theorem, 
(C) every integer is the sum of four squares, using only very 
elementary reasoning one can prove: (D) Every integer is 
the sum of at most 11 odd squares. D. H. Lehmer. 


Knédel, W. Reduzible Zahlen. Monatsh. Math. 54, 308- 

312 (1950). 

S. D. Chowla and J. Todd [Canadian J. Math. 1, 297-299 
(1949); these Rev. 11, 14] conjectured that the set of 
integers x, such that x*+1 has no prime factor exceeding 2x, 
possesses a density, and that this density is approximately 
equal to 0.3. The author proves the following result con- 
nected with the problem of Chowla and Todd. Let 
f(x) =0(x log x) and denote by N(A) the number of integers 
x=A such that x*+1 possesses no prime factor exceeding 
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f(x). Then lim sups.. N(A)/AS0.5. The argument de- 
pends essentially on the use of well-known estimates in 
prime number theory. The reviewer observes that in the 
last equation on p. 311 and in the first equation on p. 312 
the term o(A log A) has been omitted; moreover in the 
second equation on p. 312 the term 0(A) has been omitted. 
L. Mirsky (Bristol). 


Linnik, Yu. V. An elementary proof of Siegel’s theorem 
based on the method of I. M. Vinogradov. (With an 
appendix of a short analytical proof.) Izvestiya Akad. 
Nauk SSSR. Ser. Mat. 14, 327-342 (1950). (Russian) 
The author gives two proofs of Siegel’s inequality [Acta 

Arith. 1, 83-86 (1935) ] that La(1) >+(e)|d|—* for every posi- 

tive «, and positive ~ depending on ¢ only, where L,(s) is 

the Dirichlet series whose coefficients are the Kronecker 
symbol (d/n). The proofs are not very illuminating, though 
the first one is elementary in the technical sense. 

H. Heilbronn (Bristol). 


Karamata, J., et Tomi¢é, M. Sur une inégalité de Kusmin- 
Landau relative ‘aux sommes trigonométriques et son 
application 4 la somme de Gauss. Acad. Serbe Sci. Publ. 
Inst. Math. 3, 207-218 (1950). 

The authors prove by geometric reasoning that if a, are n 
positive numbers satisfying 


0<8Sa;:—a,;5S+++Sa,—a,-1>89 <1, 


then S,=>->.1 exp (27a,4) is in the circle of radius 
${cot dx+tan 46x} and center }4 exp (—dri+2ray1) csc Ox, 
and hence |.S,| =4${cot 40+ tan 467}; the latter inequality 
is the Kusmin-Landau inequality [see Landau, Nachr. Ges. 
Wiss. Gottingen. Math. Phys. K1. 1928, 21-24]. Still more 
precisely 


|4 exp (2ra;t)+ 5-72 exp (24,4) | Scot dx+} tan 46x, 


and finally if a,=@ we have >-?_; sin 2xa,= —} tan 46x. As 
a consequence the authors get a short determination of the 
sign of the Gauss sum >"? exp (2riv*/n). 

R. P. Boas, Jr. (Evanston, IIl.). 


Braun, Hel. Hermitian modular functions. 

Math. (2) 53, 143-160 (1951). 

[For part II see the same Ann. (2) 51, 92-104 (1950) ; these 
Rev. 11, 333..] The author studies the (homogeneous Her- 
mitian modular) group consisting of all 2m <2n matrices 
M whose elements are integral numbers in an imaginary 
quadratic number field R and such that MJM=J. Here M 
is the conjugate complex of the transposed matrix of A and 
J =(_} §), where E is the m Xn unit matrix. The group $ is 
therefore the group of all linear transformations with inte- 
gral coefficients in R which transform the bilinear Hermitian 
form > -i=1(JeXein—Dern%e) into itself. The author proves 
that the determinant of each M of § is the square of a unit 
of &. Let 3 be the space consisting of all complex »Xn 
matrices Z, such that the Hermitian matrix Y=}i(Z—Z) 
is positive definite. To the matrices M=(¢2) (where 
C, D, F, G are »Xn matrices) of $ correspond mappings 
Z—Z,=(CZ+D)(FZ+G)— of 3 onto itself. The group Do 
of all these mappings (inhomogeneous Hermitian modular 
group) is isomorphic to the quotient group $/€, where € is 
the subgroup of § consisting of all matrices e€E°"), where « 
is a unit of R and E® is the 2m X 2n unit matrix. The author 
constructs a special fundamental domain F for Do in 3 by 
means of the reduction theory of Humbert for Hermitian 
forms over &. It is bounded by a finite number of algebraic 
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surfaces. The domain F is not compact (indeed no funda- 
mental domain for Ho in 3 is compact). There exists however 
a positive number c such that the determinant | Y| of Y is 
=c for all Z in F. If dZ is the matrix whose elements are 
the differentials of the elements of Z the differential form 
ds* = trace of Y-'dZ Y-'dZ defines a line element in 3 which is 
invariant under all transformations Z;= (CZ+D)(FZ+G)-, 
where (¢ 2)=M is an arbitrary complex matrix such that 
MJM = J. Measured in this metric the volume of F is finite, 
Only a finite number of images of F under transformations 
of So are neighbors of F. Every compact set in 3 can be 
covered by a finite number of images of F. 
H. D. Kloosterman (Leiden). 


Niven, Ivan. A class of algebraic integers. Amer. Math. 

Monthly 58, 27—29 (1951). 

As an extension of Fermat’s theorem the author proves 
the following theorem. Let a, b, c, m be integers with m>1, 
|c| >1, and a, b, c without common factor. Then all values 
of the algebraic number c~/™(b"™—a"™) are algebraic inte- 
gers if and only if c divides b—a, m is a power of a prime p, 
and |c| =p if p is odd, |c| =2 or 4 if p=2. This result 
extends a theorem ‘of Trypanis [same Monthly 57, 87-89 
(1950); these Rev. 11, 417]. D. H. Lehmer. 


Dénes, Peter. Uber den ersten Fall des letzten Fer- 
matschen Satzes. Monatsh. Math. 54, 161-174 (1950). 
Conditions are obtained under which the equation 

x?+-y? =z? has no solutions prime to p, not merely in ra- 

tional integers x, y, z, but in integers in the cyclotomic field 

k(f), {=exp (2i/p). This generalizes the work of Furt- 

wangler [Nachr. Ges. Wiss. Géttingen-Math.-Phys. KI. 

1910, 554-562]. The original congruence conditions of 

Kummer are shown to hold in the extended sense. Miri- 

manoff’s four congruence conditions are augmented by one. 

The simplest concluding theorem is that if the class-number 

of k(g) is not divisible by p*, then the equation has no 

solutions prime to p in k({). G. Pall (Chicago, IIl.). 


Hasse, Helmut. Uber den algebraischen Funktionen- 
kérper der Fermatschen Gleichung. Acta Univ. Szeged. 
Sect. Sci. Math. 13, 195-207 (1950). 

The author discusses the Fermat equation x*+y"+2=0 
as the generating equation of a function field F of one vari- 
able with a coefficient field which is to contain 2m distinct 
2nth roots of unity. The genus and a basis for the differen- 
tials of the first kind of F are determined. After some re- 
marks on the connection between the solutions of Fermat's 
equation with the algebraic prime divisors, the author esti- 
mates the weights of the Weierstrass points and sets down 
some explicit formulas for the multiplication of divisor 
classes. O. F. G. Schilling (Chicago. IIl.). 


Brauer, Richard. On the zeta-functions of algebraic num- 
ber fields. Il. Amer. J. Math. 72, 739-746 (1950). 
Soient k un corps de nombres algébriques (de degré fini), 

n, d, R, h, w ses degré absolu, discriminant, régulateur, 

nombre des classes d’idéaux et le nombre des racines d’unité, 

qu'il contient. Soient n* et d* le degré absolu et le discrimi- 
nant du corps de Galois k* de k, et 6 le nombre de ses corps 

conjugués non-réels. Dans un travail précédant [méme J. 

69, 243-250 (1947); ces Rev. 8, 567], l’auteur avait montré 

que, si & parcourt les corps d’un degré fixe, on a 

log (Rk) ~log|+/d|. Dans le présent travail, il est montré 

que log (Rh)/log|./d| est borné, que ce quotient converge 
vers 0 quand k parcourt un ensemble de corps tel que 
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n/log|+/d| tende vers 0, et que 


(= -1)-0 
n*\log|+/d| 
quand & parcourt tous les corps de nombres algébriques. 

Soient {(s, 2) la fonction ¢ de k. Son résidu, pour s = 1, est 
p(k) = 2"2’Rh/w+/d. Les résultats indiqués se déduisent, par 
considérations algébriques simples (limitations des w, n*, 
et |d*| en fonction de n et de d), de la limitation supérieure 
p(k) Sc*(1+-7)"|d|"7 (od c est une constante, et od y est 
un nombre réel arbitraire 21) et de la limitation inférieure 
p(k) 2c’ (e)-*|d|—* (od € est un nombre réel positif arbitraire- 
ment petit, et od c’(e) ne dépend que de e), dont la premiére 
est démontrée par l’auteur pour les corps arbitraires de 
nombres algébriques (de degré fini), et od la seconde est 
prouvée seulement pour les corps galoisiens. La premiére 
limitation s’obtient par application d’une méthode ana- 
lytique due aux Landau, Hecke, et Siegel, la seconde se 
déduit en combinant certains résultats de Siegel [Acta 
Arith. 1, 83-86 (1935)] avec le théoréme de |’auteur 
(démontré dans son travail cité) que la différence du 
caractére régulier et du caractére principal d’un groupe 
d’ordre fini est une combinaison linéaire de caractéres mono- 
miaux a coefficients rationnels positifs. Ce dernier résultat, 
combiné avec certains résultats de Landau sur la limitation 
supérieure des L(s, ¥), od y est un caractére non-principal 
de degré 1, permet de donner, pour toute extension galoi- 
sienne finie K de k, une limitation supérieure de p(K)/p(k). 
La limitation inférieure indiquée de p(k), pour un e>0 
donné, résulte directement des résultats de Siegel quand 
f(s, &) n’a, dans l’intervalle ouvert (1,1—<«), aucun zéro 
algébrique. Sinon, si un tel zéro appartient a un corps 
galoisien (de degré fini) ko, elle se déduit des limitations 
supérieures des p(kko) et p(kko)/p(k). On obtient une limita- 
tion inférieure analogue p(k)2=c’’(e)-*"|d*|—* dans le cas 
plus général de corps k non-galoisiens en combinant les 
limitations supérieures des p(k*) et p(k*)/p(k). 

M. Krasner (Paris). 


Kanold, Hans-Joachim. Eine Bemerkung zur Verteilung 
der r-ten Potenznichtreste einer ungeraden Primzahl. 
J. Reine Angew. Math. 188, 74-77 (1950). 

The main theorem of this paper is included in a theorem 
of Rédei [Nieuw. Arch. Wiskunde (2) 23, 150-162 (1950); 
these Rev. 11, 417, first result quoted ]. However, the work 
of the author seems to be independent of and roughly 
simultaneous with that of Rédei. P. T. Bateman. 
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Schneider, Theodor. Zur Anniherung der algebraischen 
Zahlen durch rationale. J. Reine Angew. Math. 188, 
115-128 (1950). 

A detailed proof is given for the following theorem: Let 
the pairs of integers p,~0, g, (v=1, 2, ---;0<qiSq:S---) 
be of the form p,=,'p,” and g,=4q,'g," where p,” and gq,” 
have bounded prime factors. Let {#0 be an algebraic num- 
ber, and let |{—p,/g,|=q,~* (vy=1, 2, ---), limnw ge = ™, 
lim sup,+.« log p,’/log p»=a, lim sup,.« log g,’/log g,=8. If 
p>a+8, then lim sup,.. log g,4:/log g,= ©. [Compare the 
reviewer's note, Acta Arith. 3, 89-93 (1938), lemma 3.] The 
proof is based on a paper of the author [same J. 175, 182- 
192 (1936) ], and on a simple idea in a paper of the reviewer 
[Akad. Wetensch. Amsterdam, Proc. 39, 633-640, 729-737, 
(1936) ]. In the last section, this theorem is generalized, and 
some applications to transcendency are indicated. 

K. Mahler (Manchester). 


Chabauty, Claude, et Lutz, Elisabeth. Sur les approxima- 
tions diophantiennes linéaires réelles. I. Probléme 
homogéne. C. R. Acad. Sci. Paris 231, 887-888 (1950). 
In order to generalize a theorem of Khintchine [Rend. 

Circ. Mat. Palermo 50, 170-195 (1926); cf. the reviewer, 

Diophantische Approximationen, Springer, Berlin, 1936, p. 

69, theorem 8] the authors consider a system of linear forms 

(1) Li=Dha1 QigXjt uy (¢=1, 2, — 2 p; p+gq=n). Putting 

X =max (|x;|), they prove: (A) If p< 4m and if ¢(#) denotes 

any positive decreasing function, there exists a free system 

(1), such that the inequalities |Z,;| <(t), #=1,2,---, p, 

1=X St, have an integer solution x, ---, X¢, #1, ***, %» for 

each sufficiently large value of #; (B) if 4n<p<n and if y(2) 

denotes any positive increasing function, ¥(#)—> © fori, 

there exists a free system (1), such that the inequalities 
|Li| <¥(@r-*@™, i=1, 2, ---,p, 1SXSt, have an integer 
solution xj, +++, 9, %1,°**,%, for each sufficiently large 
value of ¢. In these theorems the notion “free” means that 
no algebraic relation (with integer coefficients which do not 
all vanish) holds between the pg real numbers a, - - -, Gp¢- 

Replacing the notion “free” by another notion, “pure”, the 

authors state that (A) remains valid, if one replaces the 

condition p<4n by p=#(n—1). The proof of (A) is a 

generalization of Khintchine’s argument; the proof of (B) 

consists of an application of (A) to the “conjugate” system 

L#*=y;—> 7.1 4:;; and an application of Minkowski’s 

fundamental theorem on successive dilatation of a sym- 

metric convex body. 
J. F. Koksma (Amsterdam). 


ANALYSIS 


Bojanié, R. Sur la formule des accroissements finis. 

Acad. Serbe Sci. Publ. Inst. Math. 3, 219-226 (1950). 

In the law of the mean, (*) F(y)— F(x) =(y—x) F’(8), if 
F(t) is a convex function of ¢ then = £(x, y) is uniquely de- 
termined. Conversely, relative to a given function £(x, y), 
R. Rothe [Math. Z. 9, 300-325 (1921) ] has examined neces- 
sary conditions for the existence of a function F(t) such that 
(*) is satisfied identically, and has given a rule for the con- 
struction of F(#) in case it exists. The author now extends 
the results of Rothe to give conditions which are both 
necessary and sufficient, as follows: Let &(x, y) be defined 
for a=xb, aSy=b, and suppose the partial derivatives 
b=0t/dx, q=dt/dy, s=8/dxdy exist there and satisfy 
ég~#0. Then necessary and sufficient conditions for the 
existence of a function F(t) satisfying (*) are that £(x, y) 





satisfy &(x, y)=&(y, x) and &(x, x) =x, and that the expres- 
sion s/pqg+(p—g)/(y—x) pq, yx, be a function of & alone. 
In an application it is shown that the value é in (*) satisfies 
a relation of the form = g“"[4(o(x)+ ¢(y) ] if and only if 
y = F(x) is the equation of a conic section. 

E. F. Beckenbach (Los Angeles, Calif.). 


Bonferroni, Carlo. Sulle medie multiple di potenze. Boll. 
Un. Mat. Ital. (3) 5, 267-270 (1950). 
For positive values x:, ---,%,, the author studies means 
of the form 





HP X—* +X _PX I+ +: - ie 
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Tre=| n(n—1) 


and makes the obvious extension to Jt,,.,, and so on, as 
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generalizations of the mean of order p, 
Me, =[(xrP+ «+ pa0?)/n JP. 
It is shown, for instance, that Dt,,,,... is am increasing 


function of its maximum index, and that if p>p—A>q then 
Me, or, --- = My», o+s.r,---- Thus we have 


Mo=Ms, 1.=Mee e=Me 1.1; 


but it is pointed out by example that such means as D411 
and Qt; ; are not comparable. E. F. Beckenbach. 


Fempl,S. Sur l’inegalité de Cauchy-Schwartz. Bull. Soc. 
Math. Phys. Serbie 2, nos. 1-2, 75-79 (1950). (Serbo- 
Croatian. French summary) 

Let ¢(t) be monotone, g~'(#) the inverse of ¢(#), and u(x) 
and v(x) functions with integrable squares. The author 
shows that the inequality 


[ -@erex 


sid f wcar|+q f ewes} 


holds for all admissible u(x) and v(x) if and only if either 
g(e*) is convex and ¢(t) increasing, or ¢(e*) is concave and 
g(t) decreasing. In this class of functions ¢(#) the function 
g(t) =log t, which occurs in the Cauchy-Schwarz inequality, 
minimizes the right side of (*). E. F. Beckenbach. 





(*) 





Avakumovié, V. G., et Aljantié, S. Sur la meilleure limite 
de la dérivée d’une fonction assujettie 4 des conditions 
supplémentaires. Acad. Serbe Sci. Publ. Inst. Math. 3, 
235-242 (1950). 

Landau [Proc. London Math. Soc. (2) 13, 43-49 (1913) ] 
proved that if, for O=x=1, | ¢’’(x)| 1, | o(x)| =}, then 
| g(x) | S1. The authors generalize this to 


| e’ (x) — o(1)+ 9(0) | S$—x+-2" 


if |¢’(x)|=1; they also prove | ¢’(x)—(1)+¢(0)| =} 
if | ¢’’(x)| 1 and ¢’ (0) = ¢’(1). The proofs are geometrical. 
Generalizations to higher derivatives involve a generaliza- 
tion of the Euler-Maclaurin summation formula. 

R. P. Boas, Jr. (Evanston, IIl.). 


[ Obrechkoff, N. Sur quelques formules pour les différ- 

ences divisées et sur des égalités limites pour les 

fonctions et leurs dérivées et pour les différences 
des suites. Annuaire [GodiSnik] Univ. Sofia. Fac. 

Sci. Livre 1. 45, 19-62 (1949). (Bulgarian. French 

+ summary) 

Obrechkoff, N. Sur quelques inégalites pour les dérivées 
des fonctions, les différences des suites et sur les in- 
tégrales de quelques équations différentielles. Sbornik 
Bulgar. Akad. Nauk. 40, no. 1, 47-98 (1949). (Bul- 
garian. French summary) 

These two papers contain a detailed presentation of a 

large number of related results which have been obtained 

by the author in the last few years. Given the asymptotic 
behavior of f(x), say as-x—+«, perhaps only on a sequence 
of points, and an asymptotic inequality for f(x), the 
general problem is to infer as much as possible about 

f(x), OSm<n. Corresponding theorems are considered 

for differences of sequences. One application is to the be- 

havior of solutions of the differential equation y™ = f(x, y). 

The main results of both papers have been announced else- 

where, with more or less detailed proofs [C.R. Acad. Sci. 
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Paris 222, 531-533 (1946); 223, 397-399 (1946); 224, 880- 
882 (1947); Doklady Akad. Nauk SSSR. (N.S.) 59, 1399- 
1401 (1948); Atti. Accad. Naz. Lincei. Rend. Cl. Sci. Fis, 
Mat. Nat. (8) 5, 21-24 (1948); C.R. Acad. Bulgare Sci, 
Math. Nat. 1, no. 1, 1-4 (1948); Doklady Akad. Nauk 
SSSR (N.S.) 67, 225-228 (1949); C.R. Acad. Bulgare Sci. 
Math. Nat. 2, no. 1, 1-4, 5-8 (1949); Acta Sci. Math. 
Szeged 12, Leopoldo Fejér et Frederico Riesz LXX annos 
natis dedicatus, Pars B, 231-235 (1950); these Rev. 7, 419; 
8, 65, 448, 709; 9, 416; 10, 357; 11, 16, 235, 583]. The second 
paper also contains some results on analytic functions, of 
which the following special case may serve as an example, 
Let f(z) be regular for x>a, |y| =); let Rf™(z)=0 and let 
f(¥m)—0 for a real sequence y,— © ; then (—1)""*Rf(z)=0 
for OSk=n. R. P. Boas, Jr. (Evanston, IIl.). 


Christov, Chr. Sur l’équation intégrale généralisée de M. 
Pompeiu. Annuaire [GodiSnik] Univ. Sofia. Fac. Sci. 
Livre 1. 45, 167-178 (1949). (Bulgarian. French 
summary) 

Let f(x,y) be continuous in EZ’, and let D be a fixed 
domain in E?, and let D, denote the image of D under the 
rigid motion a. The problem considered is that of deter- 
mining the functions f(x,y), continuous in E’, for which 
S Soq f(x, y)dx dy =0 holds for all «. In this paper, the author 
shows that if D is a parallelogram, then f(x, y)=0; this 
extends an earlier result [Mathematica, Timisoara 23, 
103-107 (1948); these Rev. 10, 20]. M. Reade. 


llieff, Lubomir. Sur un probléme de M. D. Pompeiu. 
Annuaire [GodiSnik] Univ. Sofia. Fac. Sci. Livre 1. 45, 
111-114 (1949). (French. Bulgarian summary) 
In this note, the author solves the problem stated above 
[see the preceding review ] for the case when D is triangular. 
M. Reade (Ann Arbor, Mich.). 





Calculus 


* Madelung, Erwin. Die mathematischen Hilfsmittel des 
Physikers. Die Grundlehren der mathematischen Wis- 
senschaften in FEinzeldarstellungen mit besonderer 
Beriicksichtigung der Anwendungsgebiete, Band IV. 
4th ed. Springer-Verlag, Berlin-Géttingen-Heidelberg, 
1950. xx+531 pp. 47 DM; bound, 49.70 DM. 

Since the first edition [1922] of this work, several books 
have been written on mathematical physics. The very fact 
that the author’s book maintained its place beside such out- 
standing works (in German) as Courant-Hilbert [Methoden 
der Mathematischen Physik, Springer, Berlin, vol. 1, 1st ed., 
1924, vol. 2, 1937] and Riemann-Weber [Die Differential- 
und Integralgleichungen der Mechanik und Physik, 7th. ed., 
Viewig, Braunschweig, vol. 1, 1925, vol. 2, 1927], and that 
it has lived to see four editions, and a photo-offset reprint, 
in less than 30 years, shows that it fills a real need. The 
present edition is considerably (about 40%) larger than the 
third edition [1936]. Several parts of the book have been 
completely rewritten, and there are numerous other changes 
and additions. Some of these will be noted in the summary 
of the contents. Roughly two-thirds of the book is devoted 


, to an exposition of the mathematical tools, the remaining 


third to the mathematical formulation of various branches 
of physics. The author has succeeded in collecting a vast 
amount of material in a comparatively slim volume. The 
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book is not a text-book, and no proofs or motivations are 
given. Concepts and techniques are briefly described, and 
useful results and formulas listed. Yet the book is far more 
than a “dictionary’’, for the material is presented in a 
consequential and descriptive manner, and each chapter is 
an organic unity. In a sense this is a personal book, in that 
it admittedly and intentionally emphasizes the author's 
point of view. On many questions there is room for difference 
of opinion. To mention only one or two examples, the re- 
viewer can see no justification for grouping together, on p. 
48, as “improper functions”, Dirac’s delta function 5(x—y), 
and Dirichlet’s discontinuous factor Jo*t-' sin xt sin ytdt. 
Again, while it is well to stress the basic similarity of sum 
and integral, or of sequence (i.e. a function of a discrete 
variable) and a function of a continuous variable; yet it is 
dificult to see that an understanding of these matters is 
furthered by calling the definite integral (on p. 14) an infinite 
sum (because it is the limit as n+ of a sum of m terms), 
or by calling any function of one variable a “sequence” 
(p. 13) which is “discrete” or “dense” according as its 
elements follow each other at finite, or infinitely small, 
distances. Even though one may find these and similar 
formulations somewhat peculiar, one ought to remember 
that the author is a distinguished physicist of many years’ 
experience in research and teaching, and that he is likely 
to know from experience how to present mathematical ideas 
to physicists. In any event, these peculiarities are inten- 
tional. In the preface the author says: “Ich weiss, dass mein 
Buch in vielen Punkten nicht die Zustimmung aller Mathe- 
matiker findet. Sie tadeln die Leichtfertigkeit, mit der ich 
mit ihrem geheiligten Besitze umgehe,” and goes on to 
explain that the physicist’s point of view is very different 
from that of the mathematician. 

A brief summary of the contents follows. Remarks such 
as “new” refer to a comparison with the third edition. 
Part I. Mathematics. (1) Numbers, functions, operators 
(new, with much excellent, and some controversial, ma- 
terial). (2) Differential and integral calculus (revised, with- 
out great changes). (3) Series and expansions (revised). 
(4) Functions (that is of a complex variable; revised, with 
some new sections). (5) Algebra. (6) Transformations 
(revised). (7) Vector analysis (rewritten, with several new 
sections and a considerably enlarged section on 3-dimen- 
sional tensors). (8) Special coordinate systems (revised, 
some old sections abridged and new sections added). (9) 
Group theory (with some sections shortened and a new 
section added on the groups of crystallography). (10) Differ- 
ential equations (enlarged, in particular, the section on per- 
turbation theory newly written). (11) Integral equations. 
(12) Calculus of variations (sections on canonical equations 
and on general boundary conditions added). (13) Statistics 
(this is the new form of the chapter on probability theory of 
the old edition: the basis now is the relative frequency). 
Part II. Physics. (1) Mechanics (revised with additions). 
(2) Electrodynamics (including optics; with a new intro- 
duction, additions, and a slightly revised section on units). 
(3) Theory of relativity (completely rewritten with tensor 
notation from the beginning, and the discussion of general 
relativity shortened, no mention of kinematical relativity). 
(4) Quantum theory (rewritten and enlarged, with greater 
emphasis on general methods, operators, infinite matrices). 
(5) Thermodynamics (completely rewritten). (6) Statistical 
methods (no major change). The appendix contains ex- 
amples and supplementary material to various portions of 
the book, the “‘electron-catalogue” (with the new heavy 
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elements Np, Pu, Am, Cm inserted), tables of binomial 
coefficients and other numbers connected with factorials, 
tables of units, universal constants (the reciprocal value of 
the fine structure constant is now given as 137.0 compared 
with 137.3 of the old edition, and other constants have also 
been corrected). The bibliography is slightly enlarged. The 
printing of the book is excellent. A. Erdélyi. 


* Delachet, André. Calcul différentiel et intégral. Presses 

Universitaires de France, Paris, 1951. 128 pp. 

This book, no. 466 in the series “Que sais-je?’’, is not 
intended as a text-book but rather as an introduction to 
such parts of the theory of functions of real variables as are 
usually skimpily treated in most standard text-books. The 
table of contents is as follows: Introduction (real numbers) ; 
Fonctions de variables réelles; Fonctions dérivables; Notion 
d’intégrale; Séries et produits infinis numériques; Fonctions 
définies par des séries ou des intégrales. 

J. V. Wehausen (Providence, R. I.). 


*Griébner, Wolfgang, und Hofreiter, Nikolaus. Integral- 
tafel. Zweiter Teil. Bestimmte Integrale. Springer- 
Verlag, Vienna and Innsbruck, 1950. vi-+204 pp. 

A companion volume to the first part which contained 
indefinite integrals [cf. these Rev. 10, 516]. Since the cor- 
rectness of a formula in this part cannot be verified by 
differentiation as in part one, the authors give with each 
formula a code, explained in the introduction, indicating 
how the integral may be evaluated. Integrands are classified 
under the following sections: rational integrands; algebraic 
irrational integrands; elementary transcendental integrands; 
Eulerian integrals; integrals of cylinder functions. 

J. V. Wehausen (Providence, R. I.). 


Sbrana, Francesco. Sul limite del rapporto di due infiniti. 
Atti Accad. Ligure 6, 379-381 (1950). 
Nuova dimostrazione del noto teorema sul limite del 
rapporto di due infiniti. Author's summary. 


*Accioly, Pompeu B. Equagtes vectoriais como funda- 
mento geométrico-algoritmico da mecfnica. [Vector 
Equations as the Geometric-Algorithmic Foundation of 
Mechanics]. Imprensa Nacional, Rio de Janeiro, 1947. 
xix+ 229 pp. 

The author discusses vector operations and the solution 
of equations linear in an unknown vector. Applications are 
given to central axes, acceleration and rotation of a rigid 
body. L. M. Milne-Thomson (Greenwich). 


Badell, E. Determination of dyads (least in number) 
whose sum is equivalent to a tensor given in nonion form. 
Revista Soc. Cubana Ci. Fis. Mat. 2, 124-135 (1949). 


(Spanish) 





Theory of Sets, Theory of Functions of Real Variables 


Szele, T. On Zorn’s lemma. Publ. Math. Debrecen 1, 

254-256, erratum 257 (1950). 

A short proof is given of the equivalence of various forms 
of the axiom of choice [cf. the reviewer's Lattice Theory, 
Amer. Math. Soc. Colloquium Publ., v. 25, rev. ed., New 
York, 1948; these Rev. 10, 673]. The essential novelty con- 
sists in proving Zorn’s lemma directly from the axiom of 
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choice [cf. H. Kneser, Math. Z. 53, 110-113 (1950); these 
Rev. 12, 323]. G. Birkhoff (Cambridge, Mass.). 


Rodeja F., E. G.-. On the gaps of a dense nucleus. Re- 
vista Mat. Hisp.-Amer. (4) 10, 30-31 (1950). (Spanish) 
In answer to a question raised by Cuesta [same Revista 

(4) 4, 175-187, 215-233 (1944), p. 179; these Rev. 7, 195], 

the author shows that every dense nucleus has gaps. 

F. Bagemihil (Rochester, N. Y.). 


Klee, V. L., Jr. Decomposition of an infinite-dimensional 
linear system into ubiquitous convex sets. Amer. Math. 
Monthly 57, 540-541 (1950). 

Let L be a (real) linear system, i.e., a module over the real 
number field. A convex subset X of L is called ubiquitous if 
each point y of L is linearly accessible from X, i.e., for each 
yeL there is an xeX such that the line segment (y, x) (includ- 
ing x but not y) belongs to X. The author proves that every 
infinite-dimensional linear system L can be expressed as the 
union of N pairwise disjoint ubiquitous convex sets if N is 
any cardinal number 22 and not exceeding the dimension 
of L (dimension = the cardinal number of a Hamel basis). 

L. Fuchs (Budapest). 


Fréchet, Maurice. Abstract sets, abstract spaces and 
general analysis. Math. Mag. 24, 147-155 (1951). 
Elementary expository paper. 


Zubieta R., F. Note on the images of sets. Bol. Soc. 

Mat. Mexicana 7, 33-36 (1950). (Spanish) 

Let X and Y be sets and f a single valued mapping of X 
into Y. Thus f is a point function. Let A be a subset of X. 
Then f(A) = Doses f(a) is a mapping of the subsets of X into 
the subsets of }.exf(a). The mapping f has the properties 
that: (1) f(A) =¢ implies A =¢, (2) if M’Cf(A) then there 
is an MCA such that f(M)=M’, and (3) f(=A)=Sf(A). 
For any set function f of the subsets of X into subsets of Y 
with the above three properties, there corresponds in an 
evident manner a unique point function f such that the set 
function associated with f given in the above is precisely f. 
Similarly, let g be a set function of the subsets A’ of Y into 
subsets of X; if (1’) f(g(A’))CA’ and (2’) f(B)CA’ implies 
BCg(A"), then it is readily seen that g(A’) = f(A’ f(X)). 
(It is clear that the generalized inverse function f-' defined 
by f"(A’)=f-(A’f(X)) has the above two properties.) 
Thus properties (1), (2), and (3) give an intrinsic definition 
of images of a set, while (1’) and (2’) give a similar one for 
inverse images. Classical properties of f and f-' follow 
directly from the above defining properties without difficulty. 

H. Tong (Paris). 


Taimanov, A. D. On rigid bases of the 4s-operation. 
Izvestiya Akad. Nauk SSSR. Ser. Mat. 14, 443-448 
(1950). (Russian) 

Let N be a collection of increasing sequences 7 of natural 
numbers; @y({Z,}), the 5s-operation with basis N on the 
sets E,, is S yew [nee [see Otchan, Rec. Math. [Mat. 
Sbornik] N.S. 10(52), 151-163 (1942); these Rev. 7, 8]. 
Order the sequences 7 by set inclusion, and let N,, be the 
set of minimal elements of NV. Then N is said to have a rigid 
basis if every » of N contains an 7’ of N,. The set of all 
increasing sequences is mapped into the real interval [0, 1]; 
in the resulting topology if N is a Borel (analytic) set, so 
is N—N,,. An example shows that N,, need not be analytic 
when N is. M. M. Day (Urbana, IIl.). 
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Blackwell, David. On a theorem of Lyapunov. 

Math. Statistics 22, 112-114 (1951). 

The author proves and discusses in statistical language 
two extensions of Lyapunov’s theorem on the convexity of 
vector-valued measures. (I) If u;, ---, u, are non-atomic 
measures on a Boolean o-algebra of subsets of a set X, and 
if v(a) = (fasduy, ---, fa,du,) whenever a), ---, @, are real- 
valued functions on X such that a,eL,(u,), then the range of 
v is convex. (II) If u;, ---, #, are as above, if f;;,4=1, ---, mn, 
j=1, --+, N, are real-valued functions on X such that 
figeL(u,), and if o(D)=(Lfiifo,fiydur, ---, 2oi-sfo fusdtn) 
whenever (D,, ---, Dy) is a measurable partition of X, then 
the range of vis convex. P. R. Halmos (Chicago, Ill.). 


Ann, 


Cuikina, K. I. On additive vector-functions. Doklady 
Akad. Nauk SSSR (N.S.) 76, 801-804 (1951). (Russian) 
If f is a function from a Boolean algebra S of subsets of 

a set X to a Hilbert space R, the variation of f on a subset 

E of X (in symbols var (f,Z)) is the supremum of 

DX«|f(Ea|| extended over all finite partitions {Z;} of E 

(where E, all E;, and all sets named below are assumed to 

be in S). The function f is called continuous if, for every set 

E and every positive number e¢, there is a partition {Z;} of 

E such that max; var (f, E;) <e. 

If {x;:i=1, ---, r} is a finite set of vectors in R spanning 
an n-dimensional subspace of R, the set of all vectors of the 
form >j.1.0@;, where 0Sa;=1, i=1, ---, 7, is called the 
n-dimensional parallelohedron determined by {x;}. If P 
and Q are parallelohedra, and if there is a single-valued 
mapping from the vectors y; determining Q onto the vectors 
x; determining P, such that the sum of the y,’s in the inverse 
image of each x; is x;, then Q is said to be an extension of P. 
If {P,} is a sequence of parallelohedra which is monotone 
in the sense that P,,; extends P, for every m, then the 
closure of the union of all P, is called the limiting body of 
the sequence. The author’s main theorem is that if f is 
additive and continuous, then the closure of the range of f 
is the limiting body of a monotone sequence of parallelo- 
hedra. If S isa Boolean o-algebra and R is finite-dimensional, 
then the range itself is such a limiting body and, conversely, 
every such limiting body is the range of a suitable /f. 

P. R. Halmos (Chicago, IIl.). 


Eggleston, H.G. A property of Hausdorff measure. Duke 

Math. J. 17, 491-498 (1950). 

An autohomeomorphism T of a Euclidean [1] is bounded 
if 0<kSp(Tp, Tp’)/p(p, p’) SK for any points p, p’. Mono- 
tonic measure functions A(x), H(x) are incomparable if 
lim inf..0 h(x)/H(x) =lim inf,.» H(x)/h(x) =0. It is assumed 
that h(x)>x*", H(x)>x", and H-m.A denotes the H-measure 
of the set A. Theorem 1. Given h(x), H(x), a, 8, there exist 
perfect sets A, B such that (i) H-m.A =a, h-m.B =§, (ii) for 
any bounded 7, H-m.(T7A()B)=h-m.(TA()B) =0. Theorem 
2. If in addition h(x), H(x) are incomparable, then A, B can 
be chosen so that in addition h-m.A = H-m.B= «. Thereis 
an error on p. 496 and some slips on p. 498 but reconstruc 
tion is possible. This is so even without the author's condi- 
tion that x"/h(x) be monotonic. [After consultation with 
the author. ] H. D. Ursell (Leeds). 


Hayes, Charles A., Jr., and Morse, Anthony P. Convexical 
blankets. Proc. Amer. Math. Soc. 1, 719-730 (1950). 
A. P. Morse [Trans. Amer. Math. Soc. 54, 205-235 

(1944); these Rev. 5, 231] has defined “blankets” of sub 

sets which cover a given set in the sense of Vitali. The 

present paper concerns sets in Euclidean space of m dimen- 
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sions, and defines ‘“‘convexical blankets” in terms of a 
“generator” H and its translations. A family of sets is a 
“nest’’ if it is ordered by inclusion, and a nest is a “gener- 
ator” if the sets are bounded closed symmetrical convex sets 
with centroids at the origin and if the lower bound of their 
diameters is zero. If BeH let 8" denote the set of points rx 
where xeH; let e, denote the translation of any set e by 
the vector z. Then the blanket of sets F is a “‘convexical 
blanket”’ if there is a generator H and, for every z in the 
domain of F, there is a number r (0<r=1) such that if aeH 
then, for some SeF, a," 8Ca,. The main theorem proved is: 
If F is a convexical blanket and ¢ is a measure then there 
is a ¢-regular subblanket of F. Therefore, if the sets in F 
are Borel sets, this ¢-regular subblanket is suitable for the 
differentiation of a completely additive set function. 
U. S. Haslam-Jones (Oxford). 


Pauc, Christian. Compléments 4 la théorie de la dérivation 


de fonctions d’ensemble suivant de Possel et A. P. - 


Morse. C. R. Acad. Sci. Paris 231, 1406-1408 (1950). 

It is assumed that a complete measure u (finite or enumer- 
ably infinite) is defined on a Boolean o-algebra M of subsets 
of an abstract space R, and that there is a subclass B of M 
consisting of “intervals” such that (i) B is a basis for 
differentiation in the sense of de Possel [J. Math. Pures 
Appl. (9) 15, 391-409 (1936) ]; (ii) if JeB then almost all 
points of J are totally interior to J and almost all points of 
R-—I are partially interior to R—JI. If @ is a set function 
defined for intervals then the upper and lower ( V) integrals 
of @ over a set X are defined by summing ¢ over any Vitali 
covering of X (selected from B) and taking upper and lower 
limits (in the Moore-Smith sense) over all such coverings. 
Then ¢ is integrable over X if the upper and lower integrals 
are equal; and ¢ is of bounded variation if the upper integral 
of |¢| is finite. The author states, with some indication of 
proof using results of A. P. Morse [Trans. Amer. Math. Soc. 
54, 205-235 (1944); these Rev. 5, 231] and of de Possel 
[loc. cit.] that: If ¢ is of bounded variation and has a finite 
integral over every interval, then it has, almost everywhere 
in R, a derivative D@ which is finitely integrable in the 
Lebesgue sense over every bounded measurable set, the 
integral being equal to the (V) integral of ¢. 

U. S. Haslam-Jones (Oxford). 


Tolstov, G. P. The asymptotic derivative of composite 
functions. Mat. Sbornik N.S. 27(69), 325-332 (1950). 
(Russian) 

Let ¢ be defined and real-valued on [a, b] and let F be 
defined on an interval containing the values of g; let ’ repre- 
sent the operation of approximate differentiation and let 
$(t) = F(g(t)) on [a, 6]. Theorem 1. If F and ¢ have approxi- 
mate derivatives everywhere, then ’(t) = F’(¢(t))¢’(t) for 
almost all ¢ in [a,b]. Theorem 2. If f is (Lebesgue or Den- 
joy) integrable on [a,b] and if F(x)=J.*f(t)dt has finite 
(ordinary or approximate) derivative numbers everywhere 
except perhaps on a countable set, then every absolutely 
continuous change of variable leaves the value of the inte- 
gral invariant. M. M. Day (Urbana, IIl.). 


Jeffery, R. L., and Rowse, C. N. The limit points of 
Riemann sums. Trans. Roy. Soc. Canada. Sect. III. 
(3) 43, 21-26 (1949). 

Jeffery, R. L. Limit points of Riemann sums. Trans. 
Roy. Soc. Canada. Sect. III. (3) 44, 43-49 (1950). 

The main theorem of the first paper is: Let 


F(x) = Cfi(x), fe(x), - a) fr(x)], 
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aSx3b, bea vector function in k-dimensional Euclidean 
space. Let | f;| <M, j=1, 2, ---, &. Let (xs_s, x,) be a subdi- 
vision of [a,b], any point on [x;_1, x; ]. Then the set of limit 
points of [eter filEs) (xi —xe1), dates Dias fe(Es) (xi —x4-1) ] 
as max (x;—x;_,)—90, is a closed convex set. The authors 
were aware that this result had been established using a 
different method by P. Hartman [Quart. J. Math., Oxford 
Ser. (1) 18, 124-127 (1947); these Rev. 9, 137]. 

In the second paper, the author credits I. Halperin for 
pointing out an error, in the first paper, then rectifies the 
error by proving some auxiliary results of interest in them- 
selves; e.g., if g is summable on [a, 5], if (x+-1, %;) is a 
subdivision of [a,b] and if, for 0<A<1, x/ is such that 
xP—xi1=A(xi—xi_1), then |DSefedx — Afa*gdx|—-0 as 
max (x;—x;_,)—0. The proof is based upon the fact that 
there is a closed subset C of [a, 6] with measure close to 
b—a, integrals of g over [a, b] and C differing slightly, and 
g continuous on C, but could also be obtained by noting first 
that it holds for step functions. J. F. Randolph. 


Froda, Alexandre. Propriétés caractérisant la mesurabilité 
des fonctions multiformes ou uniformes de variables 
réelles. Acad. Repub. Pop. Romfne. Stud. Cerc. Mat. 
1, 138-161 (1950). (Romanian. Russian and French - 
summaries) 

A number of theorems, all equivalent to the well-known 
theorem of Luzin on measurable functions [see for example 
Saks, Theory of the Integral, 2d ed., Stechert, New York, 
1937, p. 72] are proved. Extensions to multiple-valued 
functions are also considered. E. Hewitt. 


Albuquerque, J. Note sur les fonctions continues 4 varia- 
tion bornée. Univ. Lisboa. Revista Fac. Ci. A. Ci. Mat. 
(2) 1, 103-115 (1950). 

Let #(t), aSt=8, be a continuous function of bounded 
variation (with a and 6 as its least and greatest values) and 
let f(x), aSx3b, be another such function. The author seeks 
a necessary and sufficient condition for f[®(t)] to be of 
bounded variation on [a, 8]: he states (theorem 6) that 
the convergence of }>*.:| f(A4,*)| is such a condition, where 
| f(A,*)| is the measure of the set of values of f(x) at values 
of x taken at least m times by (¢) in [a, 8]. He proves the 
necessity easily, but his proof of sufficiency is invalid owing 
to a fallacy (at p. 107, line 20) in the proof of a preliminary 
result: Moreover, his condition is in fact not sufficient. 
[Counterexample: Let (n-)=(—)*"n~ (n=1, 2, ---), 
with y>1, let (¢) be linear wearer and let (0) =0; 
let f(n-7) =(—)*"n-— (n=1,2,---), with 1<852, let 
f(x) be linear intermediately, a let f(0) =0.) 

H. P. Mulholland (Bath). 


Morse, Marston, and Transue, William. A calculus for 
Fréchet variations. J. Indian Math. Soc. (N.S.) 14, 
65-117 (1950). 

This paper is one of a series, by the same authors, con- 
cerned with the general objective of replacing the Vitali 
variation (of functions f(s, #) of two real variables) by the 
less exacting Fréchet variation in various branches of 
analysis, in order to obtain results of greater scope and also 
to achieve deeper insight [for previous papers of this series, 
see Canadian J. Math. 1, 153-165 (1949); Proc. Nat. Acad. 
Sci. U. S. A. 35, 136-143, 395-399 (1949); Ann. of Math. 
(2) 50, 777-815 (1949); Rivista Mat. Univ. Parma 1, 3-18 
(1950); Ann. of Math. (2) 51, 576-614 (1950); these Rev. 
10, 601, 612; 11, 19, 185, 512; 12, 110]. The purpose of the 
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present paper is to further develop and refine the analytic 
apparatus required for dealing with the Fréchet variation. 
Some of the points studied arise from the fact that, firstly, 
the Fréchet variation is not an additive function of inter- 
vals, and secondly, the finiteness of the Fréchet variation 
does not imply the existence of a Jordan-type decomposition. 
Special topics covered include generalizations and modifica- 
tions of the second law of the mean, of Harnack-type inte- 
grals, of partial integration, of the Fréchet variation of 
particular combinations of several functions, and of the 
boundary behavior of functions of bounded Fréchet 
variation. T. Radé (Columbus, Ohio). 


Iseki, Kanesiro. On a generalization of Fubini’s theorem 
and its application to Green’s formula. J. Math. Soc. 
Japan 2, 114-124 (1950). 

The author first gives to Fubini’s theorem its most general 
formulation for Stieltjes integrals and verifies that the usual 
proof applies. [The reviewer stated this reformulation in a 
footnote Proc. Cambridge Philos. Soc. 26, 88-93 (1930), 
p. 91.] The author then uses it to express a Lebesgue- 
Stieltjes integral asa Lebesgue integral ff(x)dg(x) = [f*(y)dy, 
in the one-dimensional case and provided that g(x) is con- 
tinuous and of bounded variation. The function f*(y) is 
defined as follows: if g~'(y) is a finite set at each point £ of 
which g(x) is strictly increasing or decreasing, define 
(é) = +1 if g(x) is increasing at — and A(£)= —1 if g(x) is 
decreasing at £, and write f*(y)=>-A()f(é) summed for 
teg~'(y); in all other cases write f*(y) =0. Finally the author 
derives from these results a form of Green’s theorem which 
includes that of W. T. Reid [Amer. J. Math. 63, 563-574 
(1941); these Rev. 3, 75], and that of M. Tsuji [Proc. Imp. 
Acad. Tokyo 18, 176-178 (1942); these Rev. 7, 283]. He 
observes however that this could have been obtained quite 
simply by using Lusin’s theorem. L. C. Young. 


Okamura, Hiroshi. On the surface integral and Gauss- 
Green’s theorem. Mem. Coll. Sci. Univ. Kyoto 
26, 5-14 (1950). 


Ser. A.J 
; WOT: a 
Mizohata, Sigeru. Note to O s last paper. em. | ° 


Coll. Sci. Univ. Kyoto Ser. Af 26, 15-18 (1950). 

Let T: x=x(u,v), y=y(u,v) be a continuous mapping 
from a closed bounded region in the (u, v)-plane into the 
(x, y)-plane. There exists an extensive literature concerned 
with the general objective, initiated by Banach, of defining 
the concept of bounded variation for such a mapping so as 
to obtain a substantial extension of the theory of functions 
of bounded variation of a single real variable. [For an inte- 
grated presentation and for bibliography, see the reviewer's 
book, Length and Area, Amer. Math. Soc. Colloquium 
Publ., vol. 30, New York, 1948; these Rev. 9, 505.] The 
issues discussed in the two papers under review belong to 
this line of thought, and the results are amply covered by 
previous literature which was apparently unknown to the 
authors. T. Radé (Columbus, Ohio). 


Cecconi, Jaurés. Su le funzioni caratteristiche e gli Jaco- 
biani generalizzati. IJ. Su la nozione di “Jacobiano 
generalizzato.”” Rivista Mat. Univ. Parma 1, 305-317 
(1950). 

Let T: x=x(u,v), y=y(u,v) be a continuous mapping 
from the unit square A: 0OSuX1, OSv51. For such map- 
pings, the concepts of bounded variation, absolute con- 
tinuity, and generalized Jacobians may be defined in several 
ways. Comprehensive theories have been developed inde- 
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pendently by L. Cesari on the one hand and by P. Reichel- 
derfer and the reviewer on the other hand [for technical 
details and bibliography, see the reviewer’s book 

and Area, Amer. Math. Soc. Colloquium Publ., vol. 30, 
New York, 1948; these Rev. 9, 505]. Completing the veri- 
fication of the equivalence of these theories, the author 
proves that the generalized Jacobians occurring in these 
theories agree almost everywhere, provided that the 
mapping T is of bounded variation. T. Radé. 


Cecconi, Jaurés. Su di una congettura di T. Rad6. Rend. 

Sem. Mat. Univ. Padova 19, 342-366 (1950). 

This paper is concerned with the concept of surface area, 
where “‘surface’’ means Fréchet surface of the type of the 
2-cell. The concepts of surface area proposed by Gedicze 
and Peano utilize the orthogonal projections of portions of 
the surface on various planes, and yield values for the area 
which generally exceed the Lebesgue area. To remedy this 
situation, the reviewer proposed the use of a properly de- 
fined ‘“‘nucleus’’ of the orthogonal projection. This suggestion 
led to various modifications of the Gedcze and Peano areas 
[for the extensive biblic, saphy and for technical details, see 
the reviewer’s book, Length and Area, Amer. Math. Soc. 
Colloquium Publ., vol. 30, New York, 1948; these Rev. 9, 
505 ]. The present paper contains the proof that in particular 
the modified Gedcze and Peano areas proposed by Cesari, 
Reichelderfer, and the reviewer agree with the Lebesgue 
area for all surfaces. The proof utilizes several deep results 
in surface area theory. T. Radé (Columbus, Ohio). 


Pagni, Mauro. Sulla definizione dell’area di una superficie 
per via assiomatica. Rend. Sem. Mat. Univ. Padova 19, 
303-316 (1950). 

Let {S} denote the class of those surfaces (Fréchet sur- 
faces of the type of the 2-cell) which admit parametric 
representations x=x(u,v), y=y(u,v), z=2(u,v) with the 
following properties: (a) x(u, v), y(u, v), z(u,v) are defined 
and continuous on the unit square A: 0=uX1, 0Sv0X1, and 
their partial derivatives of the first order exist almost 
everywhere in’A. (b) If W(u, v) denotes the square root of 
the sum of the squares of the three Jacobians associated 
with the representation, then W(u, v) >0 almost everywhere 
in A. (c) The Lebesgue area L(s) of S is equal to the double 
integral of W(u,v) taken over A. Now let f(S) be a (real- 
valued) functional defined on {S$}, with the following proper- 
ties: (i) f(S) is lower semi-continuous. (ii) Let A, --:,Ay 
be squares in A, with sides parallel to those of A, and having 
no interior points in common. If S is given as above, let 
Si, --+, S, be the surfaces corresponding to A1, ---, A» by 
means of the given parametric representation of S. Then 
f(S)\=f(Si)+---+f(S,). (iii) Given S as above, let p be 
any plane, and let C, be the closed curve in p obtained from 
the perimeter of A by means of the parametric representa- 
tion of S followed by orthogonal projection upon p. Let 
m, be the two-dimensional Lebesgue measure of the set of 
those points P in » whose topological index with respect to 
C, is different from zero. Then f(.S)2my. (iv) If S is a poly- 
hedron, then f(S)=L(S). The main theorem of the paper 
states that under these conditions the functional f(S) coin- 
cides with the Lebesgue area L(S). The author notes that 
by a deep theorem of Cesari, the class {.S} is identical with 
the class of all surfaces S of finite Lebesgue area. Thus the 
theorem yields a new axiomatic characterization of the 
Lebesgue area. T. Radé (Columbus, Ohio). 
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Stampacchia, Guido. Criteri di compattezza per gli insiemi 
di funzioni continue rispetto alle variabili separatemente. 
Rend. Sem. Mat. Univ. Padova 19, 201-213 (1950). 

In the sequel, f(x, y) will denote a real-valued function 
defined in the square Q: 0SuX1, 0Sv=1. The following 
definitions are needed. (1) Suppose that f(x, y) is a continu- 
ous function of x for almost every y and a continuous func- 
tion of y for almost every x. Then f(x, y) is termed continu- 
ous with respect to the variables x,y separately. (2) A 
sequence f,(x, y) is termed equally bounded if for any given 
e>0, there exists H>0O such that |f,(x,y)| =H except 
perhaps on a set ¢, whose projections upon the coordinate 
axes have measure less than e. (3) A sequence f,(x, ) is said 
to converge regularly almost uniformly if for any given e>0 
there exists a set J such that the projections of J upon the 
coordinate axes have measure less than e, and such that the 
sequence converges uniformly on the complement of J. The 
purpose of this paper is to establish the following selection 
theorem. Let f,(x,y) be a sequence with the following 
properties. (i) The sequence is equally bounded. (ii) Each 
f.(x,y) is absolutely continuous as a function of x for 
almost every y, and absolutely continuous as a function of 
y for almost every x. (iii) There exist positive numbers a 
and A such that the integrals (over the unit square Q) of 
|af,/dx|'+*, | df,/dy|'*= are less than A for all m. Then the 
sequence f,(x, y) contains a subsequence which converges 
régularly almost uniformly. The author notes that this 
result may be used in the theory of double integral problems 
in calculus of variations, and he also points out the ad- 
vantages over previous results of a similar character. 

T. Radé (Columbus, Ohio). 


Kuipers, L., and Meulenbeld, B. Uniform distribution 
(mod 1) im sequences of intervals. Nederl. Akad. 
Wetensch., Proc. 53, 1038-1048 = Indagationes Math. 12, 
382-392 (1950). 

Let 0Sa<f8=1, and O(a, B; f(t)) equal 1 if f(é) is in 
(a, 8) mod 1 and zero otherwise. The authors previously 
defined [same Proc. 52, 1151-1157, 1158-1163 (1949); 53, 
305-308 (1950) = Indagationes Math. 11, 425-431, 432-437 
(1949); 12, 53-56 (1950); these Rev. 11, 423, 648] a function 
to be C' uniformly distributed if 


T 
tim Tf “o(a, 6; f))dt8—<2 


for every a and $. The authors now define a function to 
be C-u-d (mod 1) in the sequence (S;, 7:), k=1,2,*--, 
Ti.-S—e, if lim (T,—S:)“SZ*(a, 8; f())dt-B—a for 
every a and #. A function is said to be totally not 
C-u-d (mod 1) if there is no sequence 7,—>@ so that f(#) 
is C-u-d (mod 1) in (0, 7,). Various further concepts are 
defined and their interrelations are investigated by some 
examples and theorems. P. Erdés (Aberdeen). 





Theory of Functions of Complex Variables 


Wilson, R. Functions with dominant polar singularities on 
the circle of convergence. Proc. Edinburgh Math. Soc. 
(2) 8, 177-180 (1950). 

Let f(z) = DS.0ca2", |z| <1, let there be three poles of 
order m on |z| =1 which are “dominant” in a natural sense, 
let a sequence of c, be called small if they are o(m™-"), and 
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suppose that Cn, Cn4p, Cn+q are all small for an infinity of n. 
Then the dominant poles are at the vertices of some regular 
polygon, the dominant elements at the poles are linearly 
related and the small coefficients are regularly distributed 
in a sequence of positive density. A further theorem general- 
izes a theorem of Mandelbrojt as follows: If there are 
exactly k dominant poles on |z| <1 then at most k—1 con- 
secutive coefficients can be small for an infinity of n. 
R. P. Boas, Jr. (Evanston, Ill.). 


Sunyer i Balaguer, Ferran. Une généralisation de la 
précision logarithmique de M. S. Mandelbrojt. C. R. 
Acad. Sci. Paris 232, 669-671 (1951). 

The author weakens the definition of precision of repre- 
sentation of a function used in Mandelbrojt’s work [Ann. 
Sci. Ecole Norm. Sup. (3) 63, 351-378 (1947); these Rev. 
9, 229, 735] and in his own [same C. R. 231, 18-20 (1950); 
these Rev. 12, 13], and indicates how the new definition 
alters the results. R. P. Boas, Jr. (Evanston, IIl.). 


Sunyer Balaguer, F. Properties of entire functions (of 
finite order) represented by lacunary Taylor series. 
Collectanea Math. 2, 129-174 (1949). (Spanish) 

The contents of chapters 1 and 2 are indicated by refer- 
ence to previous work of the same author [Mem. Real 
Acad. Ci. Art. Barcelona (3) 29, 475-516 (1948); these Rev. 
12, 88] and the following condensed and partial statement. 
Integral functions of finite order which admit an exceptional 
value (or an exceptional meromorphic function) belong to 
a certain class of integral order and sinusoidal growth. They 
cannot have gap power series, as the growth characteristics 
of integral functions with gap power series contradict the 
sinusoidal property. In the space of integral functions of 
given order type these sinusoidal functions form a perfect 
set of measure zero [cf. Littlewood and Offord, Ann. of 
Math. (2) 49, 885-952 (1948); 50, 990-991 (1949); these 
Rev. 10, 692]. Chapter 3 modifies results of Nevanlinna 
[Le théoréme de Picard-Borel et la théorie des fonctions 
méromorphes, Gauthier-Villars, Paris, 1929, p. 122] to the 
effect that if almost all a-points of two meromorphic func- 
tions f,(z) and f2(z) coincide for four different values of a 
then f:(s) =f2(z) apart from a certain exceptional situation. 
The present paper shows that this exception cannot arise 
when one meromorphic function is known to be the quotient 
of power series having a certain gap property and that when 
fi(z) and f2(z) are integral and each possess gap series of a 
certain type the hypothesis for two values of a is sufficient 
for the conclusion f;(s)=f:(z). Chapter 4 extends two 
theorems of Polya [Math. Z. 29, 549-640 (1929), Satz VII 
p. 625, Satz LX p. 631] in which the possibility of asymptotic 
paths (and paths of restricted growth) is excluded by gap 
conditions. The theorems are here proved for general proxi- 
mate order (in place of Lindeléf order) and generalised in 
in several ways, taking into account the order of the func- 
tion and the rate of approach to the asymptotic value. 
Upper density can sometimes replace maximal density. For 
example, an integral function of order p cannot have an 
asymptotic path if the upper density of its nonzero coeffi- 
cients is less than a certain positive function of p. 

A. J. Macintyre (Aberdeen). 


Seleznev, A.I. On power series which are overconvergent 
on rays. Mat. Sbornik N.S. 26(68), 395-400 (1950). 
(Russian) 

In the complex z plane let G be any star domain (with 
respect to the origin). The author constructs a series 
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(*) SR-o@m2™ and a sequence of increasing integers (1): 
having the following properties: (1) The partial sums of 
order m, of (*) converge throughout G as well as for every 
z with arg 2@S, S being a real null-set. (2) This convergence 
is uniform throughout any closed subset of G as well as for 
any finite segment of a ray arg =a with a#S. (3) On every 
ray arg z=az5S the limit function is infinitely differentiable, 
but it is not analytic for zéG on it. A. Dvoretzky. 


Denjoy, Arnaud. Expressions sommatoires de séries 
appartenant 4 la classe de {(s). C. R. Acad. Sci. Paris 
232, 365-368 (1951). 

Given a function u(n) of class C* with derivatives of 
alternating sign, the author obtains the formula 


Fu(n) =F (—-1)"CDi Lu (1)] 


+(-09 ffi a-w--a-1) 


x > u® (n+t1+ eee +t,)dt,- . -dty, 
n21 
where the C,* are the binomial coefficients, u is the kth 
successive indefinite integral of u, and 


k—1 


Dyalu— (1)] =O (—1)'Ch au (1+[k-1-j]). 
0 
This formula is applied in order to express 


Z(s) = (08) f“Le/(e-1) ]o(a)az 


as a series of meromorphic functions with the single pole 
s=1. P. R. Garabedian (Stanford University, Calif.). 


Turan, Pél. On anew method in the analysis with applica- 
tions. Casopis Pést. Mat. Fys. 74 (1949), 123-131 
(1950). (English. Czech summary) 

In this lecture the author states two estimates for sums 
of the form }>->_1),z,", where z, are complex numbers and y 
is an integer, and indicates how they apply to gap theorems, 
quasi-analytic functions, zeros of trigonometric sums, and 
the Riemann zeta function. R. P. Boas; Jr. 


Meier, Kurt E. Uber die Randwerte meromorpher Funk- 
tionen und hinreichende Bedingungen fiir Regularitat 
von Funktionen einer komplexen Variablen. Comment. 
Math. Helv. 24, 238-259 (1950). 

The author collects several new and stronger forms of 
theorems on meromorphic functions. He first proves a 
sharper form of the Fatou theorem on the boundary 
values of a meromorphic function [see A. Plessner, J. 
Reine Angew. Math. 158, 219-227 (1927) ]. He then proves 
several stronger versions of a theorem by F. Wolf [Duke 
Math. J. 14, 877-887 (1947), p. 883; these Rev. 9, 420] and 
of the Schwarz reflection principle. The second part of the 
paper is devoted to several theorems which give sufficient 
conditions, under very weak hypotheses on a single-valued 
complex-valued function f(z) defined in a region G of the 
z=x-++1y plane, for there to exist at least one point in G at 
which f(z) is regular analytic, or for f(z) to be regular 
analytic in all of G. These seemingly unrelated theorems 
have in common their methods of proof, which involve set 
theoretic real variable arguments. G. Springer. 
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Wigner, Eugene P. On a class of analytic functions from 


the quantum theory of collisions. 

53, 36-67 (1951). 

The class R of analytic functions considered in this paper 
consists of functions f(z) which have the following proper- 
ties: f(z) is meromorphic, ${f(s)}>0O for Y{z}>0, and 
S{f(z)} <0 for Y¥{z} <0. The class R, to which the author 
was led by a problem in the quantum theory of collisions, 
is investigated in detail and numerous properties of the 
functions of R are established. Z. Nehari. 


Ann. of Math. (2) 


Goluzin,G.M. On typically real functions. Mat. Sbornik 
N.S. 27(69), 201-218 (1950). (Russian) 
A function f(z) which is regular-analytic in z throughout 
a domain B symmetrical with respect to the real axis, is 
called typically-real if $[f(z)] and $[z] have the same sign: 
SLf(@)]>0 if $[¢]>0, SLf(2)]<0 if $[2]<0. Such fune- 
tions were first considered by Rogosinski [Math. Z. 35, 
93-121 (1932) ]. The author considers the class T, of func- 
tions f(z) which are typically-real in |z| <1 and normalized 
by the conditions f(0)=0, f’(0)=1; also the subclass 
S, of T, composed of typically-real functions which are 
schlicht. Various sharp inequalities are obtained for | f(z)|, 
If'(@)|, |Sf@I|, arg f(), arg fe), and fc*| f(re*) |7d0, 
JSo®* | f’ (re) | 2d0, O<r<1, where f(z)e7,. For odd functions 
of class S, it is shown that the mth coefficient a, in the 
Taylor’s expansion about z=0 satisfies an inequality 
|a,| =1+-cn- log m (c a number independent of m and f). 
D. C. Spencer (Princeton, N. J.). 


Montel, Paolo. Le famiglie di funzioni nell’analisi moderna. 
Rend. Sem. Mat. Fis. Milano 20 (1949), 108-123 (1950). 
Translated from Bull. Soc. Roy. Sci. Liége 15, 262-278 

(1946); these Rev. 8, 507. 


Métral, Paul. Fonctions presque automorphes inférieures: 
les presque cycliques et les presque elliptiques. C. R. 
Acad. Sci. Paris 231, 941-943 (1950). 

The reviewer remarks that the definition given by the 
author of an almost elliptic function, when taken verbally, 
is fulfilled only by the usual elliptic functions. If, however, 
the numerical signs occurring in the definition are meant to 
indicate the Riemann norm, the class is more compre- 
hensive, and the definition is equivalent with one given by 
Bessonoff [same C.R. 182, 1011-1013 (1926); 186, 63-65 
(1928) ]. Also with this definition, however, the theorem 
stated by the author (and previously by Bessonoff) that the 
sum of two functions of the class belongs to the same class, 
is false. It was disproved by Norgil [Mat. Tidsskr. B. 
1930, 73-91 ]. E. Félner (Copenhagen). 


Komatu, Yasaku. Fundamental differential equations in 
the theory of conformal mapping. Proc. Japan Acad. 25, 
no. 1, 1-10 (1949). 

The author shows how differential equations of Léwner's 
type for conformal maps of the disc and annulus can be 
derived from variational formulas. D. C. Spencer. 


Nagura, Shohei, and Komatu, Yusaku. Distortion theorems 
in the theory of schlicht functions. Nagoya Math. J. 
1, 25-33 (1950). 

From a differential equation for schlicht mappings of the 
unit disc, and its generalization to ring-domains by Komatu 
[see the preceding review], the authors derive various 
distortion theorems for schlicht functions. 

D. C. Spencer (Princeton, N. J.). 
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Komatu, Yfisaku. Conformal mapping of polygonal do- 
mains. J. Math. Soc. Japan 2, 133-147 (1950). 
Continuing his work on generalization of the Schwarz- 

Christoffel transformation, the author discusses conformal 

mappings f(z) of canonical multiply-connected regions, such 

as that bounded by » full circles, onto domains bounded by 
circular arcs and polygons. The results center about the 
automorphic and analytic properties of the Schwarzian 
derivative { f(z), s} of the mappings, and the case of doubly- 
connected regions is given special attention. 

P. R. Garabedian (Stanford University, Calif.). 


Wittich,Hans. Bemerkung zur Modulgrisse eines Schlitz- 

gebietes. Arch. Math. 2, 303-305 (1950). 

Let D be the domain obtained by furnishing |z| <1 with 
the circular slit ze*, a—8=0Sa+8, 0<8<z, and denote 
this slit by S. The author derives the following two proper- 
ties of conformal maps of D. (a) The elliptic slit into which 
S is transformed by w= 4(z+27~") has, for given 8, maximal 
length for a= +42 and minimal length for a=0, x. (b) If 
w= f(z) maps D onto a circular ring whose outer circum- 
ference is |w| =1 and @ is given, then | f’(1)| has its largest 
value for a=0 and its smallest value for a=z. 

Z. Nehari (St. Louis, Mo.). 


Lebedev, N. A. The method of variations in conformal 
mapping. Doklady Akad. Nauk SSSR (N.S.) 76, 25-27 
(1951). (Russian) 

Let S be the class of functions 
f(@) =2-+022*+ ++ -+an2"+--- 

which are regular and schlicht in |z|<1, and let 
S,; (l=1,2,---) denote the class of functions {f(s')}*", 
f(@)eS. The subclass of S for which |@,,| =pn,, «+, |@n,,| =Pn,,» 
denoted by S(pn,, ---, Pn,.), is also considered. The author 
states differential equations satisfied by extremal functions 
of S, S;, and S(pa,, ++, Pn,) which maximize linear com- 
binations of the coefficients. D. C. Spencer. 


Nehari, Zeev. Extremal problems in the theory of bounded 
analytic functions. Amer. J. Math. 73, 78-106 (1951). 
Let Bz denote the class of single-valued analytic functions 

f(z) such that |R{f(z)}|=1 in a region D of connectivity 
n with boundary I. The author develops a method for 
characterizing the extremal functions for a wide class of 
maximum problems in the class Bg which depends on the 
solution of a simple auxiliary extremal problem. The aux- 
iliary problem for the case of the generalization of Schwarz’s 
lemma selects numbers a, A, ---, An—1 Such that 


J, 


where g=g(z, ¢) is the Green’s function and a, «++, w,-1 are 
the harmonic measures of D, where n and s are inner normal 
and arc length along I’, and where { = §+-in. The results are 
applied to characterize the radii of univalence, starlikeness, 
and convexity for functions of class Bg. It is shown that 
with each radius there can be associated a function in Be 
which performs a (1, m) conformal mapping of D onto the 
strip —1=R{w}=1 and which has precisely the extremal 
radius of univalence, starlikeness, or convexity. 
P. R. Garabedian (Stanford University, Calif.). 


Alenicyn, Yu. E. On functions p-valent in the mean. 
Mat. Sbornik N.S. 27(69), 285-296 (1950). (Russian) 
Let w= F(t) be regular for 1<|¢|<@ and of the form 

F(t) =f?(1+01/t+a2/t*?+ - --) where p is a positive integer. 


n—l 


0°g/dndt + adg/dn+ > 4.du,/dn\ds = minimum, 
i 














Let W be the image of | {| > 1 by w= F(¢), and let W(a;r, R) 
be the area (multiply-covered points counted multiply) of 
that portion of W which lies over the annulus r= |w—a| SR. 
If r=0, a=0, a=r=0, write W(a; R), W(r, R), W(R) re- 
spectively. The author considers the following classes of 
functions F having the above form: (a) Fez, if F is p-valent 
(that is if F takes no value more than p-times). (b) Fed, if 
there exists a number a such that W(a; R)=prxR? for all 
R>0. (c) Fed, if there isan asuch that W(a;r, R)Spr(R?—r’) 
for any r2=0 and all sufficiently large R. (d) Fe=> if there is 
an a and Rr=0 such that W(a; R)SprR? for all RERyv. 
(e) Let the subscript p refer to the image of |{|>p, p>1, 
and let M,=maxj;).,>:| F(¢) —a|; then Fe(2,) if there is an 
a such that W,(a; M,)=pxM,? for all p sufficiently near 1. 
Functions of (2,) are called weakly p-valent in mean. The 
point @ occurring in the above definition is called the center 
of the mean p-valency. 

In particular, the following results are established: (1) In 
order that a function F of the above form satisfy the area- 
principle >-.1("—p)|a,|*Sp it is necessary and sufficient 
that it be weakly p-valent in mean. (2) If 

F(S) =f+a0+a:/f+:-- 
is weakly 1-valent in mean, then |a,;|=1 and there is 
equality only if F(t)={+ao+e/f, |«|=1. Moreover, 
|F’(s)| S(i—|¢|*)-, |¢]|>1, and equality at the point 
{= p/e takes place only if F(¢) ={+ao—e“'(p—p™) (pef —1) >, 
Je] =1. (3) If F(¢) =¢7(1+a:/¢+---)eE, with center a and 
if F(g¢)#a in |f|>1, then |a,—a| 2, |a2|=1 for p=1; 
| a:| S4, |a2—a| =6 for p=2; | a,| =2p and | a:| =p(2p—1) 
for p2=3. Equality can occur only if F(t) ={°(1+6/f)*®+<a, 
|e| =1. (4) Functions F(¢) = ({+1/f+2/f*+ ---) eX, take 
any value w, |w| >2, provided that w is a center. 
D. C. Spencer (Princeton, N. J.). 


Lambin, N. V. Solution of some boundary problems by 
the method of symmetry. Akad. Nauk SSSR. Prikl. 
Mat. Meh. 14, 611-618 (1950). (Russian) 

Etant donné une surface de Riemann Q, supposons qu'il 
existe une représentation conforme z*= f(z) de Q en lui- 
méme, laissant invariant un ensemble C connexe (ne se 
réduisant pas 4 un point unique). L’auteur appele: Q surface 
de symétrie de C; les points z* et z symétriques par rapport 
a C. Cette propriété de C et de Q est invariante relativement 
a toute représentation conforme de Q sur Q;. Des raisonne- 
ments voisins de ceux (classiques) de Schwarz, font corre- 
spondre a une courbe analytique réguliére C une surface Q. 
[Exemple: Si C est une droite, Q est le plan complexe. ] 
Ces notions permettent une interprétation élégante d’un 
probléme aux limites de la physique mathématique (filtra- 
tion du liquide dans une couche plane; champs magnétiques 
plans): Soit C (analytique) qui partage le plan z en deux 
domaines D, et D:; dans D; (¢=1, 2) on construit, au moyen 
de la fonction analytique w,(z), un champ plan de vecteurs, 
admettant dans D; des singularités données; le long de C 
les composantes normales des deux champs sont égales, 
alors que les composantes tangentielles subissent des dis- 
continuités. A titre d’exemple, l’auteur étudie le cas od C 
est une ellipse. J. Kravichenko (Grenoble). 


Schiffer, Menahem. Various types of orthogonalization. 

Duke Math. J. 17, 329-366 (1950). 

Présentation de résultats généraux concernant les sys- 
témes de fonctions analytiques orthogonales sur la frontiére 
C=>D1C; d’un domaine plan B, ou sur le domaine; les C; 
sont supposées étre des courbes analytiques. De plus, le 
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comportement de f(z) au voisinage de C est supposé tel 
que (a) F(s)=J%f(t)dt est fonction continue de z pour zeC, 
zeeB, (b) F(t.) —F(ts) =Siu(t)dt, u(t) complexe sommable 
sur C pour ¢;, 4:eC. Formation du noyau; relations avec les 
fonctions fondamentales du domaine. Variation du noyau 
en fonction du domaine. L’auteur conpsidére ensuite l’équa- 
tion (1) Ag=P¢ (P continue positive dans B) et se sert des 
fonctions de Stekloff [C.R. Acad. Sci. Paris 128, 984-987 
(1899) Jpour construire les systémes orthogonaux de solu- 
tions de (1), l’orthogonalité étant définie successivement par 


(y= rs o(¥(ds,=0, 
Cc 
0 
((, ¥)) = - $ omnis - $ yas=Dto, ¥) =0, 
c on Cc on 


Og dy 
((e¥))= g ne Fis=0. 


Expression de ces noyaux au moyen de la fonction de 
Robin R,(z, w) [solution fondamentale de (1) satisfaisant a 
la condition frontiére 9R,(z, w)/dn,=rR,(z, w)]. Dans le 
cas de l’équation (2) Ag=(P—1?)¢ (¢ paramétre positif) les 
valeurs propres de Stekloff &,(#) (valeurs pour lesquelles il 
existe une solution de (2) satisfaisant a la condition frontiére 
d¢,/dn= —k,e,) satisfont A (t—yu)dk,/dtSk,(t) od pw est la 
premiére valeur propre de Stekloff de (1). J. Lelong. 


Garabedian, P.R. The classes L, and conformal mapping. 

Trans. Amer. Math. Soc. 69, 392-415 (1950). 

Soit D un domaine borné du plan z, limité par m courbes 
C; pourvues de tangentes continues. On pose C= 375.1C;. 
Soit A la classe des fonctions ¢(z) analytiques dans D+C, 
B la classe des fonctions ¥(z) = o(z)+(2ir)“(z—#)—, od ¢ 
est un point fixé de D; on désigne par L, (p>1) la classe 
des fonctions complexes f(z) définies sur C et satisfaisant a 
Fo\ f(z) |"ds<m, Fof(z)e(z)dz=0 (yeA), Sof(2)¥(s)ds=1 
(¥eB). L’auteur démontre l’existence d’une fonction fo(z) 
qui minimise l’intégrale $c| f|*ds. Cette fonction satisfait 
a l’identité 


$ \felrela)as= o(0 $ lelrds, ed: 
on pose p(z) = | fo? | / Fe| fol ®ds, 


G(w, t) = log (w-1-— $ os) log (1/|z—w|)ds 


si n=1 (D simplement connexe), G est la fonction de Green 
de D et p=(2x)"'dG/dn. Dans le cas général (D multi- 
plement connexe) G est harmonique dans D excepté au point 
w=t et prend des valeurs constantes a; sur chacune des 
courbes C;. La fonction k(z)= f(z) $o| fo| 9ds }-’*-» satisfait 
& Fok(2)p(z)de=0, So(|k|?/k(z))e(z)ds=o(t) (yeA). La 
fonction /(z) = (|k(z)|*/k(z))z’(s), qui satisfait a 


[2]*=|b|> (o+q*=1) 


réalise le minimum de I|'intégrale $¢|g|*%ds parmi toutes 
les fonctions complexes g(z) définies sur C et telles que 
F$o\g|\*ds< ©, Sog(z) y(z)dz= y(t) (yeA). Les fonctions k(z) 
et I(z) peuvent étre considérées respectivement comme les 
valeurs frontiéres de deux fonctions k(w)eA, l(w)eB. 

Enfin les différentielles 1(z)ds‘/* et k(z)dz'/? sont invari- 
antes dans toute représentation conforme biunivoque {(z) 
de D sur un domaine A, satisfaisant a {’(#) = 1 et conservant 
les sens de rotation sur les courbes C;. Propriétés extrémales 
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des fonctions L(z)=2éxl(z)*, K(s)=((24)'*/i)k(z)/i(2). 
Cas d’un domaine infini, le point z=¢ étant a I’infini. Etude 
du cas p<1; extension des propriétés extrémales des fonc- 
tions L, au cas g<1, p<0. II resterait semble-t-il 4 résoudre, 
dans le cas général, la question des relations possibles entre 
G(w, #) et la fonction de Green de D. J. Lelong (Lille). 


Garabedian, P. R. A remark on the moduli of Riemann 
surfaces of genus 2. Proc. Amer. Math. Soc. 1, 668-673 
(1950). 

Let S be a closed Riemann surface of genus 2. Let a, a, 
81, 82 be canonical cuts on S and let w;(z) be linearly inde- 
pendent normal integrals having periods 5,07 on a and 
periods aq on f; (j,k=1, 2), with ay.=a2;. The classical 
result of Riemann that the equations V;=w,(z) provide a 
parametrization of the locus 6(V;, V2)=0, where 0(V:, V3) 
is the Riemann 6-function associated with S [cf. C. Neu- 
mann, Vorlesungen tiber Riemanns Theorie der Abelschen 
Integrale, Teubner, Leipzig, 1884, pp. 305-350] is used to 
prove that the complex numbers @y;, @2, @22 provide a set 
of conformal moduli for S. This result is applied to establish 
a set of conformal moduli for a triply-connected region in 
the plane [cf. Ahlfors and Beurling, C. R. Dixiéme Congrés 
Math. Scandinaves 1946, pp. 341-351, Copenhagen, 1947; 
these Rev. 9, 23]. W. Kaplan (Ann Arbor, Mich.). 


Kusunoki, Yukio. On the property of Riemann surfaces 
and the defect. Mem. Coll. Sci. Univ. Kyoto a 
26, 63-73 (1950). ‘ 
This is one of many generalizations of a theorem originally 

due to Collingwood: If a is a Nevanlinna exceptional value 

of the meromorphic function w= f(z), then the regions on 
the Riemann surface which project into |w—a| <p cannot 
all be schlicht replicas of the disk. In this paper the radius 

p and the number of sheets are allowed to depend on r in 

an exhaustion corresponding to the circles |z| =r. Conse- 

quently, the criterion is not formulated in terms of the 
geometric structure of the Riemann surface. 
L. Ahlfors (Cambridge, Mass.). 


¥*Nevanlinna, Rolf. Ueber die Konstruktion von analyt- 
ischen Funktionen auf einer Riemannschen Fiiche. 
Reale Accademia d'Italia, Fondazione Alessandro Volta, 
Atti dei Convegni, v. 9 (1939), pp. 307-324, Rome, 1943. 
An expositiog of Riemann surfaces, with emphasis on 
certain modern developments. 


Nevanlinna, Rolf. Ueber die Randelemente einer Rie- 
mannschen Fliche. Ann. Mat. Pura Appl. (4) 29, 71-73 
(1949). 

The author makes certain observations concerning the 
conformal structure of the boundary elements of a Riemann 
surface F. Let / be a simple, continuous path issuing from 
an interior point of F, and let / be the union of a sequence 
of Jordan arcs J, such that, given any compact subdomain 
F, of F, Usual, lies outside Fy for sufficiently large n. Such 
a path / is called a boundary path. Let D be a (noncompact) 
simply-connected subdomain of F which, relative to F, is 
bounded by two paths / and P without common points 
except for the interior point of F from which F and P are 
both assumed to issue. The domain D is called a sector, and 
the portion of its boundary corresponding to /' and P will 
be denoted by y. The sector D can be mapped one-to-one 
and conformally onto the disc |z| <1, and there are two 
cases according as the image of 7 is the whole circumfer- 
ence |z| =1 or not. If |z| <1 is mapped conformally onto a 
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circular sector S such that / and P correspond to the two 
radii of length R, then R= @ in the first case and R< © in 
the second. The number R defines a conformal length of /' 
and P. Two boundary paths issuing from the same point of 
F are to be considered conformally equivalent if they lie in 
a sector D with R= ~. A path will be called nontangential 
if it lies in a sector D with R= @ and if its image lies in a 
subsector S» of S whose bounding rays are interior to those 
of S. The author proposes these definitions as a basis for 
the further study of boundary correspondence in the con- 
formal mapping of Riemann surfaces, and by way of illustra- 
tion states two theorems concerning the boundary values 
of functions defined in a sector. D. C. Spencer. 


Nevanlinna, Rolf. Uber die Existenz von beschrinkten 
Potentialfunktionen auf Flichen von unendlichem Ge- 
schlecht. Math. Z. 52, 599-604 (1950). 

Let F be an open Riemann surface of genus p, pS, 
and let a be a set of points on F with the following proper- 
ties: (1) @ is the union of finitely or enumerably infinitely 
many compact analytic arcs a, on F. If there are infinitely 
many a,, it is assumed that they tend to the ideal boundary 
I of F. (2) The set a divides F into two disjoint connected 
portions F’ and F”, F= F’u F”. A set a with these proper- 
ties always exists. The boundary of F’ consists of points on 
a (interior points of F) and of an ideal portion I’ CT; simi- 
larly for the boundary of F’’. We then have T=I"UTI”, 
I the ideal boundary of F. The author proves the following 
theorem: Let the boundary of F have positive harmonic 
measure, and let the set a divide F into parts F’ and F” with 
ideal boundaries I’ and I’, where I” and I’ have positive 
harmonic measures relative to F’ and F” respectively. Then 
there exists a nonconstant, single-valued, bounded harmonic 
function on F. D. C. Spencer (Princeton, N. J.). 


Virtanen, K. I. Uher eine Integraldarstellung von quad- 
ratisch integrierbaren analytischen Differentialen. Ann. 
Acad. Sci. Fennicae. Ser. A. I. Math.-Phys. no. 69, 21 pp. 
(1950). 

The author considers homology modulo the ideal bound- 
ary T of the Riemann surface F [compare Ahlfors, same 
Ann. Ser. A. I. Math.-Phys. no. 35 (1947); these Rev. 10, 
28]. Let {F,} be an increasing sequence of subdomains 
tending to F as m becomes infinite. If C is a cycle of F,, 
either there is a cycle C’ lying on the boundary of F, such 
that C+C’ is the boundary of a finite 2-chain or there is no 
such cycle. In the first case we write C~0 (modT,). If 
C~0 (mod I,,), then for #,>2>mn, we have C~0 (mod I,,). 
Hence, from a a certain on, one of the two cases alone occurs. 
If C~0 (mod I) for all large m we write C~0 (mod P), 
where I denotes the ideal boundary of F. The intersection 
number of two cycles C; and C; is denoted by N(C,, C2). If 
C, or C2~0 (mod I), then N(C,, C2) =0 (as is well known). 
A canonical homology basis A:, B;, ---, An, Ba, --* is intro- 
duced having the following properties: (1) If C is any cycle, 
then C~>°¥_1(p2An+ 2B.) (mod I) where N is an integer 
depending on C; (2) if D%Li(pnda+qnBa)~0 (mod PL), 
then Pa=Qn=0, n=1, 2, TH Ly N; (3) N(A,, B,) =1, 
N(Ax, An) = N(Bn, Bu) =0, and N(Aq, Bn) =0 for msn. Let 
{C,} be a sequence of cycles satisfying: (1) C,~0 (mod I), 
m=1, 2, ---; (2) if C is a cycle, C~O(modT), then 
C~>¥_ir.C, (in the absolute sense); (3) if ¥i7.C.~0 
(in the absolute sense), then 7,=0, m=1, 2, ---, N. 
Every cycle C satisfies C~r (prAntQuB.) + DiaraCe, 
the coefficients ., gn, 7. being uniquely determined. 
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The author shows that for two cycles C, C we have 
N(C, C)=S{ScSeK(z, w)dzdw}, where K(z, W) is the repro- 
ducing kernel for norm-finite complex-analytic differentials 
on F, Moreover, every norm-finite complex-analytic differ- 
ential can be decomposed into orthogonal components ¢;, 
¢2, vs where fogidz=0 for every cycle C, feg:ds=0 for 
C~0 (mod T), and where g; belongs to the space whose 
elements are the analytic projections of the cycles C,. 
D. C. Spencer (Princeton, N. J.). 


Virtanen, K.I. Bemerkungen zur Theorie der quadratisch 
integrierbaren analytischen Differentiale. Ann. Acad. 
Sci. Fennicae. Ser. A. I. Math.-Phys. no. 78, 6 pp. (1950). 
Let F be an arbitrary Riemann surface and let A;, B,, ---, 

Ax, B,, --+ be a canonical homology basis for F [Ahifors, 

same Ann. Ser. A. I. Math.-Phys. no. 35 (1947); these Rev. 

10, 28]. The author proves that to each A, there belongs at 

least one regular norm-finite differential dw, with the single 

nonvanishing A-period f4,dw,=1 and for which the A and 

B periods form a complete period basis. D.C. Spencer. 


Hornich, Hans. Beschriinkte Integrale auf speziellen 
transcendenten Riemannschen Flichen. II. Monatsh. 
Math. 54, 37-44 (1950). 

This paper is a sequel to a previous one [same Monatsh. 
53, 187-201 (1949); these Rev. 11, 510]. Here the author 
studies the infinite period matrix A=||S(c,.)|| where 
Onn = Jp,d0m—1,m; Um—1.m the norma! integral defined in the 
earlier paper. The periods a,,, are pure imaginary, Gun =tihma, 
hm, real, A=||hmn||. It is shown that A is either positive- 
definite or pseudo-definite, and that A is bounded if and 
only if the integrals v,~1,. (suitably normalized) are uni- 
formly bounded on the cut surface. Bounds for h,, are 
found. D. C. Spencer (Princeton, N. J.). 


*Schaad, Margrit. Uber eine Klasse von rechtsreguliren 
Funktionen mit 2n reellen Variablen. Thesis, University 
of Ziirich, 1944. 43 pp. 

The author considers right regular functions of a hyper- 
complex variable z= Ji; where 2;=x2;+4x2;,1 with the 
x’s real and where i)=1, 4, 41, 42, «++, #,~; are +1 Clifford’s 
numbers satisfying if=—1, j= —if, its= —ify, hj, 
h, j=1, ---, n—1. As the first main theorem, the author 
derives an integral theorem for general right regular func- 
tions, and as the second main theorem she derives an inte- 
gral formula for analytic right regular functions. She uses 
these results to prove Hartog’s theorem on continuation 
from the boundary for analytic right regular functions. The 


. author states that the paper derived its inspiration from a 


paper by R. Fueter [Comment. Math. Helv. 14, 394-400 
(1942); these Rev. 4, 139]. W. T. Martin. 


Hefer, Hans. Zur Funktionentheorie mehrerer Veriinder- 
lichen. Uber eine Zerlegung analytischer Funktionen 
und die Weilsche Integraldarstellung. Math. Ann. 122, 
276-278 (1950). 

Consider a schlicht finite domain of regularity G in Re, 
which has a nonempty intersection with the 2(m—)-dimen- 
sional analytical plane E: 2;=---=z,=0, where n=1, 
1sk=n. Let f(z, ---,%,) be a regular single-valued func- 
tion which vanishes on the intersection Gf). The author 
then proves that f may be represented in G in the form 
f= Djurts*Q;(21, «++, Zn), where the Q; are single-valued 
functions in G. The proof is carried through by an induction 
on k. As the author indicates, his results are closely related 
to A. Weil’s integral formula. [In a footnote to the paper, 
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Behnke and Stein state that the author died in 1941 and 
that the paper represents part of his 1940 Mituster disserta- 
tion. They also mention that papers by Oka [Jap. J. Math. 
17, 523-531 (1941); these Rev. 3, 85] and Cartan [Ann. 
Sci. Ecole Norm. Sup. (3) 61, 149-197 (1944); these Rev. 
7, 290] which have appeared since ,then contain Hefer’s 
results proved by different methods. ] W. T. Martin. 


Kasner, Edward, and De Cicco, John. Pseudo-conformal 
geometry of polygenic functions of several complex vari- 
ables. Proc. Nat. Acad. Sci. U.S.A. 36, 667-670 (1950). 
Les fonctions ‘‘polygénes’’ ne sont pas autre chose que les 

fonctions F(x,, y,), 4, R=1, 2, ---, m, a dérivées premiéres 

continues par rapport aux x;, y;, 4 valeurs complexes, con- 
sidérées comme fonctions des 2,=x,+iy. Résumé sans 
démonstration de résultats publiés antérieurement par |’un 
ou l'autre des auteurs. Propriétés du ‘‘pseudo-angle” @ d’une 
variété f(x;,y.)=0 & 2n—1 dimensions avec un vecteur 
(dx;, dy,), 0 étant défini par 


of of of of 
tan 6>> (<y.-=as1) => (= as-+—-dys) : 
i \Ox; Oy: i \Ox; OY: 


P. Lelong (Lille). 


Theory of Series 


Araujo, Roberto. Application of the Toeplitz convergence 
criterion to power series. Revista Acad. Ci. Zaragoza 
(2) 4, no. 2, 27-29 (1949). (Spanish) 

This is a reproduction of the standard proof of the classic 


Stolz extension of Abel’s theorem on power series. 
R. P. Agnew (Ithaca, N. Y.). 


Karamata, J. Quelques théorémes inverses relatifs aux 
procédés de sommabilité de Cesaro et Riesz. Acad. 
Serbe Sci. Publ. Inst. Math. 3, 53-71 (1950). 

Several theorems such as the following are proved. Let 

s(x) be a real function, having bounded variation over each 

finite interval, such that, asx, 


fe ~*) ast =sx*+s'x’+ (x), 
0 x 


where k is a positive integer and s, s’, a, b are fixed con- 
stants with a>b or a=b and s’=0. Then, as x—-~, 
s(x) —>[(a+1)(a+2) ---(a+k)/k!]sx* provided s(x) satisfies 
at least one of a given set of Tauberian conditions. A 
typical Tauberian condition requires that s(x) have uni- 
lateral slow oscillation in the sense that 


[s(x’) —s(x) }x*=0, 


lim inf liminf min 
ow) se £82’ S2+d(2) 
where d(x) is a function of ¢ and x such as d(x) =ex!-@-»/*, 
Some of the Tauberian conditions are shown to be the best 
possible of their kind. R. P. Agnew (Ithaca, N. Y.). 


Rajagopal,C.T. On a generalization of Tauber’s theorem. 

Comment. Math. Helv. 24, 219-231 (1950). 

For u2=0, let g(u) be a positive decreasing function, 
having a continuous derivative, such that g(0)=1 and 
J °um'e(u)du<@. Let s(u) be a real function, integrable 
over each finite interval OSuwo, such that 


lim inf us(u) = —K/p 
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and lim sup us(u) = K/q where K>0, p>0,q>0, p"'+q¢7' =1. 
Let S(u) = fo“s(x)dx and suppose the integral 


h 
F(t) =lim f o(ut)s(u)du 
how J0 
is convergent for each ¢>0. Let A(t) =S(¢g-'(p-")/t) — F(t). 
Then, as 0+, lim inf A(t)= —Kr(p)/p and 
lim sup A(é) =Kr(q)/q, 
where 


es) 4 © 
r(x) = f - aac 


u u 





Special cases and corollaries of this theorem are noted. An 
analogous theorem is obtained to estimate the difference of 
A(¢-(p~)/t) and fo*g(ut)dA (u). R. P. Agnew. 


Salehov, G. S. On the theory of the calculation of series. 
Uspehi Matem. Nauk (N.S.) 4, no. 4(32), 50-82 (1949). 
(Russian). 

This paper gives a very elementary unified approach to 
some convergence criteria for series of positive terms. The 
same approach is applied also to the study of the remainder 
and the improvement of the rate of convergence through 
Kummer’s transformation. The treatment is far from ex- 
haustive and references to similar studies by Pringsheim 
and others are conspicuous by their absence. [Remark by 
reviewer: The open problem in the footnote on p. 61 is 
answered affirmatively by the example y, = 2~, a, =n’+1.] 

A. Dvoretzky (Jerusalem). 


Tornheim, Leonard. A double series summed geometri- 

cally. Amer. Math. Monthly 57, 535-538 (1950). 

L. R. Ford [same Monthly 45, 586-601 (1938) ] considered 
the diagram of all circles (tangent to the x-axis) with centers 
at (u/p, 1/2p”) and radius 1/2p? (uw and p being integers 
with greatest common divisor 1, such that 0=u=p). Two 
circles of this set, corresponding to u/p and v/q, are tangent 
if and only if ug—vp= +1, and a third circle tangent to 
both of them and having its centre below the line of centres, 
corresponds to (u+v)/(p+gq). Join the centres of tangent 
circles with line segments and as a result the rectangular 
area OSx51, O=yS} of the Cartesian (x, y)-plane is com- 
pletely filled with nonoverlapping triangles. Now let f(9) 
denote a positive monotone function of the integer p; then 
bf(b)+af(@) —(b+9)f(b+¢9) is definite. Now one may re- 
place the vertices (u/p, 1/2p*) by the points (u/p, f(p)) and 
the new triangles are likewise nonoverlapping and fill up the 
area between y= f(1) and y=\=lim,...f(p), OSx=1. Com- 
puting the area of an arbitrary one of these triangles and 
summing, the author easily deduces the relation 


~ f(?) f(@ exe) 

- = 2f(1) — 2x. 
nates am 

J. F. Koksma (Amsterdam). 





?.q=1 
(p,q) =1 


Yamamoto, Koichi. An asymptotic series for the number 
of three-line Latin rectangles. J. Math. Soc. Japan 1, 
226-241 (1950). 

The asymptotic series is in inverse factorials, which ap- 
pears to be the natural form, and, if L(3, ) is the number 
of 3Xn Latin rectangles, reads as follows 


H.(—}4) sa, 





1 
2(n!)A7L(3, n)~1——+- +--+ 
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s\(n). 








is 


tel 


anu andi 


no! 








ent 


res, 
ent 
ilar 
ym- 


hen 


und 
the 


und 











with H, an Hermite polynomial and 
(n),=n(n—1)---(n—s+1). 
The proof starts from a formula identical with that of 
Dulmage [Amer. Math. Monthly 52, 458 (1945) ]; this is 
transformed to a triple sum of sub-factorial or rencontres 
numbers A*0!, and asymptotic behaviour is obtained from 
A*0!-~n![e*+,/(m+1)!], |en| <1, and elaborate calcula- 
tions. This effectively gives a general calculation formula 
for the numbers a, in Kerawala’s asymptotic series in inverse 
powers of » [Bull. Calcutta Math. Soc. 39, 71-72 (1947); 
these Rev. 9, 404]; indeed, a,= >>S(k—1, s—1)Hi(—}4)/k! 
with S(z, s) a Stirling number of the second kind, and sum- 
mation from 0 to s. A table of reduced numbers L(3, n)/n! 
is compared with the asymptotic series for m= 3(1)20. 
J. Riordan (New York, N. Y.). 





Fourier Series and Generalizations, Integral 
Transforms 


Klein, George. A note on interpolation. Proc. Amer. 

Math. Soc. 1, 695-702 (1950). 

Soit f(x) une fonction de période 27, bornée, sommable, 
et admettant en un point x’ une dérivée généralisée d’ordre 
j<p (sens de Peano-de La Vallée Poussin); x9" désignant 
un nombre qui peut dépendre de m, on pose: x," =X9"+kh,, 
h*=2/(2n+1), R=0, ---, 2n; 


far=2-* Leg’ fea" + 6—HP— 1a], 


¢p'=p!/i!(p—4)!. Alors la suite de polynomes trigonomé- 
triques 7,,,(x; f), qui prennent en x,” les valeurs f,", est 
telle que: limy.+.(d4/dx*)T,, p(x; f) = f(x’). L’auteur obtient 
ce résultat en démonstrant que la suite d’opérateurs 
T., (x; f) est bornée dans l’espace fonctionnel considéré. 

J. Favard (Paris). 


Stetkin, S. B. The best approximation of functions repre- 


sented by lacunary trigonometric series. Doklady Akad. 
Nauk SSSR (N.S.) 76, 33-36 (1951). (Russian) 


Let f(x)~Xo(q% cos mx+), sin mx) be a function with 
a lacunary Fourier series, i.e. m41/m=qr=A>1; let 
px’ = a,2+-5,2. Let s,(x) be the partial sums, 


R,=maxze| f(x) — sa(x)| ; 


A= Lon>npe; E, the best approximation to f by trigo- 
nometric polynomials of order n. S. Bernstein proved that 
E,=R, for a special choice of m [Extremal properties of 
polynomials . . .. ONTI, Moscow-Leningrad, 1937, pp. 
31-36 ]. Here the author proves that C(A)A,SE£,5R,5A,; 
and, if go, E,/R,—1, R,/A,—1. R. P. Boas, Jr. 


Hyltén-Cavallius, Carl. Geometrical methods applied to 
trigonometrical sums. Kungl. Fysiografiska Sallskapets 

i Lund Férhandlingar [Proc. Roy. Physiog. Soc. Lund] 

21, no. 1, 19 pp. (1950). 

The author gives a geometrical method for proving such 
inequalities as (1) 0<DRuik“sinkx<e—x for n=1, 
0<x<-, and (2) 

Xk cos kx S —log (sin $x) +3(4x —x) 

k=1 
for n=0, OSx =r [for references on (1) cf. Turan, J. London 
Math. Soc. 13, 278-282 (1938); (2) is apparently new]. As a 
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generalization and application he gives a convex region 
which contains all sums — > %44:(ia,+6,)e”* provided 
F(x) ~}a0+ D%1(a, cos vx+-8, sin vx) has its difference quo- 
tients bounded below. Another geometrical method leads 
among other things to a discussion of the Gibbs phenomenon 
for }-n-' sin mx and to the following result in the opposite 
direction for }-m—' cos mx: the partial sum > 3.14 cos kx 
exceeds —log (2 sin $x) — f2u-' cos udu+e for only a finite 
number of m if «>0. R. P. Boas, Jr. 


Bédewadt, U. T. Wher die Fourierkoeffizienten einer 
zusammengesetzten Funktion. Math. Z. 53, 267-272 
(1950). 

In a previous paper [same Z. 47, 655-662 (1942); these 
Rev. 7, 293], the author gave the Fourier developments of 
sin f(t), cos f(t), in terms of the Fourier development of f(2). 
The coefficients in these expansions were given explicitly in 
terms of expressions involving Bessel functions of the coeffi- 
cients of f(#). In the present paper, these results are utilized 
to express the Fourier series of g(f(#)), using the representa- 
tion of g as a Fourier series. This problem has previously 
been treated by Pagni [Atti Accad. Naz. Lincei Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 5, 363-368 (1948); these Rev. 
10, 528]. R. Bellman (Stanford University, Calif.). 


Janssen, J. M. L. The method of discontinuities in 
Fourier analysis. Philips Research Rep. 5, 435-460 
(1950). 

The author discusses, with several specific illustrations 
but with little attempt at rigorous mathematical proof, the 
method in which the Fourier coefficients of a function made 
up of polynomial pieces are computed by repeated integra- 
tion by parts, so that the coefficients are ultimately ex- 
pressed in terms of the jumps of the function and of its 
derivatives (including possible jumps at the end of a period) 
(cf. eg. Zech, Arch. Elektrotechnik 36, 322-328 (1942); 
these Rev. 8, 173_]. He considers the extent to which a rapid 
change in the function may be treated as if it were a jump, 
illustrating by several examples his thesis that this makes 
little difference in coefficients of order large with respect to 
the length of the interval in which the change occurs. He 
concludes by deriving the Euler-Maclaurin summation 
formula. R. P. Boas, Jr. (Evanston, IIl.). 


Mahapatra, S. A test for the convergence of a Fourier 
series. Bull. Calcutta Math. Soc. 42, 149-152 (1950). 
Let f(t) be an even integrable function of period 2% and 

with Fourier series (*) }-fa, cos nt. A Tauberian argument is 

applied in conjunction with Riesz summability (R, (log w)*, 1) 

to show that if f(t) = O{ (log log 1/#)} and a, = O((log n)*/n) 

then (*) is convergent to zero at t=0. P. Civin. 


Hartman, Philip, and Wintner, Aurel. On the maxima of 
the Patterson functions. Physical Rev. (2) 81, 271-273 
(1951). 

If p(x) is a positive periodic function of period a, the corre- 
sponding Patterson function P(X) is a'fo%p(x)p(x+X)dx. 
It has been assumed in the crystallographic literature that 
if p(x) is continuous and has WN local maxima x, in a period, 
then P(x) can have local maxima only at or near the points 
X =Xmn—Xn+ka, and hence at most N(N—1) in (0, a). The 
authors give two examples for which P(X) can be worked 
out explicitly and which show that this principle is fallaci- 
ous. They show how the arguments which have been ad- 
vanced for its validity fail, each of their examples refuting 
a different step in the “proofs.” R. P. Boas, Jr. 








496 


‘ Harker, D., and Kasper, J.S. Phases of Fourier coeffi- 
cients directly from crystal diffraction data. Acta 
Cryst. 1, 70-75 (1948). 

Gillis, J. Structure-factor relations and phase deter- 
mination. Acta Cryst. 1, 76-80 (1948). 

MacGillavry, Caroline H. On the derivation of Harker- 

+ Kasper inequalities. Acta Cryst. 3, 214-217 (1950). 

Karle, J., and Hauptman, H. The phases and magni- 
tudes of the structure factors. Acta Cryst. 3, 181-187 
(1950). 

Goedkoop, J.A. Remarks on the theory of phase limiting 
inequalities and equalities. Acta Cryst. 3, 374-378 

L (1950). 

The mathematical problem considered in these papers is 
that of finding inequalities among the Fourier coefficients 
Fix: of a nonnegative function p(x, y, 2), possibly subject to 
various symmetry conditions. Some of the particular in- 
equalities seem to be new even in the one-dimensional case. 
In the physical problem p(x, y, z) determines the distribu- 
tion of scattering material in a crystal; by X-ray diffraction 
one observes, in effect, only the absolute values | Fyx:|. The 
inequalities are intended to help in determining the signs 
of the Fri. 

Harker and Kasper transform the integral which expresses 
the coefficients, or a linear combination of coefficients, by 
making use of symmetry, and apply Schwarz’s inequality; 
then squares of trigonometric functions are expressed in 
terms of other trigonometric functions, and inequalities of 
the desired type result. If the coefficients are normalized by 
Fooo= 1, their simplest results are Fre; =4(1+ Fa, x, 21) when 
p is even in all variables, | Fr: | =}(1+Fu,o,2:) when p is 
even in x and z, | Fiz: S$ whenever Fu, x, 2:=0. They give 
many more special inequalities of varying degrees of com- 
plexity. Gillis generalizes this work by using more general 
inequalities than Schwarz’s and obtains many more particu- 
lar inequalities for the Fyx:. MacGillavry derives a general 
inequality including all those of Harker and Kasper by 
making explicit use of symmetry groups to avoid elementary 
trigonometric calculations. Karle and Hauptman attack the 
problem differently, observing that requiring p(x, y, z)2=0 
is equivalent to requiring that the Hermitian forms with 
coefficients F,_4,.-s,1-v are nonnegative and hence that 
certain determinants are nonnegative. By selecting particu- 
lar determinants they obtain the results of Harker and 
Kasper. Finally Goedkoop uses Karle and Hauptman’s 
approach with a more compact notation, shows how to take 
account of symmetry in a general way, and derives a system 
of inequalities more inclusive than those of Harker and 
Kasper. R. P. Boas, Jr. (Evanston, IIl.). 





Waterman, Daniel. On some high indices theorems. 
Trans. Amer. Math. Soc. 69, 468-478 (1950). 
The author proves the following theorem. If 


f(s) =Taxe™, Antt/An=g>1 and m>1, 


then SP lan|"An” "SA gnfo”| f’'(s)|"ds. This result is re- 
lated to two formulae. If m-—+« we may derive from it 
Ingham’s result |a,|=A,sup|f(s)| [Quart. J. Math., 
Oxford Ser. (1) 8, 1-7 (1937) ], and, for m-—+1, Zygmund’s 
result >? |a,| SA,fo"f’(s)ds [Trans. Amer. Math. Soc. 55, 
170-204 (1944); these Rev. 5, 230]. Two more formulae are 
deduced which are closely related to the above. The proofs 
are complicated and depend on estimates and the use of 
classical inequalities. Franti$ek Wolf (Berkeley, Calif.). 
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Henstock, R. Sets of uniqueness for trigonometric series 
and integrals. Proc. Cambridge Philos. Soc. 46, 538-548 
(1950). 

The author studies the relationship of sets of uniqueness 
for trigonometric integrals (UTI) and the sets of uniqueness 
for trigonometric series (UTS). Sample theorems are (i) If 
E is UTI, the intersection Ef)\[a, b) is UTS. (ii) If Eis UTS, 
then it is UTI. (iii) If {U,} is a sequence of UTI lying in 
nonoverlapping intervals, then their union is UTI. (iv) If EZ 
is such that for every a, 5, the interval b>—aS2z is UTS, 
then E is UTI. (v) If EZ is not UTI, then there exists an 
arbitrarily small [a, 6) such that Ef)[a, d) is not UTI. The 
proofs use formal products of trigonometric integrals. Some 
of these results are easy consequences of theorems due to 
Zygmund [Ann. of Math. (2) 48, 393-440 (1947); these 
Rev. 9, 88] and the reviewer [Univ. California Publ. Math. 
(N.S.) 1, 159-227 (1947); these Rev. 9, 140]. 

Frantisk Wolf (Berkeley, Calif.). 


Cooper, J. L. B. The uniqueness of trigonometrical inte- 

grals. J. London Math. Soc. 25, 61-63 (1950). 

The author generalizes some of his previous theorems 
[Proc. London Math. Soc. (2) 48, 292-309 (1944); these 
Rev. 6, 126, 334] and obtains the following: If f(u) is 
integrable over every finite interval and for some p21 and 
every finite (a, 6), [*(1—|u|/d)"f(u)e™!du— F(t) weakly in 
L»(a, 6), then for almost all u 


J(u) = lim im f (:-t)" " F(etdt. 


This theorem, in a sharper form can be obtained from a 
theorem given by the reviewer [Univ. California Publ. 
Math. (N.S.) 1, 159-227 (1947), p. 222; these Rev. 9, 140]. 
The paper also contains a theorem which generalizes this 
to the case of more general summation. Frantisek Wolf. 


Cooper, J. L. B. Fourier-Stieltjes integrals. Proc. Lon- 

don Math. Soc. (2) 51, 265-284 (1950). 

The author generalizes trigonometric integrals in the 
following way: f(x)=f°.e-*“dp(t) will be defined by de- 
fining first F(w) =(1/iV2x)f°.(t—N)—dp for $(w)>0 and 
f(x) = (29) -*f2ts F(w)e-**dw, a>0. If f admits a represen- 
tation of this sort and f°.(1+ |#|)-*|dp(é)| <_, then the 
author writes feF.S(a), In the first theorem, he gives a com- 
plicated conditiou for feFS(a) and in the next he proves 
that, if (1+|x|)~“f(x)eL(— ©, ©) for 0<831, then 
f2.e~**dp(t) is (C, 8)-summable almost everywhere to f(x). 
This theorem could be obtained under less restrictive condi- 
tions from theorems given by the reviewer [Univ. California 
Publ. Math. (N.S.) 1, 159-227 (1947), chapter 7; these Rev. 
9, 140]. Further summation by means of the Weierstrassian 
kernel e~*”™ is proved for feFS(a). The method is then 
applied to positive definite functions and a theorem by S. 
Bochner is generalized. Frantisek Wolf. 


Phillips, R. S. On Fourier-Stieltjes integrals. Trans. 

Amer. Math. Soc. 69, 312-323 (1950). 

Various answers have been given to the problem: What 
conditions are necessary and sufficient for ¢(r), — © <r<®, 
to be representable in the form (1) ¢(r) = f°..e**dy(s), where 
y(s) is of bounded variation over (— ©, ©) [see Bochner, 
Bull. Amer. Math. Soc. 40, 271-276 (1934); Cramér, same 
Trans. 46, 191-201 (1939); these Rev. 1, 13; Gonzalez 
Dominguez, Duke Math. J. 6, 246-255 (1940) ; these Rev. 1, 
226; K. Yosida, Proc. Imp. Acad. Tokyo 20, 655-660 (1944); 
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these Rev. 7, 248; the reviewer, J. London Math. Soc. 19, 
144-152 (1944); Amer. J. Math. 68, 398-416 (1946); these 
Rev. 7, 62; 8, 152]. Most of these writers impose some 
preliminary condition on ¢(r). Bochner proves: ¢(r), sup- 
posed to be (i) bounded and (ii) continuous, is representable 
in the form (1), with f°. |dy(s) | =C (C given), if, and only if, 
(A) | Sand(r2) | SC-sup| Dane*™| (— © <s< @) for all real 
r,'s and all a,’s (n=1, 2, ---, m; m=1, 2, ---). The author 
drops (i) and replaces (ii) by stipulating mere measurability 
of ¢(r); then (1) holds almost everywhere. Denoting by X> 
the Banach space of continuous functions f(s), with f(s)—0 
as |s|—>, he constructs a linear functional Lof which, for 
functions f(s)eX9 with piecewise continuous derivatives, is 
defined by Lof=(2r)“f*.¢(r)drf2.f(s)e-*"ds and is ex- 
tended then over Xo; Lof turns out to be bounded, with 
norm ||Zo||=C. The proof is completed by arguments due 
to I. J. Schoenberg or to F. Riesz. This method is used 
then to deduce the representation (1) for a Banach space 
valued function: If a measurable ¢(r) on (—, ©) to 
a separable Banach space Y satisfies (A) and a certain 
condition of compactness, than (1) holds almost every- 
where; y(s) is a function of bounded variation on (— ©, ) 
to Y, C=||y|| =sup [Var g[y(s)]; ge¥, ||g|| =1]; it is unique. 
If g(r) is weakly continuous, then (1) holds for all 7; 
and ||y|| =the minimum value of C in (A). 
H. Kober (Birmingham). 


Hsu, L. C. Generalized Stieltjes-Post inversion formula 
for integral transforms involving a parameter. Amer. 
J. Math. 73, 199-210 (1951). 

The author gives an extensive generalization of the 
asymptotic method of Laplace, which he applies to the in- 
version of suitable integral transforms. It is shown that 
under certain conditions if f(A, ¢) = fo*W(u, A, t)g(u)du, then 


eo) =tim ({ - (= ) toe vw, o} / 


{2e(¥(u, d, on) fd. 0), 


weg (A, t) 
where (A, ¢) is a function satisfying the equation 
[(8/du) log (1, A, #) Jumea, o =, 
and where 6(¢) is defined by lim)..9(A,t) = 0(#). The Stieltjes- 


Post-Widder inversion formula for the Laplace transform is 
a special case. I. I. Hirschman, Jr. (St. Louis, Mo.). 


Hirschman, I. I., Jr., and Widder, D. V. Generalized 
inversion formulas for convolution transforms. II. 
Duke Math. J. 17, 391-402 (1950). 

Cet article compléte un article précédent [méme J. 15, 

659-696 (1948); ces Rev. 10, 371]. Soit 


E(s)=[1(1—s*/ay’), 
k=1 


a réels>0, lim,..a,/k=1. On calcule sa transformée de 
Borel K(z) = Dy.oE™(0)/s*!; E(s) = (2ix)—fce*K(s)ds (C 
entourant positivement le segment (—ix, +¢#r)). Le noyau 
G(t) est alors défini comme un transformé de Fourier de 
1/E(iy), fonction décroissant exponentiellement vers 0 pour 
|y| +2, de sorte que G(z) est holomorphe dans la bande 
|32| <#: G(s) = (iw) ftf2 [e**/E(s) Jds. Ce noyau Gsert a 
définir l’opération de convolution a—f(z) = f[+2G(s—t)da(t) 
(a est supposée ‘“‘normalisée”’ : a(#) = =(a(tt)-+a(t-))/ 2). Cette 
intégrale est supposée convergente dans la bande |¥z| <z, 
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od f(z) est une fonction holomorphe. Le but de l'article est de 
donner une formule d’inversion pour cette transformation. 
Cette formule est: 


a(%2) — a(x) = bor f “al (aie) f Jit+n\K(e)ds} 


(C, étant une coube entourant le segment (—ix, +i), et 
située dans la bande |%z| <2x/p). Si de plus da(#) = ¢(é)dt, 
on a o(t)=lim,.:_(2ir)“JSo,f(t+p2)K(s)dz, pour presque 
tous les ¢. 

Application. Pour que la fonction f(z) ait une représenta- 
tion de la forme f(z) =ft2G(s—é)da(t), a(t) croissante, il 
faut et il suffit que f soit holomorphe pour || <x, 
que | f(z)| =o(e!*!) pour |x|->+, uniformément pour 
|Ys|<x—e, et que (2ix)—So,f(t+ps)K(z)ds=0 (0<p<1). 
Cas particulier: La transformation de Stieltjes se raméne 
a un cas particulier de ces formules. Alors, pour que F(z) 
soit de la forme fo (s+#)—da(t), a(é) croissante, il faut et il 
suffit que F(z) soit holomorphe pour |argz|<*, que 
| F(z)| =0(1) pour |z|>, | F(z)| =0(|2|—) pour |s|—0, 
uniformément pour |arg z| <r—e, et que 

eb F(re*) +-¢-1* F(re-*) =0. 


L. Schwartz (Nancy). 


Hirschman, I. I., Jr., and Widder, D. V. A miniature 
theory in illustration of the convolution transform. 
Amer. Math. Monthly 57, 667-674 (1950). 

Die Verf. haben in friiheren Publikationen die Funk- 
tionaltransformation f(x) = f*2G(x—#)®(t)dt unter sehr all- 
gemeinen Voraussetzungen iiber G(x) und #(#) untersucht. 
In der vorliegenden Mitteilung geben sie eine Illustration 
ihrer fritheren Theorie durch Wahl méglichst einfacher 
Kernfunktionen und direkte Beweise der friiheren allge- 
meinen Satze fiir diesen Fall. W. Saxer (Ziirich). 


Delange, Hubert. Nouveaux théorémes pour l’intégrale 
de Laplace. C. R. Acad. Sci. Paris 232, 589-591 (1951). 
The author announces two very general Tauberian 

theorems for the Laplace-Stieltjes transform. These extend 

results obtained by M. Riesz [Acta Litt. Sci. Szeged, Sect. 

Sci. Math. 2, 18-31 (1924) ], A. E. Ingham [Proc. London 

Math. Soc. (2) 38, 458-480 (1935)], and J. Karamata 

[Math. Z. 38, 701-708 (1934) ]. It is not possible to repro- 

duce the statements of these results because of their 

complexity. I. I. Hirschman, Jr. (St. Louis, Mo.). 


Avakumovié, Vojislav G. Einige Siitze tiber Laplacesche 
Integrale. Acad. Serbe Sci. Publ. Inst. Math. 3, 287-304 
(1950). 

Let L(t) = fo*e-™dA(u), where A(u) is of bounded varia- 
tion on every finite interval. Continuing a previous paper 
[Math. Z. 53, 53-58 (1950); these Rev. 12, 254], the author 
imposes the condition L(#)=O{exp (—t~)}, t-+0, 0<é@51 
(in the previous paper @=1), and proves the following 
theorems. (1) Under the Tauberian condition’ 

uvO+{A(v)—A(u)}>—m for usosu+ule) 

it follows that u/“+”A(u)=O(1) as u-0. (2) If 

lim inf «+ {A(v)—A(u)} =0 for uSvSu+ule™, um, 

then «+4 (u)—90. (3) [For every 6>0 let 

A(u)> —M(8) exp {dul/@*}. 


Then lim sup u~/@*™ log | A(u) | =0. [The sentence in 
square brackets was omitted in the paper in Satz 3 and in 
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Satz A; in Satz A and in the third line of p. 289 the argument 
of the function A should be u“*/*: corrections supplied by 
the author. ] The method of proof is similar to that of the 
previous paper. The greater part of the paper is devoted to 
proving the lemma that if, for k=2, s>0, «>0, we define 


x(s)=(2ni)* f =*[P()/T(0/A) Ia, 


then x(z) is entire and 


|s/0-® exp {(k—1)(s/k)/* } x(2)| <C(k). 
R. P. Boas, Jr. (Evanston, Ill.). 


Barrucand, Pierre. Sur certaines fonctions de type ex- 
ponentiel associées aux noyaux de Stieltjes. C. R. 
Acad. Sci. Paris 232, 378-379 (1951). 

A study is made of the functions f,(x) = }-s.0(—x)*/(n!)* 
and their Stieltjes transforms h.(t) = fo*fa(x)(x+t)—dx. 
Using the convolution theorem for the Mellin transform the 
author shows that 


f faltx) folx*)a-Adx = heyp(t), 


[ eetatarax =f"f,,(t"). 


Other formulas are obtained relating to Stieltjes kernels of 
arbitrary order. These were studied by the author in an 
earlier paper [same C.R. 231, 748-750 (1950); these Rev. 
12, 330]. I. I. Hirschman, Jr. (St. Louis, Mo.). 


Ghizzetti, Aldo. Sul teorema de prodotto integrale nella 
teoria della trasformazione di Laplace. Univ. e Poli- 
tecnico Torino. Rend. Sem. Mat. 9, 251-261 (1950). 

The author calls a function F(t), which is integrable 
on every finite interval, integrable of order a (>-—1) in 
(0, ©) if lims,.t-*fo'F(u)(t—u)-*du exists, where in taking 
the limit he disregards the set of measure zero in which the 
integral may not exist; this is an extension of the notion of 
(C, a)-summability of an integral. He proves the natural 
analogue of Cesaro’s multiplication theorem for series [cf. 
Hardy, Divergent Series, Oxford, 1949, pp. 235-236; these 
Rev. 11, 25]. An application is that if, for a certain s, the 
Laplace transforms of F;,---,F, converge of orders 
am, —1<a<0, }a,<—n+1, then the convolution of 
F,, ---, F, has a convergent Laplace transform for that s 
and it is the product of the » Laplace transforms. The 
author also proves that the same theorem holds if the trans- 
forms of all F, converge and e~*'F,(t) =O(t-"), pointing out 
that this does not follow by induction from the case n=2 
(for which he gives an independent and simpler proof). 

R. P. Boas, Jr. (Evanston, IIl.). 


Bulgakov, A.A. On the transfer function of a multicascade 
amplifier with feedback. Doklady Akad. Nauk SSSR 
(N.S.) 74, 241-242 (1950). (Russian) 

The Laplace transform and its inversion are formulated 
for a multicascade amplifier with feedback. 
N. Levinson (Cambridge, Mass.). 


Friinz, Kurt. Beziehungen zwischen Signalen und Spek- 
tren. Arch. Elektr. Ubertragung 5, 10-14 (1951). 
Lecture given at a meeting of the Unién Matematica 

Argentina in July, 1949; cf. Revista Unién Mat. Argentina 

14, 140-155 (1950); these Rev. 11, 660. 
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Polynomials, Polynomial Approximations 


Anghelutza, Th. Sur le nombre des racines d’une équation 
algébrique, dont les parties imaginaires sont positives, 
Bull. Sci. Math. (2) 74, 130-138 (1950). 

The Hurwitz determinant criterion for all the zeros of a 
real polynomial to lie in the left half plane is extended in 
the present paper to complex polynomials. The extension is 
based upon Hermite’s method of associating with the given 
polynomial a certain quadratic form, reducing the form toa 
sum of squares and counting the number of positive squares, 
[Reviewer's note: No mention is made of other papers which 
derive essentially the same generalization of Hurwitz’ cri- 
terion. See M. Marden, The Geometry of the Zeros of a 
Polynomial . . ., Math. Surveys no. 3, Amer. Math. Soc., 
New York, 1949, pp. 134-141; these Rev. 11, 101.] 

M. Marden (Milwaukee, Wis.). 


Schmidt, Hermann. Zur Frage, ob alle Wurzeln einer 
algebraischen Gleichung einen negativen Realteil haben 
(Stabilitaitsfrage). Z. Angew. Math. Mech. 30, 382-384 
(1950). 

A method is given for the determination of the number 
of roots with negative real parts of a polynomial equation 

A(p) =0 with positive real coefficients. If 


A(p) = g(b) +h(p) =0 
has at least one root with negative real part, where 


g(b) =cobesp tcp - +>, h(p) =cip+erp*+cup*+ ---, then 
Ai(p) = [e(p)h(p1) —g(b)h(b) / (bP — Pr) = g1(b) +A(p) =0 


(where p; = —1) is an equation of degree n»—1 which in the 
negative half-plane has one root less than A(p)=0. The 
method is similar to that of J. Schur [same Z. 1, 307-311 
(1921) ] and the reviewer [Trans. Amer. Math. Soc. 62, 
272-283 (1947); these Rev. 9, 90]. E. Frank. 


Bulgakov, B. V. The discriminant curve and the region of 
aperiodic stability. Doklady Akad. Nauk SSSR (N.S.) 
73, 1143-1144 (1950). (Russian) 

To the relation A(z) =0, where A(z) = P(z)u+Q(z)v+R(2), 
is adjoined its derivative with respect to z, A’(z) =0. Here 
and » are parameters expressible in terms of z by the solution 
of the 2 linear equations A(z)=0, A’(z)=0. Results are 
formulated according to the sign of the determinant of the 
coefficients of uw and ». N. Levinson. 


Neimark, Yu.I. On the determination of the values of the 
parameters for which a system of automatic regulation is 
stable. Avtomatika i Telemehanika 9, 190-203 (1948). 
(Russian) 

This is a lucid exposition of the author’s method of 
D-decomposition [for definition and further references cf. 
Akad. Nauk SSSR. Prikl. Mat. Meh. 13, 349-380 (1949); 
these Rev. 11, 355]. The actual construction of this de- 
composition is given in detail for some special examples. The 
theory on which this construction is based will be considered 
in a forthcoming paper [this is, presumably, the paper cited 
above ]. A. Dvoretsky (Jerusalem). 


Parodi, Maurice. Sur quelques propriétés d’une équation 
algébrique. Bull. Sci. Math. (2) 74, 121-130 (1950). 
The author studies the zeros of the mth order determinant 

P(2) = ||ae"+al?s""'+ ---+aSP|| in which each element 

is an mth degree polynomial. With the aid of Hadamard’s 

theorem on determinants, he shows that a¥/>Y..|a'?|, 





i=( 
isa 
insit 
p= 
zero 
i=1 
stuc 
forn 
is p 


a 


tio! 
clo 
sim 
for 
ma 
of 

der 


(1 





“SP es Ss @ 


l- 


at 
at 








i=0,1,-+-,m;j,k=1,2, ---,m, but where kj wheni=p, 
is a sufficient condition for all the zeros of P(z) to lie either 
inside or outside the unit circle |z| =1 according as p=0 or 
p=m. He finds, as another sufficient condition for all the 
zeros of P(z) to lie inside the unit circle, that 5>;4|a§?| <1, 
i=1,2, +--+, m; 7, k=1, 2, ---, m. He concludes with a brief 
study of the case that all the a, are real; if the quadratic 
form T, associated with each matrix (a9?), p=1, 2, ---, m, 
is positive definite, the real zeros of P(z), if any, are all 
negative. M. Marden (Milwaukee, Wis.). 


Batyrev, A. V. On criteria of transcendentality and hyper- 
transcendentality of analytic functions. Doklady Akad. 
Nauk SSSR (N.S.) 76, 5-8 (1951). (Russian) 

The author gives four theorems which restrict the degree 
of polynomial approximation to analytic functions con- 
nected by algebraic relations. We quote two representative 
results. (1) Let all the branches w of an algebraic function 
of degree m be regular in a closed region D whose outer 
conformal radius is 7, and let ~,(z) be a polynomial of 
degree m with leading coefficient a,; then, as s ranges over 
D, max|w—p,(z)| >C|a,|"%™*. (2) If w is regular in |z| =1 
and satisfies an algebraic differential equation of order n, if 
p,=4,2"+ +--+ is a polynomial, and ‘if m, is the highest ex- 
ponent with which w™ appears, then 


max|w —p,| > C(n-+1)-1T] |ar!/(r-+k)!|™. 
k=O 


By constructing an example for which this inequality fails 
for every m, the author constructs a simple example of a 
hypertranscendental function. R. P. Boas, Jr. 


Batyrev, A. V. On the best approximation of analytic func- 
tions by polynomials. Doklady Akad. Nauk SSSR (N.S.) 
76, 173-175 (1951). (Russian) 

The author characterizes various classes of analytic func- 
tions by means of their polynomial approximations on 
closed sets. Let K be a closed set whose complement is 
simply connected and contains ©; let r be the outer con- 
formal radius of K and let Cpr be the level curves for a 
mapping of the complement of K on the outside of a circle 
of radius r; let f(z) be continuous on K and let E,(f, K) 
denote the best approximation to f on K by polynomials of 
degree nm. (1) If f(z) is analytic on K then 


l@nyis|PHSE,(f, K)SA LY la |r’, 
kant] 

where A depends only on K and a, are the coefficients of the 
expansion of f(z) in terms of the Faber polynomials for K. 
(2) If f(z) has at most poles of order at most g on Cr, then 
An™\(r/R)"SE,(f, K)SBnt"(r/R)*. (3) If f(z) has at most 
logarithmic singularities on Cz then the last relation holds 
with g=0. (4) The condition 


lim sup n”?E,(f, K)]}/"*=r(etp)"? 


for one K is sufficient, and for every K is necessary, for 
f(z) to be entire, of order p and type ¢; the condition 
lim [E,(f, K)]}"=0 is sufficient for f(z) to be entire. 

R. P. Boas, Jr. (Evanston, IIl.). 


Burchnall, J. L. The Bessel polynomials. Canadian J. 
Math. 3, 62-68 (1951). 
Krall and Frink [Trans. Amer. Math. Soc. 65, 100-115 
(1949); these Rev. 10, 453] have studied a system of 
polynomials y,(x) satisfying the differential equation 
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xy" + (2x+2)y’=n(n+1)y and normalized by y,(0)=1. 
The author refers to an earlier investigation of his jointly 
with Chaundy [Proc. Roy. Soc. London. Ser. A. 134, 
471-485 (1931) ] from which the principal results on y,(x) 
proved by Krall and Frink can easily be derived. In addi- 
tion, he proves theorems on the location of zeros, gives a 
generalization of the polynomials y,(x), and obtains two 
generating series. G. Szegé (Stanford University, Calif.). 





Differential Equations 


Koksma, J. F. Simple proofs of some existence theorems 
in the theory of differential equations. Simon Stevin 
27, 142-152 (1950). 

In the initial condition problem y’ = f(x, y), y(xo) = yo, let 
f(x, y) be a continuous function on a rectangle |x—x»| Sa, 
ly—yo| Sb and let |f(x,9:)—f(x, y2)| be majorized by 
either a Lipschitz majorant C|y,—y:| or a “weakened” 
Nagumo majorant @|yi:—y2|/|x—xo|, where 0<@<1, or 
more generally by (C+6/|x—xo|)|¥:—y2|. The method of 
successive approximations supplies (on a suitable x-interval) 
a sequence of functions (x), yo(x), «++ satisfying y,(xo) = yo, 
|yn(x)| =, ya(x) has a continuous derivative satisfying 
yn' (x) — f(x, yn(x))—0 uniformly, as n— ©. It is shown that 
for any such sequence, lim y,(x) = (x) exists and is a solu- 
tion. The existence and uniqueness of a solution follows at 
once. (This is the reverse procedure used by Dieudonné 
[Bull. Sci. Math. (2) 69, 62-72 (1945); these Rev. 7, 297] 
and Wintner [Amer. J. Math. 68, 13-19 (1946); these Rev. 
7, 297] who, under more general conditions, use uniqueness 
to prove the convergence of successive approximations.) 
The author also gives a short proof of the Peano existence 
theorem, avoiding the polygonal method, by approximating 
f by simple functions satisfying a Lipschitz condition. 

P. Hartman (Versailles). 


Coddington, Earl A. The classical existence theorem of 
nonlinear analytic differential equations. Proc. Amer. 
Math. Soc. 1, 738-743 (1950). 

Let a functions f(s, wi,+++,W,) be of the form 
Xs: ++ Loa*-"(s)w;*- - + w,™, where the coefficient functions 
are regular analytic, uniformly almost periodic functions for 
o¢=Rts>0, with positive Fourier exponents (uniformly) 
bounded away from zero and with constant majorants 
|a*--"™(s)|<A**™ satisfying Do--- Dg Art t*< 
for some positive r. It is shown that the system dw,/ds =f; 
possesses a unique solution w,(s), ---, wa(5) of regular 
analytic, uniformly almost periodic functions (on some half- 
plane ¢>/20), satisfying w;(s)—0, ase—. A “‘best”’ esti- 
mate is obtained for /. This result is the extension of the 
theorem of the reviewer and Wintner [Amer. J. Math. 71, 
859-864 (1949); these Rev. 11, 516] to nonlinear systems. 
The proof is based on successive approximations and the 
adaptation of some arguments in the paper cited above and 
in Wintner [Comment. Math. Helv. 23, 294-302 (1949); 
these Rev. 11, 345]. P. Hartman (Versailles). 


Segers, Jack G. Sur l’application de la méthode des ap- 
proximations successives 4 une classe d’équations 
récurro-différentielles. Bull. Soc. Roy. Sci. Liége 19, 
267-276 (1950). 

For the system yj’ =f,(x, Yi, Yiu ***s Vita)» Yi(0) =I90 

(j=1, 2, +++) an interval on which a unique solution exists 

is specified. J. M. Thomas (Durham, N. C.). 
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Germay, R. H. Les solutions infiniment voisines des 
équations récurro-différentielles. Ann. Soc. Sci. Brux- 
elles. Sér. 1. 64, 148-153 (1950). 

An existence theorem is given for the system 


y= F(x, Vis Vi+ls A), 


where A is a parameter whose modulus is sufficiently small. 
J. M. Thomas (Durham, N. C.). 


i=1,2, +++, 


Germay, R. H. Sur les formules d’addition des intégrales 
d’un systéme complétement intégrable, linéaire, homo- 
géne, A coefficients constants, d’équations aux différen- 
tielles totales. I. Bull. Soc. Roy. Sci. Liége 19, 216-221 
(1950). 

If a nonsingular square matrix Y(x) satisfies the differ- 
ential equation Y’=A Y, where A is a constant nonsingular 
square matrix, and if a is constant, then Y(x+a)=BY(x), 
where B is a constant nonsingular square matrix. Hence 
Y(x+a) = Y(a) Y"(0) V(x), a result which written in the 
author’s notation occupies one whole page of the paper. 

J. M. Thomas (Durham, N. C.). 


Germay, R. H. Sur les formules d’addition des intégrales 
d’un systéme complétement intégrable, linéaire, homo- 
géne, a coefficients constants, d’équations aux différen- 
tielles totales. II. Bull. Soc. Roy. Sci. Liége 19, 278- 
285 (1950). 

If 2;(x1, --+, Xn), +=1, «++, m, constitute a solution of the 
system specified in the title, the paper shows how to express 


8(x: +41, +++, Xn +a,) in terms of 2;(x1, «++, Xn). 
J. M. Thomas (Durham, N. C.). 
Wittich, Hans. Ganze transzendente Lisungen alge- 


braischer Differentialgleichungen. Math. Ann. 122, 

221-234 (1950). 

The questions investigated in this paper are (a) whether 
certain types of ordinary differential equations admit solu- 
tions which are entire functions, and (b) if there exist entire 
solutions, what information regarding their order can be 
obtained from the form of the equation? The following two 
theorems are examples of the results obtained. (1) The 
differential equation P(z, w, w’, w’’, ---, w™) = f(w), where 
P is a polynomial in all its variables and f(w) is an entire 
function of w, has no nonconstant entire solutions. (2) If 
the coefficients a,,(z) of the linear differential equation 
w™ +-a;(s)w-» +---+a,(z)w=0 are entire functions and if 
the equation has a fundamental system of solutions of the 
finite orders B,, ---, B,, then the a,,(z) are polynomials. If 
B,=---=B,=1+k, then the degrees of a;(z) and a,(z) do 
not exceed k and nk, respectively. If k=0, the equation has 
constant coefficients. Z. Nehari (St. Louis, Mo.). 


Wintner, Aurel. A criterion for the nonexistence of (L’)- 
solutions of a nonoscillatory differential equation. J. 
London Math. Soc. 25, 347-351 (1950). 

The author shows that y’’ + f(x)y=0 cannot have a non- 
trivial solution of class L*(0, ©) if fo*x*| f(x) |*dx< ©. The 
proof is self-contained. N. Levinson. 


Persidskii, K.P. On the spectrum of characteristic values. 
Akad. Nauk SSSR. Prikl. Mat. Meh. 14, 635-650 (1950). 
(Russian) 

The author considers the distribution of the set of charac- 
teristic numbers, in the sense of Liapounoff, associated with 
the infinite system of linear differential equations with 
variable coefficients, dx;/dt = S-Fuspis(t)x;, i=1, 2, «++. 
R. Bellman (Stanford University, Calif.). 
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Simonart, Fernand. Sur lintégrale particuliére de Cauchy 


d’une équation linéaire. 
63, 24-30 (1949). 
Cauchy’s particular integral for the equation 


y+Xi(x)yr +--+ +Xn-1(x)y = X (x) 


is calculated explicitly in terms of determinants involving 
a fundaniental system of solutions of the corresponding 
homogeneous equation. The relation between the Cauchy 
integral and the one obtained by the method of variation 
of parameters is thus made evident. An application is 
made to the solution of the “incomplete” equation; ie., 
Xoii(x) =- ++ =X, (x) =0. M. J. Gottlieb. 


Sawyer, W. W. On some theorems of Silvia Noto. Univ. 
e Politecnico Torino. Rend. Sem. Mat. 9, 173-177 (1950). 
This paper gives a simplified derivation of some results 

due to Noto [same journal 8, 209-221 (1949); these Rev. 11, 

517] concerning the family of curves defined by a differential 

equation of the form 


yr =A(x, 9, 7, yO + Bx, WW)" +x, WW) 
where x and y are coordinates on a nondevelopable surface. 


The new method leads also to a few additional properties 
of the family of curves. L. A. MacColl. 


*McLachlan, N. W. Ordinary Non-Linear Differential 
Equations in Engineering and Physical Sciences. Ox- 
ford, at the Clarendon Press, 1950. vii+201 pp. $4.25. 
This book is addressed to the engineer mainly and pre- 

sents methods for solving various nonlinear problems of 

technical importance. A lengthy bibliography is given in- 
cluding papers (marked with an asterisk) where the mathe- 
matical justification of methods used in the book may be 
found. Topics include equations having periodic solutions, 
method of slowly varying amplitude and phase, equations 
having periodic coefficients, and numerical methods. 

N. Levinson (Cambridge, Mass.). 


Minorsky, N. Meccanica non-lineare. Boll. Un. Mat. 
Ital. (3) 5, 313-330 (1950). 
Expository lecture given at the University of Bologna, 
January, 1950. 


Cekmarev, A. I. The influence of a constant force on the 
oscillations in nonlinear Akad. Nauk SSSR. 
InZenerny! Sbornik 4, no. 2, 80-108 (1948). (Russian) 
This is an investigation of the forced oscillations of a 

system §+f(q)=p+A sin wt where p and h are constants. 

The author seeks an approximate solution of the form 

q=b+a sin wt and obtains relations for a, b from the varia- 

tional equation 


[t-we sin s+f(q)—p—h sin z ][6b+-a sin 2 Jds=0. 


Applications are made, with extensive detailed calculations 
to several special characteristics of restoring force f(q), 
notably f(g)=cqg*, and f(q) represented by three broken 
lines behaving together like g*. Experimental verifications 
are also described. S. Lefschetz (Princeton, N. J.). 


Katz, A.M. Constrained oscillations within the domain of 
resonance. Engineering Rev. [Akad. Nauk SSSR. 
InZenernyi Sbornik] 3, no. 2, 100-125 (1947). (Russian. 
English summary) 

The system #+ki+w*x =P cos (faf*+o) is considered 
with ¢ the independent variable and k, w, a, P, and ¢ con- 
stants. Using the ‘‘variation of constants” formula, the solu- 
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tion is expressible as an integral. A method of calculation 
is given. N. Levinson (Cambridge, Mass.). 


Yorish, J. I. Constrained oscillations of systems in cases 
of broken characteristics of forces. Engineering Rev. 
[Akad. Nauk SSSR. Inzenerny! Sbornik] 3, no. 2, 126- 
136 (1947). (Russian. English summary) 

A system with one degree of freedom, a periodic forcing 
term, and with the dissipation and spring characteristics 
consisting of broken lines is treated by the method of 
“equivalent linearization” to obtain the first approximation 
of the solution in the form of a sinusoid of the same period 
as the forcing term. The solution is compared with experi- 
mental solutions in the asymmetric as well as symmetric case. 

N. Levinson (Cambridge, Mass.). 


Grobman, D. M. On characteristic exponents of systems 
near toalinearone. Doklady Akad. Nauk SSSR (N.S.) 
75, 157-160 (1950). (Russian) 

Under certain restrictions on the vector f(x, ¢), the author 
shows that the characteristic exponents of the nonlinear 
differential equation dx/dt=Ax+f(x,t) are near those of 
the linear system dy/dt=Ay. R. Bellman. 


Hopf, Eberhard. Abzweigung einer periodischen Lisung 
von einer stationiren Liésung eines Differentialsystems. 
Ber. Verh. Sachs. Akad. Wiss. Leipzig. Math.-Nat. KI. 95, 
no. 1, 3-22 (1943). 

Let ¢=F(x,u) be a real differential equation for the 
n-dimensional vector x = x(t), containing the real parameter 
p. The function F is analytic in x and yu. It is assumed that 
the differential equation possesses, for small |x|, a constant 
solution x = %(u). Suppose now that at »=0 the real part of 
exactly one conjugate pair of characteristic exponents of 
%(u) changes sign, while the imaginary parts have there the 
nonvanishing values +k. Then the author proves the exist- 
ence of a family of real periodic solutions x(t, «), u=,(e) 
which coincide with x(0) for e=0, but not for «#0. The 
period T(e) of x(t, €) is analytic at e=0 with 7(0) =2x/|k]. 
These periodic solutions do not exist for both positive and 
negative values of uw. A scheme for the calculation of x(é, «), 
u(e) and of the characteristic exponents of the periodic solu- 
tion is included. The latter leads to a useful criterion for the 
stability of the periodic solution. The treatment is based on 
the classical methods of Poincaré. Vectorial notation is used 
consistently in order to facilitate extensions to problems 
with infinitely many degrees of freedom. W. Wasow. 


Koschmieder, Lothar. Ein Gefiige von Differentialglei- 
chungen, durch elliptische Funktionen integriert. Mo- 
natsh. Math. 54, 265-283 (1950). 

The general solutions of the system du/dz =v", dv/dz = —u? 
are certain elliptic functions. These are used to determine 
explicitly an algebraic transformation of the variables u, v 
which leaves the system invariant. If this transformation is 
applied repeatedly, the corresponding sequence of solutions 
can be shown to contain a subsequence which converges to 
a special, rational, solution of the system. These results are 
compared with analogous ones for a different system by H. 
Lemke [S.-B. Berliner Math. Ges. 18, 26-31 (1920); J. 
Reine Angew. Math. 180, 141-188 (1939)]. In the final 
section of the paper the same elliptic functions are used to 
simplify the proofs of the reciprocity laws for biquadratic 
and cubic residues contained in previous papers by the 
author [Jber. Deutsch. Math. Verein. 30, 122-125 (1921); 
Math. Ann. 83, 280-285 (1921). W. Wasow. 
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Nordon, Jean. Quelques cas d’intégrabilité par quadra- 
tures d’une équation différentielle du premier ordre. I. 
C. R. Acad. Sci. Paris 232, 140-141 (1951). 

This is a concise summary of the results obtained by 
applying methods developed by Drach to the differential 
equation y”+-y* = f(x). Various functions f(x) are found such 
that the equation is solvable by quadratures. Most of these 
functions are already known, having been found previously 
in other ways. L. A. MacColl. 


Mitrinovitch, Dragoslav S. Sur les résultats de Girtler 
relatifs 4 l’équation différentielle linéaire du second 
ordre. Fac. Philos. Univ. Skopje. Sect. Sci. Nat. An- 
nuaire 3, no. 1, 19 pp. (1950). (Serbo-Croatian. French 
summary) 

It is shown that for all but one of the equations whose 
solutions are given by Gértler [Z. Angew. Math. Mech. 22, 
233-234 (1942) ], the following criterion holds: An equation 
¢o(x)y¥”’ + ¢1(x)y’ + ¢2(x)y =0 may be integrated by quadra- 
tures, if it may be reduced to a system F(x)y’+G(x)y=z, 
H(x)z'+I(x)z=0 (F, G, H, I, continuous and differentiable). 

W. S. Jardetsky (New York, N. Y.). 


Bergmann, Otto. Eine Differentialgleichung fiir die Phase 
bei der Streuung Neutron-Proton. Acta Physica Aus- 
triaca 4, 62-70 (1950). 

Solutions of the radial Schrédinger equation for the 
scattering of protons by neutrons may be expanded in series 
of Bessel functions with coefficients determined by the 
assumed form of the potential energy function V(r). When 
the Bessel functions are replaced by asymptotic expressions 
for them, certain phase constants 4; appear. The author 
derives a differential equation satisfied by the phase con- 
stant 8,. This equation may be solved exactly for the case 
of a potential trough; for other forms of V(r) it may be 


solved approximately. 
O. Frink (State College, Pa.). 


Coveyou, R. R., and Mulliken, T.W. Solution of the equa- 
tion N+(a+bt)N+(c+dt)N=0. United States Atomic 
Energy Commission, Rep. AECD-2407, 8 pp. (1948). 

By appropriate changes of dependent and independent 
variables the equation in the title is transformed to the 
familiar Weber equation Z” = (x*+-2n+1)Z. Tables are pro- 
vided giving to ten places two fundamental solutions of this 
equation for n=0, 1, 2, 3, for the argument at intervals of 
0.01 from 0 to 1 and at unit intervals from 0 to 25. 

W. E. Milne (Los Angeles, Calif.). 


Burgat, Paul. Condition nécessaire pour qu’un probléme 
aux limites soit self-adjoint. C. R. Acad. Sci. Paris 231, 
321-323 (1950). 

A boundary problem 


L(u) = pou +pyuer—) + -+++p,u=0, 
L(t) = cx, (a) ++ +» ees, ne (@) +x, ny 1t4(b) + * * 
ax, one (5) =0, 


i=1, 2, +++, m, has an adjoint problem associated with it. 
This note is concerned with the case in which L() is self- 
adjoint and the a; ; are constants. It formulates a necessary 
condition that the problem be self-adjoint, as the vanishing 
of n® scalar products of certain vectors formed from the 
various coefficients. 

R. E. Langer (Madison, Wis.). 
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Burgat, Paul. Résolution de problémes aux limites non 
homogénes au moyen de transformations fonctionnelles. 
C. R. Acad. Sci. Paris 231, 398-400 (1950). 

By use of the Lagrange identity, a formula for the coeffi- 
cients in the expansion y(x) = }-F.04:m%(x) is derived, when 
y is the solution of a differential system L(y)+ry= f(x), 
Lily) =a, i=1, 2, ---, m, r and the a™ being constants, 
and the »(x) the characteristic solutions of the adjoint 
boundary problem L*(v)+Av=0, V;(v) =0, j7=1, 2, +++, m 

R. E. Langer (Madison, Wis.). 


Borg, Géran. On the point spectra of y+ (A—g¢(x))y=0. 
Amer. J. Math. 73, 122-126 (1951). 
Consider the differential equation (L): y’’+(A—g¢(x))y=0, 
where g(x) is real, continuous on 0=x< ©, and 


(*) Piewiase log x, xo. 


It is known that assumption (*) is sufficient in order that 
(L) be of limit-point type at «, that is, (Z) and the condi- 
tions (B): y(0) cos a+~’(0) sin a=0, yeLl?(0, ©), determine 
a self-adjoint boundary value problem. The author proves 
that if (*) is satisfied then every point \, in the point spec- 
trum of (LZ), (B) satisfies \,<Ao?. An example is given to 
show that there exist q satisfying (*) such that at least one 
eigenvalue \=* of the corresponding problem (L), (B) 
satisfies k>k)—e for ¢« arbitrarily small. 
E. A. Coddington (Cambridge, Mass.). 


Maréenko, V. A. Transformation of operators. Doklady 
Akad. Nauk SSSR (N.S.) 74, 185-188 (1950). (Russian) 
The solution of L[u]+du=0, L[u]=u’’—q(A)u, with 

u(r, 0)=1, u’(A,0)=hA is denoted by w,(A,x). The case 

h= represents u(A, 0)=0, u’(A, 0)=1. If LZ; and Lz are 

two operators, one with qu(x) and the other g2(x), then 

why ( (A, x) associated with L; is given by a linear operation V 

in wh (X, x) where V(f) =f(x)+fo7K(x, t)f(#)dt. This notion 

is dev veloped by the author for the case fo" (1+*)¢(x)dx < @. 

Reference is made to results of Povzner [Mat. Sbornik 

N.S. 23(65), 3-52 (1948)=Amer. Math. Soc. Translation 

no. 5 (1950); these Rev. 10, 299; 11, 360] and Agranovit 

[Doklady Akad. Nauk SSSR (N.S.) 66, 1025-1028 (1949); 

these Rev. 11, 28]. N. Levinson (Cambridge, Mass.). 


Titchmarsh, E. C. Ejigenfunction problems with periodic 
potentials. Proc. Roy. Soc. London. Ser. A. 203, 501- 
514 (1950). 

This paper deals with the problem of the expansion 
of an arbitrary function f(x) of integrable square in terms 
of characteristic solutions of the differential equation 
d* y/dx*+ {—g(x)}¢=0, in which g(x) is a periodic function 
having at most a finite number of simple discontinuities in a 
period, and the interval is — o <x< «. The method is that 
of analyzing the singularities of the solution (x, A) of the 
equation d*@/dx*+ {\— ¢(x)}#= f(x), and obtaining the ex- 
pansion from the limit of the integral (2ri) f(x, \)dA 
taken around an indefinitely expanding contour in the 
-plane. R. E. Langer (Madison, Wis.). 


Levitan, B. M. Proof of the theorem on the expansion in 
eigenfunctions of self-adjoint differential equations. 
Doklady Akad. Nauk SSSR (N.S.) 73, 651-654 (1950). 
(Russian) 

Let L(y) = y'?) +a;(x)y?-» + eee +a,(x)y, —esSsxsSa 

be a self-adjoint differential operator with coefficients 

bounded in every finite interval. Let the ¢;(x, \) be solutions 





of L(y) +Ay=0 such that 9;-"(0, A) =1, if 7=7, and 0, if 
ji. The author gives a new proof of the following expan- 
sion theorem, attributed to M. G. Krein [Akad. Nauk 
URSR, Coll. Works of Inst. of Math., No. 10, 83-105 
(1948); Ukrainian Math. J. 1, pp. 2 ff. (1949) ]: Let f(x) and 
g(x) have continuous pth derivatives and vanish outside a 
finite interval (a, 8). There then exists at least one sym- 
metric, monotonically increasing (in a specified sense), 
matrix-function {#;;(A)}%,;-1 such that 


8 Pp «o 
f fixe(xdx= 5 f FAG atyQd), 


i, j=l —2 


where 


r) r) 
Fin)= ff fla)eie, dx, Gir)= f els) oicx, Ndr. 
The proof assumes the Parseval equality for the expansion 
in terms of the eigen-functions of L(y) for a finite interval 
(a,b). This leads to a corresponding matrix-function 
ti(A; a, 56). A lemma shows that these functions are of 
bounded variation for any finite \-interval, uniformly in a 
and b. Making a—— «, b+, the existence of the required 
matrix-function follows by means of one of Helly’s theorems. 
F. V. Atkinson (Ibadan). 


Krein, M. G. On a one-dimensional singular boundary 
problem of even order in the interval (0, @). Doklady 
Akad. Nauk SSSR (N.S.) 74, 9-12 (1950). (Russian) 
The author develops for the general 2mth order self- 

adjoint differential equation the theory of the resolvent, of 
transform formulae, and of spectral matrix functions; an 
alternative approach to the latter has recently been given 
by Levitan [see the preceding review ]. It is suggested that 
the results are to some extent new even in the second-order 
case. The paper consists almost entirely of definitions and 
theorems; no proofs being given. 

The boundary problem has the form D®"!y—)y=0, with 
initial condition at x=0 of the form sin Aljo+cos A}, =0, 
where DPly 

dy d 


=p9- (012-2 ( on oe s(52):-)): 


Here the po, - --, p, are defined and measurable for O=x< @, 
So*| po|—dx and fo*| pi| dx, » Jo*| Pas |dx are finite for 
x>0, A =||aql\7 is an arbitrary Hermitian matrix, and p, h 
are n-vectors involving the derivatives of y. Further defini- 
tions are R, as one of the resolvents (in a certain sense), 
R(x, s;\) the corresponding resolvent kernel, (x; ) and 
*(x;) as certain n-vectors, or row and column matrices, 
derived from sets of fundamental solutions of D®"! g—A¢=0, 
and finally V, a class of matrix functions T(A) =||r(A)/fi, 
with 7(0)=0, T(A—0) =T(A), — 2 <A <;and such that 
the form 





BT (A)E= z= Tad) Eek; 


j, k=l 


is nondecreasing. Theorem 1 then associates with every R, 
a unique 7(A)eV, such that for nonreal z, ¢ there holds 


© 6*(s; A)dT(A)® iA) 
RG, 532) —REe, 83) = 2-0) J Be nate ~ 
If also for some a we have 7T(A) =0 for se then 


sith -f *(s; — dA) 





R(x, 
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These results are absolutely and uniformly convergent in 
every finite square 0O=x, s=L (0<L<~@). They may also 
be differentiated up to »—1 times with respect to x and 
similarly for s. Theorem 2 sets up two necessary and suffi- 
cient conditions for a matrix function T(A) to be a spectral 
matrix of a differential operator, the first condition being 
to the effect that the generalised Parseval equality should 
hold. This latter determines T(A) uniquely in the case of 
zero deficiency index. Theorems 3 and 4 give two sets of 
conditions under which the transform formulae 


flx)= f FO)MTA)*(,»),  FOQ)= f fl(s)®*(s; d)ds, 


hold, together with differentiated forms of these formulae. 
F. V. Atkinson (Ibadan). 


Gel’fand, I. M. Expansion in characteristic functions of an 
equation with periodic coefficients. Doklady Akad. 
Nauk SSSR (N.S.) 73, 1117-1120 (1950). (Russian) 

It is shown that the eigenfunctions of an elliptic differ- 
ential operator of second order with continuous periodic 
coefficients, on Euclidean n-space, span the (Hilbert) space 
of square-integrable periodic functions. While this is classical 
for the case m=1, the present proof is apparently simpler 
and more elementary than other existing proofs. This proof 
uses a method similar to that employed by A. Weil in his 
proof of the Plancherel theorem for locally compact Abelian 
groups [L’intégration dans les groupes topologiques et ses 
applications, Actualités Sci. Ind., no. 869, Hermann, Paris, 
1940; these Rev. 3, 198], and in the case m>1 (in which case 
the proof is merely sketched) the existence of a Green’s 
function for the given elliptic operator. I. E. Segal. 


Bergman, S., and Schiffer, M. Various kernels in the 
theory of partial differential equations. Proc. Nat. 
Acad. Sci. U.S.A. 36, 559-563 (1950). 

Bergman, S., and Schiffer, M. Some linear operators in 
the theory of partial differential equations. Proc. Nat. 
Acad. Sci. U.S.A. 36, 742-746 (1950). 

The authors continue their earlier investigations [Duke 
Math. J. 15, 535-566 (1948), and papers quoted there; these 
Rev. 10, 42] of classes of solutions of the partial differential 
equation (1) Au=g(P)u, where g(P) is a positive and con- 
tinuously differentiable function of the point P=(x, y) in 
the closure of the finite domain D. If a metric is introduced 
by the inner product 


(2) E{u, v} =f fterad u-grad v-+quv jdudv, 
D 


then the class of solutions u of (1) with a finite norm E{u, u} 
may be considered as a Hilbert space 2. If G=G(P, Q) and 
N=N(P, Q) denote, respectively, the Green’s function and 
the Neumann’s function of D, the two kernels K = K(P, Q) 
and L=L(P,Q) are defined by K=N—G, L=N+G. 
The kernel K is in = and has the reproducing property 
u(Q)=E{K(P, Q)u(P)} with respect to all functions u of 2. 
Let D,CD, D-—D,=Dhp, 


I(P, Q)=K(P, Q)+E,{L(R, P)L(R, Q)} 


(Z means that the integration in (2) is to be extended 
over Do), and define T,(P,Q) by the recursion formula 
l'(P, Q)=£,{T,1(R, P)T(R, Q)}. By setting up an inhomo- 
geneous integral equation for the kernel K,(P, Q) of D, and 
solving it by means of the Neumann series, the authors 





establish the expansion 


3) KAP, = Z| z (’) (—1prH(P, o| ; 


Thus, if K(P,Q) and L(P,Q) are known, the kernel 
K,(P, Q) can be computed by means of elementary opera- 
tions. In the case in which D, is obtained from D by a small 
variation, (3) is used in order to obtain variational formulas 
expressing the dependence of K(P, Q) and L(P, Q) of the 
domain D. 

In the second paper, the authors introduce the Hilbert 
spaces 2, and 2p, consisting of solutions of (1) with a finite 
norm £,{u, u} and E,){u, u}, respectively, and the Hilbert 
space 2’ of all functions in D which represent an element of 
2» in Dp and an element of 2; in D;. With the help of suitable 
defined kernels, various linear operators in these spaces are 
introduced. Two of these operators are shown to be com- 
pletely continuous and thus to give rise to a discrete spec- 
trum of eigenvalues and corresponding eigenfunctions. With 
the help of the latter, simple relations between the Green’s 
function of D and those of Dy and D, are established. A 
similar procedure is applicable to the Neumann’s functions 
of these domains. Z. Nehari (St. Louis, Mo.). 


Cimmino, Gianfranco. Inversione delle corrispondenze 
funzionali lineari ed equazioni differenziali. Rivista 
Mat. Univ. Parma 1, 105-116 (1950). 

Solutions and conditions of compatibility of systems of 
linear equations >-P.1d@nx%, = b, (h=1, 2, ---, m=n) are first 
discussed in their usual geometric setting. The author then 
gives a brief historical outline of extensions of the above 
theory to the solution of linear differential equations, espe- 
cially of the second order and elliptic type, by means of 
function-space considerations; see, for example, papers by 
C. Miranda [Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 3, 55-59 (1947); 4, 530-533 (1948); these 
Rev. 9, 238; 10, 297]. E. F. Beckenbach. 


Vodicka, V. Wiéirmeleitung in geschichteten Kugel- und 
Zylinderkérpern. Schweiz. Arch. Angew. Wiss. Tech. 
16, 297-304 (1950). 

Let u,(r, t), ¢=1, 2, ---, m, denote the transient tempera- 
tures in a hollow sphere composed of m concentric spherical 
shells ps=r=pi,, of different materials. The initial tempera- 
ture of the body is a prescribed function f(r) of distance 
from the center; the inner surface is insulated and linear 
heat transfer into a medium at zero temperature takes place 
at the outer surface r=p,,;. There is no thermal resistance 
or loss of heat at the interfaces. The author presents a 
formal solution of this problem by Fourier methods. He 
establishes the orthogonality property of the characteristic 
functions of r on the interval p:<r<pn,:. Matters of con- 
vergence and practical methods of computing the coeffi- 
cients in his formula are omitted. The corresponding prob- 
lem for the temperatures in a long composite hollow cylinder 
is also solved. R. V. Churchill (Ann Arbor, Mich.). 


Vodicka, V. Wirmeleitung in einem Zylinderausschnitt. 
Schweiz. Arch. Angew. Wiss. Tech. 16, 304-308 (1950). 
A formula is derived for the steady-state temperatures 

6(x, y) in a sector of a circular cylinder extending indefinitely 

along the z-axis when arbitrary temperatures independent 

of z are prescribed along the two plane boundaries and along 
the cylindrical boundary. The author uses a conformal 
transformation followed by a Laplace transformation. [Re- 
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viewer's remark. The author's solution can be found with 
considerably less labor by applying a finite Fourier sine 
transformation, with respect to the polar coordinate 
g=arctan (y/x), to the boundary value problem written in 
polar coordinates.] R. V. Churchill (Ann Arbor, Mich.). 


Datzeff, Asséne. Sur la propagation de la chaleur dans un 
milieu 4 plusieurs couches.. Annuaire [GodiSnik ] Univ. 
Sofia. Fac. Sci. Livre 1. 45, 63-91 (1949). (French. 
Bulgarian summary) 

Consider a body composed of several homogeneous layers 
with the surfaces separating the layers being parallel planes. 
The problem of heat propagation in this body is equivalent 
to the corresponding problem in a thin bar A which is com- 
posed of m homogeneous parts A; (i=1, 2, ---, m) of length 
l;, the lateral surface of the bar being impermeable to heat. 
If the bar is thought of as extending along the x-axis such 
that the section A, lies in the interval (x;_;, x;), the tem- 
perature u,(x,¢) of any such section satisfies the equation 
(1) a70?u;/dx? = du,/dt, where a?=k;/(p,0;) with p;, o;, and 
k; being the density, specific heat, and thermal conduc- 
tivity, respectively. The initial temperature is given as a 
function #,(x) such that (2) u,(x, 0) =®,(x), x;_1<x<x;. The 
temperatures at the extremities O», O, of A are given by the 
functions ¢o(t) and @,(t): (3) u1(xo, t) = do(t), tn(xn, t) = (8), 
t>0. At the points O; common to two adjacent seg- 
ments, the following conditions hold: (4) u;=u4:, (4’) 
k,du;/dx = his 10Uy41/dx, =X, t>0. 

The problem is to find a set of functions u,(x, t) 
(¢=1, ---, m) satisfying equations (1), initial conditions (2), 
and conditions (4) and (4’) at the points 0, Oo, «++, Oni 
with u; and u, satisfying conditions (3). Let ¢,(¢) indicate 
the temperature at the point O; and consider the functions 
¢; as known; the temperature u,(x, t) with initial value ,(x) 
has the values ¢;_,(¢) and ¢,(t) at the extremities O;_, and O,. 
Then u; may be written (5) u,(x, t)=Vi(x, 2)+Wix, d), 
where (6) Vi(x, t) = Ji T(x, &, )®(€)dé, (7) T(x, &, 2) 


1 — a?t x— eet, at 
= 03: ’ 
21; 


n(x, t)=(xi)-? 5 exp[- 














and 


(8) (x+)?/t] 


=1+2 > cos 2xvx-exp (—72’*v*t), 
vel 


where v3; represents the function v; on the interval (x;_,, x;). 
The function W,(x, t) is given by 


O03; 


a? (t) Em Xi~1 ) 
—?oi— ew ’ —. 
5. CUR. 
x a?t 


a? O03; 
+ p(s ~(= < 


where the asterisk indicates the sole convolution: 
(10) (t)*(t) = fo'd(r)¥(t—1r)dr. The function (5) satisfies 
conditions (2) and the conditions (11) u,(x:_1, t) =¢_,(8), 
ui(x;, t)=(t). The functions u; satisfy conditions (4) by 
the way in which they were constructed since both u; and 
ti, become ¢,(t) for x=x,;. In order to show that (4’) is 
satisfied it is necessary to differentiate (5). This gives an 
expression which is indeterminate at x =x;,, so in order to 
avoid this difficulty (4’) is replaced by the integral condi- 
tion: (4”’) Rifo'(Ou;/Ox)dr = kixsSo"(Ous,1/dx)dr, which ex- 
presses the equality of the quantities of heat which pass 


(9) Wie, )=-—¢ 
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through the point O; from right to left during the time ¢, 
This leads to a system of n—1 Volterra integral equations of 
the first kind for the unknowns ¢; (¢=1, 2, ---,—1), 
Having solved this system of equations, the results may 
then be substituted into the appropriate equations to give 
the set of functions u,(x, ¢) which constitute a solution of 
the problem. It is shown that this solution is unique. The 
stationary state problem is treated as a special case in 
which the n—1 integral equations of the preceding reduce 
to n—1 linear equations. If the end section A, is allowed to 
become infinite in length while the other sections remain 
finite in length, the above system of integral equations 
become a system of Volterra integral equations of the 
second kind. C. G. Maple (Washington, D. C.). 


Datzeff, Asséne. Sur le probléme linéaire de Stefan. 
Annuaire [GodiSnik ] Univ. Sofia. Fac. Sci. Livre 1. 45, 
321-352 (1949). (French. Bulgarian summary) 
Suppose that two semi-infinite bodies representing the 

solid and liquid phases of a body are in contact along a plane 

perpendicular to the x-axis at x =s. If u,(x,t) and u(x, t) rep- 
resent the temperatures of the two bodies, then they satisfy 
the equations: (1) @,°0°u,/dx* =du,/dt (— © Sx<s, t>b); 

(1’) @_0%u2/dx* = du,/dt (s<x@,t>t), where a; and a 

are constants. The initial conditions are (2) u(x, to) =yo(x) 

(— © Sx<xo), (2") ue(x, bo) =Bo(x) (xx<xS@). The plane 

separating the two states will move in one direction or 

the other depending upon the initial conditions and its 
motion x=s(f) is governed by the condition of Stefan: 

(3) ds/dt =e(k,Ou;/dx — kedu2/OX) ene), Where e, ky, and ky 

are constants. The problem is to find the three functions 

41, Uz, and s(t) satisfying the equations (1), (1’), (2), (2%), 

and (3). The same problem may be obtained by replacing 

the above bodies by two bars of the same material lying 
along the x-axis, touching at x=s, if their lateral surfaces 
are impermeable to heat. 

The author first solves the auxiliary problem in which he 
considers a single bar extending along the x-axis from x=% 
to x= ©. Initially the temperature is given by % (x) and 
the temperature at x=x» is zero for t=%. The point at 
which the temperature is zero is varied according to a 
given law x=s(t). The equation of heat in the bar is 
(4) a*d°u/dx*=du/dt (s(t)<xS@, t>h), with the initial 
condition (5) u(x, &) =4(x), (x»<x=@), and the boundary 
condition (6) u(s(t), f)=0 (t>0). The variation of the tem- 
perature in the bar is found as a function of x and ¢ in the 
domain x>s, <tSt+T, where T is some fixed interval 
of time. 

The method of solution consists of dividing the interval 
T into m equal parts At;=t;,:—t; (¢=0, 1, +--+, m—1) and 
solving the problem represented by (4), (5), and (6), with 
s(t) replaced by a step function s, which is constant withm 
each of the subdivisions At;. The problem for the inter- 
val At is solved to obtain the function u(x, ¢) which is 
valid for &<tSt,. The solution for the interval As; is 
a function u,(x, t) (x> xo, ts <tSti1) which satisfies equation 
(4), the initial condition u(x, t;:) =uss(x, t) (xs<xS@) 
(i=1, 2, ---,—1) and the boundary condition u,(x;, t) =0 
(t;<t2Sti41). These solutions are then expressed in terms of 
the initial condition @)(x) and it is shown that the limit 
function u(x, t) of u,(x, t) (¢=0,1,---, n—1) (n— ) satis- 
fies equations (4), (5), and (6), and is unique. 

Returning to the original problem, let u; represent the 
solution of equation (1) with the initial condition (2) and 
the boundary condition ;(s,(¢), #)=0, and let «2 represent 
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the solution of the equation (1’) with the initial condition 
(2") and the boundary condition 1,(s,(t), #)=0. Using the 
method of the auxiliary problem, the author finds the func- 
tions “;, and 2, which represent u; and u2 respectively in 
the interval At;. The functions ~;, and 2, will be known if 
the function s,(#) is known. The variation As; of s,(t) 
in the interval Aft; is determined from the condition (7) 
ds/dt = e(k0u;,/Ox — k2OU2,/OX)eme,, t¢<tStiz1, which re- 
places condition (3). In the right hand side of (7), x is 
replaced by s; so that the unknown function may be deter- 
mined by integration. Giving i the values 0, 1, ---, »—1, 
adding the results, and letting m go to infinity, this sum 
becomes the condition (3). Then the limit functions of the 
functions %;,, %2,, and s; will give a solution of the problem 
of Stefan. It is shown that this solution exists and is unique. 
C. G. Maple (Washington, D. C.). 


Lahaye, Edm. Une méthode de représentation des solu- 
tions des équations linéaires hyperboliques du second 
ordre. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 36, 461— 
473 (1950). 

The author considers a Cauchy problem for a linear 
second order hyperbolic equation, in which the coefficients 
of the second order terms are constants and the others are 
regular analytic functions of the independent variables. 
The equation is imbedded into a family of equations 
(1) F(u) =rT(u)+Z depending on a parameter r. Here the 
value of r=1 corresponds to the original equation, whereas 
for r = 0 the equation is reducible to two first order equations 
for which the corresponding Cauchy problem can be solved 
by quadratures. The initial surface shall be space-like for all 
rt between 0 and 1. The solution of (1) is found for sufficiently 
small + by iteration from the formula F(u,) =r7(u,_:) +E, 
and for r=1 by analytic continuation. F. John. 


Fichera, Gaetano. On some general integration methods 
employed in connection with linear differential equations. 
J. Math. Physics 29, 59-68 (1950). 

In a recent paper (referred to as N by the author), the 
reviewer and Greenberg [J. Math. Physics 27, 193-201 
(1948) ; these Rev. 10, 213] considered the plane biharmonic 
boundary value problem (1) AAw=) in R, w=f, dw/dn=g 
in C, where R is a plane domain, C its boundary, n is 
the outer normal to C, and p, f, and g are given func- 
tions. Given a point (xo, yo) of R it was shown in N how 
to construct, from chosen known functions, sequences 
of real numbers {ba(xo, yo)} and {ea(xo, yo)} such that 
| w(x, Yo) —Dx(x0, Yo) | Sea(x0, Yo), and where for each h both 
the approximation b,(xo, yo) and the error ¢@(xo, yo) are 
explicitly numerically computable in terms of the chosen 
known functions. The present paper (which the author 
states was prompted by the reading of N) is an exposition, 
for the special case of the boundary value problem (1), of 
some general analytical methods for the solution of physical 
problems developed by M. Picone and his co-workers. It is 
first shown how, without using certain functions employed 
in N (the functions depending on the distance from (xo, yo)) 
one may obtain a sequence {b,(xo, yo)} which converges 
uniformly to w(x», yo) on R+C. However, unlike the situa- 
tion in N given (xo, yo) in R, the “error” made in approxi- 
mating the number w(xo, yo) by the number d,(xo, yo) is not 
actually numerically computable in terms of chosen known 
functions. Three methods are then discussed for construct- 
ing (from certain complete sequences of functions) sequences 
of functions which converge uniformly to the solution of (1) 
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on R+C. These methods may be used to show the existence 
of the solution of (1). However, again unlike N, where no 
attempt to prove the existence of the solution was made, in 
each of these methods the “error” at any given point of R 
at any given step of the approximation is not actually 
numerically computable in terms of chosen known functions. 
[For another procedure for constructing sequences of func- 
tions converging uniformly to the solution of (1) see Wein- 
stein and Jenkins, Trans. Roy. Soc. Canada. Sect. III (3) 40, 
59-67 (1946), these Rev. 8, 547. This subject seems to have 
been considered first by Zaremba, Bull. Int. Acad. Sci. 
Cracovie 1908, 1-29, and has been discussed by Bergman, 
Math. Ann. 98, 248-263 (1927), and Bergman and Schiffer, 
Duke Math. J. 14, 609-638 (1947), p. 635. Concerning direct 
variational methods in the theory of plates, see K. O. 
Friedrichs, Math. Ann. 98, 205-247 (1927). ] 
J. B. Diaz (College Park, Md.). 


Integral Equations 


* Parodi, Maurice. Equations intégrales et transformation 
de Laplace. Publ. Sci. Tech. Ministére de |’Air, Paris, 
no. 242, viii+125 pp. (1950). 

This book contains a 37-page introduction of fundamental 
properties of the Laplace transformation followed by a 
collection of recent investigations by the author and 
others into the solutions of certain types of integral equa- 
tions by the Laplace transformation. Equations of the type 
f()+So"K (t, x) f(x)dx =g(t) in the unknown function f(x) 
receive the greatest share of attention. The principal 
method here of resolving equations of that type requires 
first that the transform of the kernel K(t, z) with respect to 
t shall have the form p(s) exp [—xy(s) ], where p and y are 
transforms of known functions a(t) and 6(#). This condition 
infers that the kernel has a quite special and involved form 
in terms of the functions a(t) and b(t); the kernel is repre- 
sented by a series in x" whose coefficients are convolution 
integrals of a(#) and 6(¢) with multiplicity »+1. Under this 
assumption the integral equation transforms into a func- 
tional equation in the transform of f(t). Several conditions, 
such as the condition that ¥(s) be its own inverse, are pre- 
sented under which the functional equation can be solved; 
the inverse transform of that solution represents a formal 
solution of the integral equation. Special examples are given. 
Shorter discussions and examples of other special types of 
integral equations, some involving finite integrals, are pre- 
sented with formal solutions. [Reviewer’s remark. The 
material from p. 5, line 11 to p. 7, line 11 and from p. 8, 
line 18 to p. 10, line 4 is a translation from the reviewer's 
book, Modern Operational Mathematics in Engineering 
[McGraw-Hill, New York, 1944; these Rev. 5, 267], p. 149, 
line 1 to p. 151, line 17 and p. 153, line 17 to p. 155, line 28, 
respectively. ] R. V. Churchill (Ann Arbor, Mich.). 


Michal, Aristotle D. Integral equations and functionals. 
Math. Mag. 24, 83-95 (1950). 


Expository paper. 


Triitzinsky, W. J. Multidimensional principal integrals, 
boundary value problems and integral equations. Acta 
Math. 84, 1-128 (1950). 

The integrals considered in this paper are of the type 

W(x) = fslk(y, x)/r*(y, x) ]o(y)do(y). Here S is a finite set 
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of bounded surfaces (some of which may be open) in 3-space, 
r(y, x) = Di.1(y:—x,)?, k(y, x) has an expansion in powers 
of (y:—x,)/r(y, x) with coefficients depending on y, and 
q(y) satisfies a Hélder condition. The function ¥(x) exists 
in the ordinary sense if x is not on S, but has to be suitably 
defined as a principal value if x=¢ is on S. This principal 
value exists if S is sufficiently smooth and k(y, ¢) satisfies a 
symmetry condition, expressible in terms of its Fourier 
expansion in local polar coordinates on S. If x—t (on S, but 
not on an edge of S), then ¥(x)—K(t)q(t)+¥(t) where K 
depends on k, a, and the direction along which x—#; more- 
over k, o can be constructed so that K has assigned proper- 
ties. These results, combined with estimates of the growth 
of (x) as x approaches an edge of S, are employed to 
solve boundary value problems of Hilbert-Riemann type 
®’(t)=A(t)o”"()+B(t) for an unknown @ and assigned 
A, B, where ®’(t), &’’(t) denote lim (x) as x—t along two 
assigned directions. Finally, singular integral equations 


k(y,t 
a(t)u(t)+ f se utyMdety) +T (w/t = f(t) 
8 ’ 


(a(t) #0, T a suitably regular integral operator) are studied. 
These can be solved in some cases by constructing a “‘regu- 
larising” operator, whose application reduces the given 
integral equation to one of Fredholm type. For related 
work, especially for the corresponding problems in the plane 
(for which complex variable methods are available), see the 
author [Trans. Amer. Math. Soc. 60, 167—214 (1946); these 
Rev. 8, 211], N. I. MusheliSvili [Singular Integral Equa- 
tions . . .. OGIZ, Moscow-Leningrad, 1946; these Rev. 8, 
586], and S. G. Mihlin [Uspehi Matem. Nauk (N.S.) 3, 
no. 3(25), 29-112 (1948); these Rev. 10, 304]. 
G. E. H. Reuter (Manchester). 


Schubert, Hans. Uber eine lineare Integrodifferentialglei- 
chung mit Zusatzkern. Ber. Verh. Sachs. Akad. Wiss. 
Leipzig. Math.-Nat. KI. 97, no. 7, 52 pp. (1950). 
Certain aerodynamical problems lead to integrodifferen- 

tial equations, involving integration in the sense of Cauchy 

principal values. The author considers two such equations 
and indicates that they constitute special cases of the 
equation (1) yof(#) 

1 
=}(0)| (0) -— 
4nr 


. 7 0 —cos 8) '+K (8, 3’) ]dd’ 

o ai 

[h(x)>0 (a<x<b); K(x,x’) continuous for ax, x’Sb 
or | K(x, x’)| Sconst. |x—x’|* (0<a<1); 7.20], the prob- 
lem being to find all the solutions f(#) of (1) so that: (a) f(#) 
is continuous for 0O=8=7, f(0)=f(x)=0; (b) f’=df/de is 
of integrable square on (0,7) and satisfies uniformly 
| f’' (e+) —f'(8)| SD, |t|* (0<a<1), for |t| sufficiently 
small, on every closed interval of continuity of g(#) and 
h(#). It is possible to treat problems of such type on the 
basis of the general theory of integral equations in the sense 
of principal values, due to G. Giraud; however, the condi- 
tions are sometimes quite complicated. Making use of the 
particular character of the problem, the author gives simple 
sufficient conditions for the existence of unique solutions of 
the equations under consideration, as well as effective pro- 
cedures for numerical calculation of the solutions. The ques- 
tion of whether the given conditions are sufficient also for 
the uniform convergence of the approximating solutions to 
the sought function f(#) is left to an intended future investi- 
gation. The actual developments are based on certain 
properties of Poisson integrals; furthermore, (1) is reduced 
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to a potential-theoretic boundary-value problem. The na- 
ture of the problem is such that Lebesgue integration can be 
avoided, which the author does. W. J. Trjitzinsky. 


Edmonds, Frank N., Jr. Scattering by a moving electron 
atmosphere and its effect on spectral lines. I. The 
Schuster problem. Astrophys. J. 112, 307-323 (1950). 
In this paper the problem of the transfer of radiation in 

a plane parallel atmosphere of free electrons is considered 

on the assumption that the scattering by the electrons takes 

place in accordance with the frequency independent Thom- 
son scattering coefficient, the Rayleigh’s phase function, 
2(1+cos? ®@) and a Maxwellian distribution of thermal 

velocities. It is further assumed that the atmosphere is in a 

state of differential expansion. The author shows that under 

these conditions the source function, (a, 7, «) in the equa- 
tion of transfer 


(1) pees Hay 78) —Se 21) 
dr 
has the form 
1 fdw 1+cos*® 
Sle, r, -—Jz (1—cos @)! 
+00 


x da! I(a’ —2[u—y'], 7, wu’) 
Xexp [—(a—a’)*/(1—cos 8)], 


where cos 0 =yuyp’+(1—y)*(1—y’)! cos g is the angle be- 
tween the directions specified by (uz, 0) and (u’, ¢), a isa 
measure of the displacements in frequency (caused by 
Doppler effect) and & (which is a function of r) is a measure 
of the velocity of differential expansion perpendicular to the 
plane of stratification. A solution of equation (1) is sought 
which satisfies the boundary conditions I(a, 71, ») =J(a, p) 
and I(a, 0, —u) =0 (u=0), where J(a, u) is a known func- 
tion of a and yw, and r;>0 is an assigned constant. 

Letting ¥(a, r, uy) = I(a+Qu, 7, uw) and making the Fourier 
transformation , 


+0 
Va) f ety (a, 7, u)da, 


the author shows that equation (1) can be reduced to the 
form 


dx(é, tr, dQ 
(2) peer. (1-H) xe ie 





x(é, 7, 4) = 


3H 
“8 p(é, a, w’)x(&, 7, p’)dy'’, 
-1 


where Se 
P(E, wy #’) -—f (1-+cos? Q)e~?0—-cos)8"d y, 
r/o 


The appropriate boundary conditions are ¥(a, 71, ») = ¥(a, #) 
and ¥(a,0, —u)=0 (u>0), where W(a,u) is the Fourier 
transform of J(a, u). In the further discussion of equation 
(2), d2/dr is considered to be a constant, i.e., an atmosphere 
which is in uniform differential expansion is considered. It 
will be seen that by the Fourier transformation the variable 
§ has been separated. 

Equation (2) can now be solved by the standard method 
of replacing the integral representing the source function by 
a weighted mean of the values of I(a, r, 4) at a finite number 
of suitably chosen values of u. The author solves equation 
(2) in the “first approximation” in which I(a, r, 4) is con- 
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sidered at p= +1/+/3 and —1/,/3. The final solution for 
the emergent intensity J,(a,0)=I(a, +1/+/3,0) is ex- 
pressed in the form 


(3) Iy(a, 0) =e-™/* J(a, 1/+/3) 
+f se, 1/9) (1 : a—a! da’, 


where A(r:,dQ/dr;a—a’) is a complicated function of 
(a—a’) depending on the parameters 7; and dQ/dr. The 
interpretation of this equation is this: ‘The first term on the 
right-hand side represents the contribution to the emergent 
radiation of the incident radiation which passes through the 
electron atmosphere without having suffered a single scat- 
tering process; the second term represents the contribution 
of the incident radiation which has suffered one or more 
scattering processes. The integral in the second term indi- 
cates the noncoherent nature of the scattering, the function 
A(r:, dQ/dr; a—a’) representing the spectral distribution of 
emergent scattered radiation arising from an incident mono- 
chromatic radiation at a frequency a’ and of unit intensity.” 

The behavior of the function A(r:, dQ/dr; x) is considered 
in some detail. It is shown, for example, that it has a log- 
arithmic singularity at a—a’=ay where 


a = 71[2(r1) —2(0) ]//3 = [rd2/dr]//3. 


The function Q(r;, dQ/dr; x) is numerically evaluated and 
illustrated for the cases 7; =0.5, dQ/dr=1.0, and r;=0.5 and 
dQ/dr=0.5. The effect of “‘smearing”’ an initial distribution 
J(a, 1/+/3) according to equation (4) is also illustrated. 
S. Chandrasekhar (Williams Bay, Wis.). 


Edmonds, Frank N., Jr. Scattering by a moving electron 
atmosphere and its effect on spectral lines. II. The 
planetary nebula problem. Astrophys. J. 112, 324-336 
(1950). 

In this paper the author considers a problem in the theory 
of radiative transfer under conditions similar to those 
treated in the paper reviewed above. After making the 
transformations indicated in that review, the author is led 
to consider the equation (in the notation of the preceding 
review) 


dx(é, r, dQ 
q) en (1-H) x(6 vs 


3 fh 
ae peé, By u’)x(é, T; pw’) dy’ 


8J_ 
5 BU +n)G@etwHMeern, 
where . 


+o 
——~ f F(a)ertda, 


and §}(a) =}F(a+Qxy) is some known function of the argu- 
ment. [This equation differs from equation (2) of the pre- 
ceding review by the additional term which makes it non- 
homogeneous. ] The solution of this equation is sought 
which satisfies the boundary conditions x(¢, 0, —u) =0 and 
x(é, 71, uw) =x(, t2, —u) (u>0). The author solves equation 
1) in a ‘first approximation’ and expresses the emergent 
intensity J,(a) =I(a, 1/+/3, 0) in the form 


@) 16a) 4 Flea’ (ru saa!) 


The function A’(r:,dQ/dr;a—a’) has an interpretation 
similar to the corresponding function introduced in the 
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solution of the problem considered in the preceding review. 
The function A’(r;, dQ/dr; a—a’) is numerically evaluated 
and illustrated for the cases r;,=0.5 and dQ/dr=1.0. The 
effect of ‘smearing’ a known function F(a) in the manner of 
equation (2) is also illustrated. S. Chandrasekhar. 





Functional Analysis, Ergodic Theory 


Alexiewicz, A. On sequences of operations. 

Math. 11, 200-236 (1950). 

[For part I see the same vol., 1-30 (1949); these Rev. 12, 
418. ] In this paper the author considers A-spaces. These are 
linear spaces X, over the field of reals having a notion a of 
limit of a sequence defined, which is such that addition and 
multiplication by scalars are continuous in both variables, 
and satisfies certain other postulates not explicitly stated. 
He considers sufficient conditions on the A-s X, and Vz 
for the following statements to hold: (I) If U(x) is the limit 
of a sequence { U,(x)} of linear operations from X, into Yz 
convergent everywhere, then U(x) is linear; (II*) if { U,(x)} 
is a sequence of linear operations from X, into Ys bounded 
for any x (i.e. A,U,(x)-—90 in the sense 8 whenever \,— 0 in 
the usual sense) and convergent in a set D dense in X,, 
then it is convergent everywhere; (III,') if, for every p, 
{ Uyq(x)} is a sequence of linear operations from X, into VY, 
and x, is an element for which the sequence { U,,(x,)} is 
divergent, then there is an element x» such that the sequence 
{ Upq(xo)} is divergent for every p; (III:") which is the same 
as (III,") with “divergent” replaced by “unbounded”. To 
this end he considers a set of ten postulates. He considers 
various types of spaces, e.g. F-spaces and Kantorovitch 
spaces, and also considers some concrete spaces with various 
notions of limit. A typical theorem is: “The space M, 
satisfies the postulates (a;), (a3), (b2), (b2") and (04), but does 
not satisfy the postulates (a2), (a2’), (b:) and (0,).”" He 
applies his results to finding conditions under which the 
statements quoted above are true, and establishes the inde- 
pendence of the first three for A-spaces. [Note. There are a 
number of misprints: p. 209 (line 3 from bottom) two lower 
suffixes appear as upper suffixes; p. 210 (line 10) “(as)” 
should read “(ds)”; p. 213 (line 1) “bounded” should be 
inserted between “real” and “functions”; p. 213 (line 17) 
a suffix “1’’ has been omitted; p. 213 (line 21) “‘#” should 
read ‘‘="’; p. 213 (line 22) “a,,,;” should read “a,+1"’; 
p. 213 (line 6 from bottom) “p—>” should read “g—@"’; 
p. 215 (line 10) “O<s<1” should read “aSs=b”.] 

A. F. Ruston (London). 


Il. Studia 


Alexiewicz, A. On differentiation of vector-valued func- 

tions. Studia Math. 11, 185-196 (1950). 

This paper contains generalizations of results on differen- 
tiation due to Pettis [Duke Math. J. 5, 254-269 (1939) ] 
and the author [to appear in Soc. Sci. Lett. Varsovie C. R. 
Cl. III. Sci. Math. Phys.]. Let x(#) be a function defined 
on a subset E of the reals to a Banach space X and let 
X,* be a total subset of the conjugate space of X; i.e. 
sup|x*(x)| =||x|| for ||x*||=1 and x* in the linear space 
spanned by X,*. Denote by D(¢, h) the difference quotient 
h-(x(t+-h) —x(t)). The main result obtained here is that 
X,*-weak differentiability of x(#) in E to a function y(é) 
which is essentially separably valued in E plus the condition 
lim supa.o ||D(t, k)||< © for every teE implies strong differ- 
entiability of x(¢) to y(t) almost everywhere in E. This result 











remains true if the X,*-weak differentiability is replaced 
by X,*-approximate pseudo-differentiability; i.e. for each 
x*eX,* there exists H,»CE such that E—H,* has measure 
zero and x*(y(t)) is the approximate derivative of x*(x(t)) on 
H,* (Pettis, loc. cit.]. A corollary is that weak differentia- 
bility of x(#) in E to a function y(t) implies strong differentia- 
bility of x(t) to y(t) almost everywhere in E. This is a slight 
generalization of a theorem of Pettis [loc. cit., p. 262]. An 
application here is the following. Let { f,(¢)} be a convergent 
sequence of real functions each of which is differentiable on 
E. lf {f,’(t)} converges in E and, at each teE, h,—0 implies 
lim supn+«|[fa(t+hn) — f(t) ]/ha| <<, then the f,(#) are 
equi-differentiable almost everywhere in E and 


litnw fn’ (t) = (d/dx) (line fa(t)) 


almost everywhere in E. C. E. Rickart. 
Waiewski,T. Une généralisationen des théorémes sur les 
accroissements finis au cas des espaces abstraits. Appli- 
cations. Bull. Int. Acad. Polon. Sci. Cl. Sci. Math. Nat. 
Sér. A. Sci. Math. 1949, 183-185 (1950). 
The author considers quotients 


T(t, te) =(®(t2) — (4+) J/ (f(x) — f()). 


Here ¢; denote values of the real variable #, f(t) a real-valued 
function while the values of #(#) lie in a linear normed (not 
necessarily complete) space E. The following theorem is 
stated: let A be an open interval of the ¢-axis, t,CA a se- 
quence converging to &CA, and V a convex set in E. If then 
the distances of the points J(%, t,) of E from V converge to 
zero, one has I(a,t)C V for every couple a, ¢ of distinct 
points of A. A number of applications of this theorem which 
is considered to be a generalization of the second mean value 
theorem of the differential calculus are indicated. No proofs 
are given. E. H. Rothe (Ann Arbor, Mich.). 


Taylor, Angus E. Weak convergence in the spaces H?. 

Duke Math. J. 17, 409-418 (1950). 

L’espace H” est formé des fonctions f de la variable 
complexe z qui sont analytiques pour |z| <1 et telles que 
N,(f) =suposreal (24) fo" | f(re*) | °d0]}”? soit fini; alors la 
limite radiale f(e*) =lim,:f(re*) existe presque partout, et 
on a N,(f) =[(24)~*fo?" | f(e*) | 9d0]}"*. On peut donc con- 
sidérer H? comme un sousespace de l’espace L(0, 2x), p=1, 
et pour qu’une suite converge faiblement dans H?, il faut 
et il suffit qu'elle converge faiblement dans ZL”. L’auteur 
transforme les conditions de convergence faible dans L”, qui 
portent sur les valeurs limites de f(z) pour |z| =1, en condi- 
tions qui ne font plus intervenir que les valeurs de f(z) 
pour |z| <1. Par exemple, pour qu’une suite (f,) converge 
faiblement vers f dans H”, pour p>1, il faut et il suffit que 
la suite des N,(f,) soit bornée, et que f,(z) tende vers f(z) 
pour |z| <1. On obtient des conditions analogues mais plus 
compliquées pour p=1. J. Dieudonné (Baltimore, Md.). 


Marinescu, G. The extension of bilinear functionals in 
general Euclidean spaces. Acad. Repub. Pop. Rom4ne. 
Bul. Sti. A. 1, 681-686 (1949). (Romanian. Russian 
and French summaries) 

The first theorem states that in a real vector space of 
Euclidean type E, every bounded bilinear functional defined 
over a subspace E, of E may be extended to the entire space 
without increase of its bound. In the proof, use is made of a 
characterization of Euclidean spaces due to Kakutani [Jap. 
J. Math. 16, 93-97 (1939); these Rev. 1, 146]. The second 
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theorem asserts that if EZ is a real Banach space in which the 
above extension property holds, then E is isomorphic to a 
Euclidean space. The proof is incorrect since it is based on 
the introduction of a new norm in E which is not necessarily 
positive definite. E. R. Lorch (New York, N. Y.). 


Maak, Wilhelm. Fastperiodische invariante Vektormoduln 
in einem metrischen Vektorraum. Math. Ann. 122, 157- 
166 (1950). 

The results of this paper have previously been announced 
[Proc. Nat. Acad. Sci. U. S. A. 36, 208-210 (1950); these 
Rev. 11, 443]. The main result that the axiom IV of Weyl’s 
paper [Amer. J. Math. 71, 178-205 (1949); these Rev. 10, 
461, 856] is superfluous has been proved independently by 
the author and Kawada [Kédai Math. Sem. Rep., no. 3, 
3-6 (1949); these Rev. 11, 186]. Their approaches to Weyl’s 
theory are similar in principle. They start with proving the 
approximation theorem by help of the axioms | and III 
(III without the inequality (1.3)), using to this effect the 
theory of vector-valued almost periodic functions, and next, 
by adding axiom II (and the inequality (1.3)) they deduce 
the Parseval formula and associated theorems by help of 
the approximation theorem. E. Félner (Copenhagen). 


Can, Cze-Pei. Reflective operators in a unitary space. 
Doklady Akad. Nauk SSSR (N.S.) 76, 497-500 (1951). 
(Russian) 

Let T be a closed linear operator of a unitary space and 
Dr the domain of definition of T. The author calls T reflec- 
tive if TDrOQDr. The main result of the paper is that if a 
closed reflective operator is either symmetric or normal then 
it is bounded. An example is given which proves that if the 
operator is neither normal nor symmetric then the theorem 
need not be true. It is also proved that if T is a closed linear 
reflective operator then there exists a positive constant C 
such that ||7?/\/?==C*(||f||*+ || 7/||*). F. I. Mautner. 


Cooper, J. L. B. The characterization of quantum- 
mechanical operators. Proc. Cambridge Philos. Soc. 46, 
614-619 (1950). 

A characterization of (unbounded) self-adjoint operators 
on Hilbert space is given which is motivated by the inter- 
pretation of such operators as Hamiltonians in quantum 
dynamics. A “motion” is a function U; on an interval J of 
t-values containing ¢=0, to the linear transformations on a 
Hilbert space H, with the properties that (a) for any fixed 
xeH, Ux (as a function on J to HW) is continuous at t=0, 
(b) U.Uy = Une if t, ri and t+?’ are all in 8 (c) U =I 
(identity operator). A ‘‘constant’”’ of the motion is an oper- 
ator A with domain D, such that for any xeD,, UwxeD, for 
teI, and (A U,x, U;x) is constant. It is shown that a maximal 
Hermitian (=symmetric) operator is self-adjoint (=hyper- 
maximal symmetric) if and only if there exists a motion 
defined through (— ©, ~) such that (i) R and J are con- 
stants of the motion, and (ii) any closed operator S with 
dense domain which is a constant of the motion commutes 
with R (i.e. RS=SR, where the domain of a product RS is 
the set of vectors x such that Sx is in the domain of R). The 
“if” part of the proof is the more difficult and utilizes results 
of the author concerning the one-parameter semi-group of 
isometric operators generated by the maximal symmetric 
operator R. In the “only if’ part the definition of commuta- 
tion can be strengthened to SRCRS in case S is bounded, 
and to SE,>£,S, where {£,} is the resolution of the iden- 
tity of S, in any case. I. E. Segal (Chicago, Iil).) 
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Costa de Beauregard, Olivier. Définition nouvelle de 
Phermiticité du quadriopérateur—(h/27i)d*. C.R. Acad. 
Sci. Paris 232, 214-216 (1951). 

The author establishes more definitively and under less 
restrictive conditions than in an earlier paper [same C. R. 
231, 1423-1425 (1950); these Rev. 12, 378] the ‘“‘Hermitian 
character” of the operator in question. I. E. Segal. 


Bohr, Harald, and Fginer, Erling. Infinite systems of linear 
congruences with infinitely many variables. Danske 
Vid. Selsk. Mat.-Fys. Medd. 24, no. 12, 35 pp. (1948). 
In an earlier paper [Danske Vid. Selsk. Mat.-Fys. Medd. 

7, no. 1 (1925)] Bohr considered the countably infinite 

system of finite congruences 

(1) @jrxXa ba jatet+ +++ +jnn,=0;(mod1), j=1,2,---, 

and gave a necessary and sufficient condition that such a 

system (1) with fixed rational coefficients ay should have a 

solution for every choice of 6, 02, --: which makes every 

finite subset of the equations (1) have a *ciution. The main 
theorem of the present paper generalizes this result by 
removing the restriction that a, be rational. Let R® denote 
the infinite-dimensional space consisting of all sequences 

(x3, x2, +++), and let a one-to-one linear transformation of 

the form y;=@jix1++ ++ +@jp%p, (j=1,2,---) which takes 

R® into the whole of R® be called a substitution. A system 

of linear forms (2) aj:x1+++ + +@jn%n, will be said to be of 

type S if a (finite or infinite) subset of the variables x,, xs, - - - 
have only integral coefficients, while each of the other vari- 
ables necessarily becomes zero if for sufficiently large 

N (i.e., for N2=No, where No depends on the variable) one 

solves the first V congruences of (1) with @,; =@.=--- =@y=0. 

The main theorem of the present paper states that the sys- 

tem (1) can by a substitution be transformed into a system 

of type S if and only if (1) has a solution for every choice of 

6:, 02, -»» which makes every finite subset of the equations 

of (1) have a solution. R. H. Cameron. 


Kondé, Motokiti. Les formes normaux des flots topo- 

logiques. I. Math. Japonicae 2, 1-8 (1950). 

A pair (Q,G) where © is a topological space and G is a 
group of homeomorphisms of Q is called a flow. It is called 
a pure functional flow if there exists a topological space X 
such that @ is a subspace of the metric space C(X) of 
bounded continuous functions on X (with complex values) 
and G is a group of multiplications by some elements of 
C(X) (leaving Q invariant). It is shown that if G is Abelian 
and possesses a Haar measure then every (2, G) is iso- 
morphic to a pure functional flow. A function ¢g on Q is 
called covariant if there exists a character x of G such that 
o(gw) = x(g)e(w) for all geG, we. Such functions are dis- 
cussed and conditions given in terms of them for a flow to 
be isomorphic to a pure functional flow. W. Ambrose. 





Mathematical Statistics 


Votaw, D. F., Jr., and Rafferty, J.A. High speed sampling. 
aor, Tables and Other Aids to Computation 5, 1-8 
1951). 


Packer, L.R. The distribution of the sum of n rectangular 
variates. I. J. Inst. Actuaries Students’ Soc. 10, 52-61 
(1 plate) (1950). 

The author rederives, using difference notation, the dis- 
tribution function for the sum of m independent continuous 
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random variates each of which is rectangularly distributed 
in (0, 1). He provides brief tables and some discussion in- 
cluding the application of this distribution to the problem 
of the accuracy of sums of rounded off numbers. 

C. C. Craig (Ann Arbor, Mich.). 


Bizley, M. T. L. A note on the variance-ratio distribution. 
J. Inst. Actuaries Students’ Soc. 10, 62-64 (1 plate) 
(1950). 

The integral of the density of the F distribution with n, 
and mz degrees of freedom is obtained in closed form for the 
case where m,; and mz are even. H. Chernoff. 


Gebelein, Hans. Logarithmische Normalverteilungen und 
ihre Anwendungen. Mitteilungsblatt Math. Statist. 2, 
155-170 (1950). 

Let & and » be two standardized chance variables dis- 
tributed according to a bivariate normal distribution with 
correlation coefficient p. This paper investigates the 
distribution of the two transformed chance variables 
x= (1/c:) exp (cisig) and y=(1/c2) exp (C252), where ¢1, 51, 
C2, S$: are four arbitrary constants. The results are applied 
to a problem of biological assay. G. E. Noether. 


Ogawa, Junjiro. On the independence of quadratic forms 
in a non-central normal system. Osaka Math. J. 2, 151- 
159 (1950). 

The author proves that A. T. Craig’s condition for the 
independence of two quadratic forms in independent normal 
variables is necessary and sufficient also in the non-central 
case. An example is given related to a paper by Villars [Ann. 
Math, Statistics 18, 596-600 (1947); these Rev. 9, 363]. 
[Reviewer's note: The example is chosen unfortunately; 
as the author notes, the theorem is not applicable to Villar’s 
statistic, and under the null-hypothesis the distribution of 
the statistic F proposed by the author follows already from 
Craig’s theorem. However, the theorem does prove that 
under the alternatives F is distributed as the ratio of two 
noncentral x*’s. ] E. L. Lehmann (Princeton, N. J.). 


Friede, Georg. Pascalische Verteilungen, Confidence- und 
Fiduzialschluss. Mitteilungsblatt Math. Statist. 2, 
171-183 (1950). 

The purpose of this paper seems to be to introduce a new 
concept of “confidence” interval. The author sets himself 
the following problem: to determine a suitable interval for 
the parameter p of a binomial distribution such that a future 
random sample of size m will produce a given number s of 
successes. Assuming that minimal and maximal values of p 
which satisfy the required condition are distributed accord- 
ing to n(=3)p""(1—p)"~* and n(";")p*"(1—p)""*,_ respec- 
tively, it is shown that we obtain the usual confidence inter- 
val for ». However, the reviewer fails to see what worth- 
while interpretation can be given to this interval in connec- 
tion with the problem stated above. On the other hand, 
changing the intentions of the author, the computations 
performed may be used to show how the usual confidence 
interval for the parameter p of a binomial distribution may 
be obtained through the consideration of rank order 
statistics. G. E. Noether (New York, N. Y.). 


Midzuno, Hiroshi. On certain groups of inequalities. 
Confidence intervals for the mean. Ann. Inst. Statist. 
Math., Tokyo 2, 21-33 (1950). 

The inequality Prob {|x—Ex|=Km,}=K~—, where 
m= E|x—Ex|*, is used to obtain confidence intervals for 
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the population mean from the sample mean, under certain 
hypotheses about the moments of the distribution. Formu- 
las for the first twelve moments of the sample mean in terms 
of the population moments are given. D. Blackwell. 


Anderson, T. W., and Rubin, Herman. The asymptotic 
properties of estimates of the parameters of a single 
equation in a complete system of stochastic equations. 
Ann. Math. Statistics 21, 570-582 (1950). 

In a previous paper [same Ann. 20, 46-63 (1949); these 
Rev. 10, 464] the authors have given a method for esti- 
mating the coefficients of a single equation in a complete 
system of linear stochastic equations. The estimates were 
obtained as maximum likelihood estimates assuming nor- 
mality of disturbances. In the present paper the consistency 
of the estimates and the asymptotic distribution of the 
estimates and the test criteria are studied under more 
general conditions. W. Hoeffding (Chapel Hill, N. C.). 


Birnbaum, Z. W. On the effect of the cutting score when 
selection is performed against a dichotomized criterion. 
Psychometrika 15, 385-389 (1950). 

The author considers the following problem. An admission 
test results in a numerical score X, and only those candidates 
are admitted to the course of training whose X is at least 
equal to a “cutting score’’ £. The achievement after comple- 
tion of training is not expressed in a numerical score, but is 
classified in a dichotomy as “successful” or ‘‘unsuccessful’’. 
A certain fraction R of those admitted is thus qualified as 
successful, and it may be expected that this fraction will 
depend on the cutting score: R= R(£). Given sufficient data 
obtained with a cutting score £;, is it possible to tell how a 
change of the cutting will affect this ratio, i.e., can one com- 
pute R(é) for other values of &? This problem is solved by 
means of large sampling methods under the assumption 
that X and FY are jointly distributed in a bivariate normal 
probability function. L. A. Aroian. 


Blomqvist, Nils. 
two random variables. 
600 (1950). 

Let (x1, ¥1), ***, (%a, ¥n) be a random sample from a two- 
dimensional population with continuous marginal distribu- 
tions. The measure of dependence g’ here considered is 
(essentially) a linear function of the number of pairs (x;, y;) 
such that x;, y; are both greater or both less than the respec- 
tive sample medians. The distribution of g’ is found to be 
asymptotically normal under general conditions. Tables of 
the distribution of q’ in the case of independence are given. 
The asymptotic efficiency of the q’-test of independence is 
compared with that of other tests when the alternative is 
bivariate normal. W. Hoeffding (Chapel Nill, N. C.). 


On a measure of dependence between 
Ann. Math. Statistics 21, 593- 


*Cansado, Enrique. Conferencias sobre muestreo esta- 
distico. [Lectures on Sampling Statistics]. Instituto 
Nacional de Estadistica, Madrid, 1950. xiii+240 pp. 
An expository account of the theory of sampling as used 

in sample surveys, derived mainly from the available litera- 
ture. The principal topics are random, stratified random, 
systematic, and multistage sampling, with estimation by 
the simple average, ratio, and regression methods. Clearly 
and intelligently presented, it appears an excellent intro- 
duction for Spanish-speaking students. W.G. Cochran. 
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Johnson, Palmer O., and Fay, Leo C. The Johnson- 
Neyman technique, its theory and application. Psycho- 
metrika 15, 349-367 (1950). 

The method named in the title was described originally 
by Johnson and Neyman [Statist. Res. Mem. London 1, 
57-93 (1936) ]. The present paper gives a description of the 
method, to make it readily available to American readers, 
and outlines a simplified working procedure for an actual 
problem in educational testing. The following type of prob- 
lem is discussed. Consider two groups of individuals, each 
individual having associated with him certain basic charac- 
ters described by numbers X, Y. An individual in the ith 
group, 7=1, 2, has also an experimental character meas- 
ured by the normal deviate Z;. Assume E(Z,;)=f,(X, Y), 
SAX, Y) =AoitAwX +AxY, the Aj; being unknown. Fora 
particular pair (X’, Y’) let H(X’, Y’) be the hypothesis 
fi(X’, Y =f2(X"’, Y’). The likelihood ratio criterion leads 
to an F-test of significance. The “region of significance,” 
for a given level of significance, is the set of points (X’, Y’) 
for which H(X’, Y’) is rejected, and, if it exists, is bounded 
by a second-degree curve which is found explicitly. Estima- 
tion procedures are discussed. T. E. Harris. 


Anscombe, F. J. Sampling theory of the negative binomial 
and logarithmic series distributions. Biometrika 37, 
358-382 (1950). 

Various estimates for the parameters of the negative 
binomial and logarithmic series distributions are proposed, 
and their efficiency evaluated. Tests for these distributions 


against various alternatives are discussed. 
D. Blackwell (Stanford University, Calif.). 


Das, A. C. Systematic sampling. III. Science and Cul- 

ture 15, 491-492 (1950). 

Using variances of sample means, the author compares 
random, stratified, and systematic sampling from a finite 
population whose elements are associated with the cells of 
a p-dimensional “‘rectangular’’ field having []?.1; strata, 
each of []%~1k; cells. The finite population is assumed to be 
a sample from an infinite population. A typical result gives 
sufficient conditions under which the three types of sampling, 
as listed above, are in increasing order of efficiency. 

D. F. Votaw, Jr. (New Haven, Conn.). 


Chung, J. H. Sequential sampling from finite lots when 
the proportion defective is small. J. Amer. Statist. 
Assoc. 45, 557-569 (1950). 

The author suggests approximate formulas for the 
probability ratio which arises in sequential lot sampling 
inspection. J. L. Hodges, Jr. (Berkeley, Calif.). 


Rao, C. Radhakrishna. Sequential tests of null hypotheses. 

Sankhyd 10, 361-370 (1950). 

The author wishes to construct a truncated sequential 
test procedure for testing a null hypothesis which ‘‘should 
not depend on any alternative hypothesis.” Let N be the 
maximum number of observations, and P,(@) the prob- 
ability density of the first observations when @ is the 
value of a parameter which uniquely determines this den- 
sity. The null hypothesis is that @=%. The author sug- 
gests two tests: (a) The null hypothesis is rejected if 
[aP,(0)/80]y..=A(N)P.(6) for some nSN; (b) the null 
hypothesis is rejected if 


[4*P..(0)/06* Jon, =A i(N)[@Pa(0)/80 Jens, +A x(N) Pal) 
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for some »=N. Here the A’s are constants, and some sug- 


gestions for determining them are made. J. Wolfowitz. 

*Hemelrijk, Jan. Symmetrietoetsen en andere toepass- 
ingen van de theorie van Neyman en Pearson. [Sym- 
metry Tests and Other Applications of the Theory of Ney- 
man and Pearson]. Excelsiors Foto-Offset, 's-~Graven- 
hage, 1950. 91+4 pp. 

This is a doctoral dissertation organizing and extending 
previous work by this author [Nederl. Akad. Wetensch., 
Proc. 53, 945-955, 1186-1198 = Indagationes Math. 12, 340— 
350, 419-431 (1950); these Rev. 12, 37, 429]. Chapter 1 
is devoted to a brief exposé of the Neyman-Pearson theory 
for testing hypotheses. In chapters 2 and 3 is explained a 
well-known method of obtaining a tetrachoric table by col- 
lectively ranking elements of two given samples. A test for 
the hypothesis that both samples have been drawn inde- 
pendently from the same population is based thereon and 
its consistency is proved. The method is extended to con- 
sider not one but two distinct assigned quantiles. An ex- 
plicit expression is found for the conditional simultaneous 
probability distribution of the random variables concerned. 
The remaining chapters establish several parameterfree 
tests for the hypothesis that a given number of independ- 
ently distributed random variables have probability dis- 
tributions all of which are symmetrical with respect to zero, 
where a single observation of each of the variables is as- 
sumed to be given. These tests are largely developments 
from Wilcoxon's test [Biometrics Bull. 1, 80-82 (1945) ], 
using also recent results of van Dantzig. Explicit formulas 
are obtained throughout, and applications are made to 
illustrative situations. A. A. Bennett. 


Rao, C. Radhakrishna. Statistical inference applied to 
classificatory problems. Sankhya 10, 229-256 (1950). 
Several major topics, only slightly related, are considered 

in this paper. A general discussion is given of the relation- 
ship of discriminatory analysis to the theory of testing 
hypotheses: The author quotes approvingly Fisher's criti- 
cisms of the Neyman-Pearson theory. Next a modification 
of the author’s own solution of the two-way classification 
problem [J. Roy. Statist. Soc. Ser. B. 10, 159-193 (1948); 
these Rev. 11, 191; cf. also Hoel and Peterson, Ann. Math. 
Statistics 20, 433-438 (1949); these Rev. 11, 191] is sug- 
gested to allow for a “region of doubt.” Other allocation 
problems are solved. Finally two alternative metrics in a 
parameter space are compared. A “distance power test’’ 
is then defined as one which assigns equal power to hy- 
potheses “‘equidistant”’ from the hypothesis tested. A theory 
based on this concept is worked out for a finite parameter 
space using an extension of the Neyman-Pearson funda- 
mental lemma. Further this theory is applied to find a test 
for the hypothesis that two independent normal variables 
with unit variances have means zero against two possible 
alternatives: (H;) E(x) =E(y)=m; (H:) E(x) = —E(y) =m, 
m>0, m unknown. D. G. Chapman (Seattle, Wash.). 


Aoyama, Hirojiro. A note on the classification of observa- 
tion data. Ann. Inst. Statist. Math., Tokyo 2, 17-19 
(1950). 

This paper gives an alternative treatment of a problem 
considered by von Mises [Ann. Math. Statistics 16, 68-73 
(1945) ; these Rev. 6, 235]. The problem is that of predicting 
the population from which a sample has been drawn. 

A. H. Copeland, Sr. (Ann Arbor, Mich.). 
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Hayashi, Chikio. On the quantification of qualitative data 
from the mathematico-statistical point of view. (An 
approach for applying this method to the parole predic- 
tion.) Ann. Inst. Statist. Math., Tokyo 2, 35-47 (1950). 
An individual is known to possess certain qualitative 

attributes. The problem is to predict the class to which he 

belongs. He is given a score which is a weighted average of 
numerical values assigned to the various attributes. The 
weights and the numerical values are chosen so as to maxi- 
mize the probability of correct prediction. On the basis of 
the score the class is predicted by a method due to von 

Mises [Ann. Math. Statistics 16, 68-73 (1945); these Rev. 

6, 235]. The author uses his results to predict whether the 

parole of a criminal will be successful. 

A. H. Copeland, Sr. (Ann Arbor, Mich.). 


Lehmann, E. L., and Scheffé, Henry. Completeness, simi- 
lar regions, and unbiased estimation. I. Sankhy4a 10, 
305-340 (1950). 

A family F of probability distributions @ on a Borel field 
@ of subsets of X is complete if f f(x)d6(x) =0 for all @ implies 
f=0 almost everywhere for all @, and boundedly complete 
if the implication holds for bounded f. If 8;C@ is a sufficient 
statistic for @ and F is boundedly complete on 8, then any 
minimal sufficient statistic $2 is equivalent to 8, in the sense 
that for every S in either there is a T in the other with 
6(SCT+T7CS)=0 for all 6. If $ is sufficient for 0, Eg=a 
implies E(¢|S&) =a for all @ with O=¢31 if and only if F is 
boundedly complete; thus bounded completeness guarantees 
that all similar regions S have the form described by 
Neyman: P(S|8) =a. If $ is sufficient, F is complete on §&, 
and g(@) is a numerical function which has an unbiased 
estimate ¢, there is a unique $-measurable unbiased estimate 
of g, namely E(¢|S), and this estimate has uniformly mini- 
mum variance; an extension to estimation of vector param- 
eters is given. A method for constructing minimal sufficient 
statistics is described, and the method is shown to work 
whenever all 6’s are absolutely continuous with respect to a 
fixed measure m and their densities p» with respect to m are 
a separable (L;) class. Numerous examples are given. 

D. Blackwell (Stanford University, Calif.). 


Grenander, Ulf. Stochastic processes and statistical infer- 

ence. Ark. Mat. 1, 195-277 (1950). 

This paper contains the first systematic treatment of 
problems of statistical inference for continuous parameter 
stochastic processes. As in the classical problems, an essen- 
tial tool is the likelihood ratio, that is the density of the 
absolutely continuous component of one probability meas- 
ure with respect to a second. In the case of continuous 
parameter processes, however, the calculation of this den- 
sity is frequently a difficult problem, which the author 
solves by reducing the problem to one involving only de- 
numerably many random variables. A feature more common 
in this study than in the classical one is that the probability 
measures to be compared are frequently not absolutely 
continuous with respect to each other, so that critical regions 
will involve the singular sets. There are too many results to 
be detailed here, but the following are typical. [Some of the 
results were announced in the same vol., 67—70 (1949) ; these 
Rev. 11, 376.] (1) Suppose that a Poisson process has in- 
tensity function value A(t) (hypothesis Hy) or p(t) (hy- 
pothesis H;), with A(¢) >0 almost everywhere where yu(¢) >0. 
The critical region in the usual sense of the Neyman- 
Pearson theory for testing Hy against H, is found. For ex- 
ample, if u is supposed proportional to A, «=A, the critical 








$12 


region is determined by the condition c*=const., where n is 
the number of events that have occurred in the sample (over 
a finite time interval). (2) Let {x(#), aSt=b} be a Gaussian 
process with E{x(t)}=m(t) and a known covariance func- 
tion. The hypothesis Hy to be tested is that m(t)=mp(t) as 
against the alternative H, that m(t)=m,(t). Under condi- 
tions specified in the paper, H) and H, can be completely 
distinguished by one sample function (neglecting zero 
probabilities) because there is a critical region of proba- 
bility 1 under Hy and of probability 0 under H;. Under 
other conditions a best critical region with more conven- 
tional properties is found. If the process is a stationary 
Markov process, so that the covariance function is given by 
e~*(*), if mo(t) =0, m,(t) =const. = m0, the most powerful 
test of Hy against the one-sided alternative m>0O is 
x(a) +x(b) +cf.'x(t)dt=const. (3) Maximum likelihood esti- 
mates are defined and are shown to have appropriate 
properties. Let z be the left side of the preceding inequal- 
ity. Then the maximum likelihood estimate of m for the 
Gaussian stationary Markov process discussed in (2) is 
2/[2+c(b—a) ]. J. L. Doob (Urbana, IIl.). 


Kendall, Maurice G. The estimation of parameters in 
linear autoregressive time series. Econometrica 17 
(Supplement), 44-57 (1949). 

The coefficients of an autoregressive scheme of order K 
are usually calculated from the first K autocorrelation 
coefficients using the so-called Yule-Walker equations. The 
author here investigates empirically several other methods 
in which the higher autocorrelation coefficients are also 
used, on the grounds that more information is thus extracted 
from the sample. The empirical results would seem to indi- 
cate, however, that the Yule-Walker relations give the best 
estimates, even in the case of nonnormal variates where this 
method of estimation has not yet been shown to have any 
special justification. P. Whittle (Uppsala). 


Stone, J. R. N. Prediction from autoregressive schemes 
and linear stochastic difference systems. Econometrica 
17 (Supplement), 29-38 (1949). 

An expository paper, in which the derivation of prediction 
variances for variables obeying an identifiable set of linear 
stochastic difference equations is indicated and illustrated. 

P. Whittle (Uppsala). 


Walker,A.M. Note ona generalization of the large sample 
goodness of fit test for linear autoregressive schemes. 
J. Roy. Statist. Soc. Ser. B. 12, 102-107 (1950). 

The author generalises Quenouille’s large sample test 
[same J. (N.S.) 110, 123-129 (1947); these Rev. 9, 603] for 
the goodness of fit of autoregressive schemes to the case 
where the residuals are autocorrelated for lags of less than 
a certain finite amount. For a discrete process this implies 
that the process has a rational spectral function, but the 
author indicates that the method also covers the case of a 
linear stochastic differential equation of finite order. The 
derivation is the same as that of Quenouille. 

P. Whittle (Uppsala). 


Bartlett, M. S., and Diananda, P. H. Extensions of 
Quenouille’s test for autoregressive schemes. J. Roy. 
Statist. Soc. Ser. B. 12, 108-115 (1950). 

A direct derivation of Quenouille’s test [same J. (N.S.) 
110, 123-129 (1947); these Rev. 9, 603] for the goodness of 
fit of autoregressive schemes is given, which makes use of a 
finite linear time operator on the variate. This method per- 
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mits an extension of the test to the case where the residuals 
are autocorrelated for lags of less than a finite order. It 
appears in the derivation that there are two alternative sets 
of test functions which may be chosen, but it is shown that 
those originally proposed by Quenouille have more con- 
venient sampling properties if the autoregressive coefficients 
have been previously estimated from the test data. The tests 
are tried and compared on an empirical series. 
P. Whittle (Uppsala). 


Bartlett, M. S. The frequency goodness of fit test for 
probability chains. Proc. Cambridge Philos. Soc. 47, 
86-95 (1951). 

The author considers a multiple Markov chain {x, ---,x,}, 
that is one for which the dependence goes back through 
steps, with a finite state space, and studies the problem of 
estimating the transition probabilities by means of a set of 
sample values. It is supposed that the chain is in the posi- 
tively regular case. He finds maximum likelihood estimates 
of the transition probabilities. If Z is the likelihood, it is 
proved, among related results, that log (L/Lmax) is asymp- 
totically (n—+) distributed in the x? distribution. 

J. L. Doob (Urbana, IIl.). 


Linnik, Yu. V. On a question of the statistics of dependent 
events. Izvestiya Akad. Nauk SSSR. Ser. Mat. 14, 
501-522 (1950). (Russian) 

Let {X;,} represent a stationary Gaussian process of 
the Markov type, that is, E(X,)=a, var (X,)=o', and 
p(X, Xein) =A", where a, o, and A are constants. Let 
(x1,* ++ ,X,) representan observation on (Xy, Xu41,°**,Xken-t)- 
The author constructs confidence intervals for \ and studies 
their asymptotic behavior under the four possible assump- 
tions that both a and o* are known, a is unknown, etc. 

W. Feller (Princeton, N. J.). 


Garcia Tranque, Tomds. On the linear correlation coeffi- 
cient. Gaceta Mat. (1) 2, 184-190 (1950). (Spanish) 


Durbin, J., and Watson, G. S. Testing for serial correla- 
tion in least squares regression. I. Biometrika 37, 409- 
428 (1950). 

Let Y=X8+«, where Y is the (m-component) column 
vector of dependent variates, X the (m Xk) vector of inde- 
pendent (fixed variates), 8 the vector of regression coeffi- 
cients, and ¢ the vector of (unobservable) random variables. 
To test the hypothesis that the components of ¢ are un- 
correlated against the hypothesis that they are serially 
correlated, it is proposed to use the statistic r=2'Az/2’s, 
where A is some given positive semi-definite matrix and 
z= My is the vector of residuals of an observed vector y 
from the fitted regression on X and M=I—X(X'X)~“X. 
The ratio of quadratic forms r=’ M’'A My/y'’M My can be 
reduced to Dtrivg?/Ditxit? (SmS-++Sre4) by an 
orthogonal transformation y= Hf. If the components of ¢ 
are independently and normally distributed with means 0 
and variances o*, so also are 1, «++, fn». The main result is 
to obtain inequalities on the distribution of r by obtaining 
inequalities on v1, «++, ¥—» in terms of the latent roots of A. 
Part (b) of the lemma on p. 116 should read “Suppose s of 
the columns of X are linear combinations of s of the latent 
vectors of A. If the roots of A associated with the re- 
maining m—s vectors of A are \ySA\2S+++ An, then 
ASriSAige— (6=1, +++, n—k).”” Corresponding corrections 
should be made elsewhere on pp. 115 and 116. 

_T. W. Anderson (New York, N. Y.). 
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Tintner, Gerhard. Some formal relations in multivariate 
analysis. J. Roy. Statist. Soc. Ser. B. 12, 95-101 (1950). 
Let u; be a column vector with p; components, let A,; and 

By be ~:Xp; matrices, and let a; and @; be scalars, 
i, j=1, +--+, R. Thederivatives of > (iu; A iujt+Biju,’ Bus) 
with respect to the components of u, ---, ug are set equal 
to zero giving >> ;(ai;A ij +8:;Bi;)u; =0. Special cases of these 
equations define statistics in the problems of canonical cor- 
relations, principal components, weighted regression, and 
discriminant analyses. T. W. Anderson. 


Ogawa, Junjiro. Note on the Markoff’s theorem on least 
squares. Osaka Math. J. 2, 145-150 (1950). 
Proof of the Neyman-David extension of Markoff's 
theorem on least squares by means of vector-space methods. 
B. Epstein (Detroit, Mich.). 


Guest, P.G. Estimation of the error at a point on a least- 
squares curve. Australian J. Sci. Research. Ser. A. 3, 
173-182 (1950). 

The author treats the problem of estimating the errors in 
the predicted values obtained by fitting a least squares poly- 
nomial to a number of equally spaced observations on a 
random variable. A number of curves and tables summariz- 
ing the results are given. Calculations are facilitated by use 
of orthogonal polynomials. B. Epstein (Detroit, Mich.). 


Sibagaki, Wasao. On the theory of statistical adjust- 
ment of data. I. Conditions containing parameters. 
J. Phys. Soc. Japan 4, 216-221 (1949). 

The author assumes that it is known that two random 
variables and » are connected by a relation of the form 
F(E, », o1, @2, ***, a) =0. His problem is to estimate the 
parameters a, a, «++, a and to find a distribution of these 
estimates based on a knowledge of N observation pairs 
(Xi, Y;), i=1, 2, ---, N. The author gets a first approxima- 
tion to the problem by (a) linearizing F and (b) assuming 
that X; and Y; are mutually independent random variables 
following N(é;, o2,) and N(ni, o4,) respectively. The proofs 
are fairly straightforward, utilizing vector space methods. 
The practical value of the method in treating actual data 
is difficult to assess. B. Epstein (Detroit, Mich.). 





Mathematical Economics 


Wald, Abraham. Note on zero sum two person games. 

Ann. of Math. (2) 52, 739-742 (1950). 

Let X; (X2) be the closed m-dimensional (n-dimensional) 
unit cube, and let K(x, x2) be a bounded Borel measurable 
function defined on X,XX;:. For any constants ¢, 21, 
max,,es: mines, K*(fi, fe) = mins,es, maxy,es, K*(fi, fr), 
where S; consists of all f; such that O=f,(x,) Sc; for all x;, 
Sfedx;=1, and K*(fi, fo) = Sf K (x1, x2) falar) falxe) docs deve. 

D. Blackwell (Stanford University, Calif.). 


*Shapley, L. S., and Snow, R. N. Basic solutions of dis- 
crete games. Contributions to the Theory of Games, pp. 
27-35. Annals of Mathematics Studies, no. 24. Prince- 
ton University Press, Princeton, N. J., 1950. $3.00. 

All solutions of the finite two-person zero-sum game are 
shown to be convex linear combinations of a finite set of 

“basic solutions.”” Each basic solution corresponds in a 
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precisely defined manner to at least one square sub-matrix 
of the pay-off matrix of the game. Thus all basic solutions 
can be obtained by an examination of all the square sub- 
matrices of the pay-off matrix. J. Wolfowits. 


¥*Gale, D.,and Sherman,S. Solutions of finite two-person 
games. Contributions to the Theory of Games, pp. 

37-49. Annals of Mathematics Studies, no. 24. Prince- 

ton University Press, Princeton, N. J., 1950. $3.00. 

In a finite zero-sum two-person game, let X and Y be 
polyhedral cones corresponding to sets of mixed strategies 
of the two players. Let E, (E,) be the smallest face of the 
fundamental simplex of mixed strategies which contains 
X (Y). Let fi (f2) be the number of bounding faces of 
X (Y) which do not lie in some proper subface of EZ, (£2). 
The authors prove: X and Y are solutions of a two-person 
game if and only if (1) dim X—dim Z,=dim Y—dim E, 
[see theorem 2 of the paper reviewed below], (2) 
f:number of pure strategies of the corresponding player 
—dim E; (¢=1, 2). 

J. Wolfowitz (New York, N. Y.). 


*Bohnenblust, H. F., Karlin, S., and Shapley, L.S. Solu- 
tions of discrete, two-person games. Contributions to 
the Theory of Games, pp. 51-72. Annals of Mathematics 
Studies, no. 24. Princeton University Press, Princeton, 
N. J., 1950. $3.00. 

In a finite zero-sum two-person game, let X (Y) be the set 
of optimal mixed strategies x (y) of the maximizing (mini- 
mizing) first player (second player). Let J, be the totality of 
all pure strategies of the first player which are played with 
positive probability by some one member of X. Let J; be 
the totality of pure strategies of the first player which are 
optimal against all elements of Y. Let J; and J: be similarly 
defined for the second player. Finally, let X, (¥:) be the set 
of x (y) which assign positive probability only to pure 
strategies which occur in both J, and J; (J; and J2). The 
authors prove: Theorem 1: J,=J:, Ji=J2. Theorem 2 [see 
also the preceding review ]:dim X,—dim X =dim Y,—dim Y. 
Theorem 3: The set of m Xn game matrices with unique solu- 
tions is dense and open in mn-space. These results are not 
valid for infinite games. J. Wolfowits. 


¥*Gale, D., Kuhn, H. W., and Tucker, A. W. On sym- 
metric games. Contributions to the Theory of Games, 

pp. 81-87. Annals of Mathematics Studies, no. 24. 

Princeton University Press, Princeton, N. J., 1950. 

$3.00. 

Let A be the mXn pay-off matrix of a zero-sum two- 
person game. It is shown that an optimal solution of A is 
immediately derivable from an optimal solution of a 
symmetric zero-sum two-person game with (the square) 


pay-off matrix 
0 A ae | 
S= Pe 0 1]. 
1 —1 0 
Here S is of order (m+n+1), A’ denotes the transpose of A, 
the zeros denote matrices with all elements zero, and +1 are 
vectors with all elements +1. The authors also consider the 
theorem given by Gale and Sherman and by Bohnenblust, 
Karlin, and Shapley [see the two preceding reviews] for 
symmetric games, and in that case add the following condi- 


tion to the statement of that theorem: (3) The cones X and 
Y are isomorphic. 





J. Wolfowitz (New York, N. Y.). 
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* Brown, G. W., and von Neumann, J. Solutions of games 
by differential equations. Contributions to the Theory 
of Games, pp. 73-79. Annals of Mathematics Studies, 
no. 24. Princeton University Press, Princeton, N. J., 
1950. $3.00. 

The authors give a system of m (say) simultaneous differ- 
ential equations in one independent variable ¢, which depend 
on the pay-off matrix of a zero-sum two-person game, and 
whose solutions x,(t) (¢=1, ---,m) have at least one limit 
point in m-space (as >). Any limit point is an optimal 
strategy for the game. The authors state that the procedure 
(of solution) could be mechanized with relative ease. 

J. Wolfowitz (New York, N. Y.). 


*Gale, D., Kuhn, H. W., and Tucker, A.W. Reductions 
of game matrices. Contributions to the Theory of 
Games, pp. 89-96. Annals of Mathematics Studies, no. 
24. Princeton University Press, Princeton, N. J., 1950. 
$3.00. 

The authors study several types of transformations which 
are applied to the pay-off matrix A of a zero-sum two-person 
game to yield a matrix A*. In each case the matrix A* has 
fewer rows and/or columns than A, so that the game with 
pay-off matrix A* is in general easier to study than the 
matrix A. Inequalities for the values of the two games are 
given. When the values of the two games are equal, or when 
other conditions are satisfied, one can pass in a simple 
manner from the optimal strategies for A* to the optimal 
strategies for A. The results have also practical applications 
and examples are given. J. Wolfowitz. 


*Kuhn,H.W. A simplified two-person poker. Contribu- 
tions to the Theory of Games, pp. 97-103. Annals of 
Mathematics Studies, no. 24. Princeton University 
Press, Princeton, N. J., 1950. $3.00. 

The author enumerates all optimal strategies for a simpli- 
fied game of poker, played by two players with a pack of 
three cards. The simplification makes the computations 
inauagea2ble. The effect of bluffing can be studied. 

J. Wolfowitz (New York, N. Y.). 


*Nash, J. F., and Shapley, L. S. A simple three-person 
poker game. Contributions to the Theory of Games, pp. 
105-116. Annals of Mathematics Studies, no. ° 24. 
Princeton University Press, Princeton, N. J., 1950. 
$3.00. 

A three person zero-sum poker game is considered, in 
which one card is dealt to each player. The deck contains 
only two kinds of cards, high and low, and the eight possible 
deals are equally likely. There is an ante a, and a fixed size 
of bet 5. If any player bets, the other two have an oppor- 
tunity to call. No raises are permitted. Equilibrium points 
are obtained for all possible values of a, b: for ab, there is 
a unique equilibrium point; for a>b the situation is more 
complicated. The method of solution is sketched. 

D. Blackwell (Stanford University, Calif.). 


* McKinsey, J.C.C. Isomorphism of games, and strategic 
equivalence. Contributions to the Theory of Games, 
pp. 117-130. Annals of Mathematics Studies, no. 24. 
Princeton University Press, Princeton, N. J., 1950. 
$3.00. 

Let v(S) be the characteristic function of an m-person 
zero-sum game. An imputation for the game is a vector 
x= (x1, +++, x.) with Six;=0 and x,;20([4]) for every i. 
Say that x dominates y with respect to S#null set if x;>+; 
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for ieS and > iesx;Sv(S). Two games are called isomorphic 
if there is a one-to-one correspondence between their impu- 
tations which preserves dominance with respect to S, and 
are called S-equivalent if their characteristic functions 1, 9, 
satisfy v2(.S) = kv;(S)+ > iesa:, where k>O and >-ja;=0. In- 
tuitively, a proper concept of strategic equivalence is weaker 
than S-equivalence and stronger than isomorphism; von 
Neumann and Morgenstern [Theory of Games and Eco- 
nomic Behavior, 2d ed., Princeton University Press, 1947; 
these Rev. 9, 50] have shown that S-equivalence implies 
isomorphism. It is shown here that isomorphism implies 
S-equivalence, so that either yields a satisfactory definition 
of strategic equivalence. D. Blackwell. 


* Dresher, M., Karlin, S., and Shapley, L.S. Polynomial 
games. Contributions to the Theory of Games, pp. 161- 
180. Annals of Mathematics Studies, no. 24. Princeton 
University Press, Princeton, N. J., 1950. $3.00. 

The authors are principally concerned with zero-sum two- 
person games with the kernel K(x, y) = D?juiaisi(x)s,(y) 
where the functions r; and s; are continuous, and x and y, 
the strategies of the two players, are points on the unit 
interval. Let f(x) (g(y)) be a mixed strategy of player I (II) 
and 7r;= fo'r(x)df(x), s;=So'ss(y)dg(y). Let R(S) be the 
totality of all points [7, ---, 7m] ([s1, +++, Sa]). We shall 
state here a few of the results which lend themselves to 
brief summary. Theorem 2: R is the convex set spanned by 
the curve C traced out in m dimensions by r;=7;(x) as x 
varies between 0 and 1. Theorem 3: Both players have 
optimal mixed strategies with at most min (m,m) steps. 
Theorems 4 and 5: If the dimensions (in R and S) of the 
sets of optimal mixed strategies are u and », respectively, 
and if p is the rank of the matrix {a}, then there exists 
an optimal mixed strategy for player I with at most 
min (p,m—v+1) steps, and for player II with at most 
min (p,m—y+1) steps. We have u+vSm+n—p. Other 
results are given, among them some for the caser;= x‘, s;=y’. 

J. Wolfowitz (New York, N. Y.). 


*Bohnenblust, H. F., Karlin, S., and Shapley, L. S. 
Games with continuous, convex pay-off. Contributions 
to the Theory of Games, pp. 181-192. Annals of Mathe- 
matics Studies, no. 24. Princeton University Press, 
Princeton, N. J., 1950. $3.00. 

This paper discusses zero-sum two-person games with a 
pay-off function M(x, y), where y is a point in a compact 
convex n-dimensional region B of a finite-dimensional 
Euclidean space, while x is » point in an arbitrary set A. 
It is assumed that, for every x in A, M(x, y) is a continuous 
convex function of y. Hence, by a result of Wald, the game 
is determined. The y-player is shown to have an optimal 
pure strategy. The main result of the paper is that the 
x-player has an optimal mixed strategy which assigns prob- 
ability one to a set which contains at most m+1 points <x. 
If the y-player has a p-dimensional set of optimal pure 
strategies, then the x-player has an optimal strategy which 
assigns probability one to a set which contains at most 
n—p-+1 points x. Other results are given. 

J. Wolfowitz (New York, N. Y.). 


Karlin, S., and Shapley, L. S. Some applications of 4 
theorem on convex functions. Ann. of Math. (2) 52, 
148-153 (1950). 

The theorem in question, due to Bohnenblust and the 
authors [see the paper reviewed above, pp. 183-185], is 
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the following: Let g.(x) be a family of continuous convex 
functions defined in a compact convex set A in m-space such 
that infses SUPe ga(x)>0. Then there exists a linear com- 
bination with nonnegative coefficients of at most n+1 of 
the functions yg, which is positive in A. By means of this 
theorem a new proof of Helly’s theorem and its generaliza- 
tions by A. Horn [Bull. Amer. Math. Soc. 55, 923-929 
(1949); these Rev. 11, 200] is given. The second application 
is concerned with Tchebycheff approximations. Let ¢,(x), 
j=1i, -+-, m, be arbitrary functions of the real variable x, 
and let a set of points (x;, y,) in the (x, y)-plane be given. If 
for every n+-1 of these points there is a linear combination 
g(x) of the g(x) which approximates these points within 3, 
that is such that | y(x,)—y,| 6, then there is a linear 
combination which approximates all the given points within 
$. If the given point set is infinite a condition has to be 
added [this is incorrect in the paper: p. 151, 1. 8-9, read 
“some n-uple of points” instead of “‘some pair of points’’ ]. 
For this part of the paper cf. also the paper by Rademacher 
and Schoenberg [Canadian J. Math. 2, 245-256 (1950); 
these Rev. 11, 681] which deals with the case of poly- 
nomials. Finally the following theorem is proved as a simple 
consequence of Caratheodory’s theorem on the convex hull 
of a point set: If the surface of a sphere in m-space is covered 
by a compact family of hemispheres, then there are n+-1 
among these which cover the surface. W. Fenchel. 


Dvoretzky, A., Wald, A., and Wolfowitz, J. Elimination of 
randomization in certain statistical decision procedures 
and zero-sum two-person games. Ann. Math. Statistics 
22, 1-21 (1951). 

Proofs are given for the results announced earlier [Proc. 
Nat. Acad. Sci. U. S. A. 36, 256-260 (1950); these Rev. 12, 
40], except for the extension of Lyapunov’s theorem, whose 
proof will be published elsewhere. Examples are given in 
which, faced with an infinite number of non-atomic distri- 
butions, the statistician has mixed strategies which are not 
equivalent to pure strategies. D. Blackwell. 


Kuhn, H. W. Extensive games. 

U.S.A. 36, 570-576 (1950). 

A new description of an m-person game in extensive form, 
alternative to that given by von Neumann and Morgenstern 
(Theory of Games and Economic Behaviour, 2d ed., Prince- 
ton University Press, 1947; these Rev. 9, 50], is proposed. 
The game is described in terms of a finite tree in an oriented 
plane. Play begins at a specified vertex, and each move 
corresponds to a change of position from a vertex to one of 
certain adjacent vertices. Play terminates when a vertex is 
reached from which no moves are possible, and to each 
terminating vertex corresponds a set of m numbers, the 
payoffs to the players from the given play. The detailed 
structure of the game involves certain partitions and prob- 
ability distributions, in terms of which the nature of each 
move, i.e. whose move it is, what information is available, 
and what are the alter:.atives, is prescribed. Two results are 
announced without proof: (1) Every game of perfect infor- 
mation has an equilibrium point among the pure strategies. 
This extends the corresponding result of von Neumann and 
Morgenstern [loc. cit.] for two-person zero-sum games. 
(2) Every mixed strategy is equivalent to a strategy consist- 
ing of independent randomizations on the separate moves 
if and only if the game has total recall. 

D. Blackwell (Stanford University, Calif.). 


Proc. Nat. Acad. Sci. 
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Ville, Jean, et Schiitzenberger, Marcel Paul. Les prob- 
lémes de diagnostic séquentiel. C. R. Acad. Sci. Paris 
232, 206-207 (1951). 

Let the incompatible admissible hypotheses H,, ---, Hz, 
constitute a set § which contains the unique true hypothesis 
H*. In order to determine it one decomposes § into » dis- 
junct sub-sets §,, ---, §,, and performs an experiment 
which enables one to decide which of these sub-sets contains 
H*. It is assumed that there exists at least one sequence of 
experiments which will lead to an exact determination of H*. 
Assuming that the cost of each experiment is fixed, it is 
desired to find a strategy (in the sense of von Neumann) 
which, for given a priori probabilities P{ H;}, will lead to the 
desired result with minimum cost. The authors assume that 
all experiments are possible and equally costly, and announce 
without proof three inequalities which connect t, the average 
number of experiments, and J=}> P{H;} log: [P{H;}], 
Shannon’s amount of information. J. Wolfowitz. 
Steinhaus, H. Sur la division pragmatique. Econo- 

metrica 17 (Supplement), 315-319 (1949). 

The rule for dividing an object equally between two per- 
sons, according to which one divides, the other chooses, is 
extended to m persons, m>2 as follows: Player 1 designates 
a part P; of the object, and players 2, ---, m choose suc- 
cessively P:, ---, P, where P;,; is a part of P;. If é is the 
smallest integer with P;=P,, player i receives the part P, 
and the remaining m—1 players divide the rest of the object 
according to the same principle. Each player can guarantee 
getting at least a fair share, according to his own evaluation, 
by (1) when he is player 1, choosing for P; what he considers 
a fair share and (2) when he is player 7, 7>1, reduce P;_; to 
a fair share if it is too large, otherwise choose P; = P;_,. The 
solution is attributed to Banach and Knaster. The method 
is extended to indivisible objects, when cash side payments 
are necessary. D. Blackwell. 


Rapoport, Anatol. Outline of a mathematical theory of 

peck right. Biometrics 6, 330-341 (1950). 

In a flock of N chickens r;, i=1, ---, N, represents the 
number of chickens with respect to which the ith chicken 
is dominant. This chicken is then submissive with respect 
to (is pecked by) the remaining N--r;—1. Dominance of A 
with respect to B, and B with respect to C, does not imply 
dominance of A with respect to C. The set of numbers r; 
constitutes the structure S of the society. If the structure is 
determined by the purely chance outcome of an original 
encounter between each pair, the probability of any struc- 
ture for a given N can be ascertained by enumeratian, but 
no general formula is known. If in unit time there is a finite 
probability for any pair that an encounter will occur in 
which the peck right for that pair becomes reversed, then 
in these terms one can compute the probability that in unit 
time the structure will “mutate” from 5S; to a given Sy, 
provided the unit time is so short that multiple reversals 
can be neglected. Hence, from the theory of Markoff 
processes, a stable structure exists and is approached what- 
ever may be the initial structure. A. S. Householder. 


Marschak, Jacob. Rational behavior, uncertain prospects, 
and measurable utility. Econometrica 18, 111-141 
(1950). ’ 

Rational behavior is defined as that which obeys the 

rules of logic and certain postulates on choice. Consider a 

finite sequence of r time intervals up to a point called 
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horizon. The amounts of each of y commodities consumed 
during each interval and the stocks remaining at horizon con- 
stitute one mutually exclusive future history, x, ---, x. 
Each history x is represented in a commodity space X of 
at most y(r+1) dimensions. Define a “prospect’’ a as the 
vector of probabilities a, ---, a,, assigned respectively to 
x, «++, x such that }%.o¢,=1, 4,20, (u=0,---, v). 
Each prospect a is represented by a point a= (a, ---,a@,) in 
the domain A of the »-space defined by the condition that 
ateA such that for each a, }°)2.14,=1, 4,20, (u=1,---,») and 
O0Sa, = 1—>-)..14,=1. A dure prospect is one which promises 
a particular history x™(u=0, ---, v) and is denoted by a™. 
The subset of A which contains all achievable prospects is 
called the feasible set F. 

The following postulates on choice are stated by the 
author. (1) There exists a relation g (read: ‘“‘at least as 
good as’’) between the elements a, b, c, --- of A such that 
g is a complete ordering of A (comparability and transi- 
tivity). This also defines the transitive preference p and 
indifference i relations. Tastes are defined by attaching the 
values “‘true’’ and “false” to the statement agb for all pairs 
of points. (II) If apbpc, then there exists r, 0<r<1, such 
that bi{ra+(1—r)c]. (111) For any a and r, 0<r<1, there 
exists a prospect 5 such that not ai[va+(1—r)b]. A weaker 
postulate used for purposes of this article is: (II1I*) There 
exist two prospects a and 3b in interior of A such that 
apb or bpa. (IV) If a’ia and 0<r<1i1, then for any 3, 
[ra’ +(1—r)b ji[ra+(i—r)bd]. 

For each a in A, an indifference set J(a) is defined by the 
condition: J(a) contains all 6 such that dia. It follows that 
the J(a) can be arranged in a sequence. Real numbers u(a) 
may be attached to the J(a) such that U(a)2=u(b) implies 
agb. The numbers u(a) are called utility indices and the 
function u on set A, a utility function. If ¢ is a mono- 
tonically increasing function, then ¢[ (a) ] is a utility func- 
tion. Call U the set of all utility functions. A function is a 
utility function if and only if u(a) is maximized with respect 
to a, aeF. 

The following implications are deduced from (I), (I]), 
(III*), and (IV): (1) The indifference sets J(a) are parallel 
hyperplanes of at most y—1 dimensions. Now define a dis- 
tance function d(a@) representing the distance of a sure 
prospect a from the plane J(a), containing a, where d(a) 
is determined up to an additive constant. Then, (2) if posi- 
tive direction is defined such that agd implies d(a) =d(b), the 
distances d(a), d(b), --- of planes J(a), J(b), -+-, from 
origin a form a set of utility indices. Write the expected 
value of u(x), given the distribution a(x), as 


Eu(x)|a(x) = Fulx}o, =Eu|a. 
=O 


Hence, by (2) Ed|a=d(a) and is a utility function. Define 
VCU by the condition Ev|a=v(a)eV. It can now be shown 
that (3) V consists of all linear increasing functions of d, or, 
the same thing, the probabilities a, ---, a,. Let prospect a 
be a linear combination of p prospects b', ---, b*. Hence (4): 
v(a) = >°*..17,0(5*), if and only if » is a linear utility function. 

This establishes that the given postulates are sufficient 
to yield linear utility functions which are measurable up to 
linear transformations, and manageable with respect to 
linear operations. There follows a comparison with the 
presentation by von Neumann and Morgenstern [Theory 
of Games and Economic Behavior, 2d ed. Princeton Uni- 
versity Press, 1947; these Rev. 9, 50], and a discussion of 





the incompatibility of the love of danger with the postulates, 
In theorem 6, page 137, the last inequality should read r <1, 
M. P. Stoltz (Providence, R. I.). 


Kaiser, Ernest. La distribution des revenus dans la tech- 
nique mathématique de la sécurité sociale. Mitt. Verein. 
Schweiz. Versich.-Math. 50, 249-335 (1950). 

In der Behandlung neuerer Systeme der Sozialversicherung 
ist die Kenntnis der Verteilungen der erfassten Bevélkerung 
nach ihrem Einkommen unumgianglich. Ziel der Arbeit ist, 
die diesbeziiglichen mathematischen Methoden zu ent- 
wickeln. Im ersten Kapitel werden die Grundlagen der 
Theorie im “bio-6konometrischen” Raume der Verander- 
lichen ¢ (Zeit), u (Einkommen) und x (Alter) aufgestellt. 
g(u, x) sei die zundchst nur in einer Ebene (u, x) definierte, 
der Einkommenverteilung zugehérige, normierte Haufig- 
keitsfunktion (OSu< ©,xSx=x,); sie bestimmt zwei 
Randverteilungen: d(x) =fo*e(u, x)du, die von u unab- 
hangige Altersstruktur der gegebenen Bevélkerung, und 
J(u) =Sze(u, x)dx, die Haufigkeitsfunktion der globalen 
Einkommenverteilung. Die Funktion f(u, x) = ¢(u, x)/A(x) 
ergibt dann fiir jedes x eine normierte Haufigkeitsfunktion 
der Einkommen. Indem man zum Raum (t, u, x) iibergeht, 
gilt es, die durch statistische Daten nicht unmittelbar 
bekannte, dreidimensionale Haufigkeitsfunktion ¢,(u, x) zu 
bestimmen. Dies geschieht mittels dreier Fundamental- 
funktionen: fo(u, x9)=g(u), d.h. die Verteilung der Ein- 
kommen auf der Altersstufe x» zur Zeit t=0, die Skala s(x) 
der Durchschnittseinkommen als Funktion des Alters, 
wobei s(x) =1 und die Altersstrukturen A,(x). Es wird vor- 
ausgesetzt (Hypothese A), dass fo(u, x) = {1/s(x)}g[u/s(x)] 
fiir jedes x (daraus folgt, dass in der Laufbahn jedes ein- 
zelnen das Einkommen wie s(x) variiert), und ferner 
(Hypothese B), dass f,(u, x)= fo(u, x)= f(u, x) fiir alle ¢ 
Man erhdlt dann die gesuchte Funktion als: 


ge(u, X) =Aa(x) f(u, x) = {Ae(x)/s(x) } gu /s(x) ]. 


Von besonderem Interesse ist die Haufigkeitsfunktion 
der Randverteilung (auf einer festen Ebene (x, x)): 
J(u) = Je2X(x) f(u, x)dx, welche nach Hypothese A in einem 
Gebiet: xoSx2x1; aos(x)SuSbos(x) definiert ist. f(u) 
zerfallt bei der expliziten Berechnung des Integrals in 
mehrere, durch die Umkehrfunktion von s(x) bedingte 
Zweige und gehdrt im allgemeinen nicht mehr der Klasse der 
sie erzeugenden f(u, x) an. Es werden dann noch die iibrigen 
zugehGrigen statistischen Funktionen angegeben. 

Im zweiten Kapitel werden analytische Formen fiir die 
Einkommenverteilungen untersucht. Verf. geht von der 
hyperbolischen Haufigkeitsfunktion P(u;a,a)bzw. P(u; dz, a) 
von Pareto aus: 


f(u, x) =aagu-=";  f(u,x)=aa,u-" (a,>0, a>1). 


Die Haufigkeitsfunktion f(u) der zugehdrigen Randver- 
teilung verschwindet in a, wachst bis zu einem Maximum, 
um dann in einen monoton abfallenden, wiederum hyper- 
bolischen Zweig iiberzugehen. Wichtig ist, dass diese neue, 
“semi-hyperbolische” Verteilung eine natiirliche Korrektur 
der Pareto-Verteilung fiir kleinere Einkommen ergibt, fiir 
welche diese keine Geltung hat. Als zweiter Typ wird eine 
semi-normale Verteilung untersucht; hier kann kein Zweig 
der Randverteilung }(u) durch eine der klassischen Funk- 
tionen dargestellt werden. Ein dritter Typ ist die log- 
arithmische normale Verteilung. Schliesslich wird fiir den 
Fall einer in 0=ub definierten Vertzilung eine parabolische | 
Funktion angegeben, die iiber die Randverteilung zu einer 
semi-parabolischen Verteilung fiihrt. 
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Im dritten Kapitel wird die allgemeine Gleichgewichts- 
gleichung im Raume (¢, u, x) aufgestellt (fiir ein Risiko vom 
Index m): 


f “ett f ‘a f " hit: Snakes, ei 
{ « 


2 f “aL, ar(@aa|=0, 


wobei ‘L,(u, x) =*L,(x)*f,(u, x) die Verteilung der zur Zeit ¢ 
lebenden Beitragspflichtigen bestimmt, w,(u, x) in analoger 
Weise die Beitragshéhe, "Z,(@,x) die Verteilung der zur 
Zeit t lebenden Leistungsempfanger und ,r(@) die Leistungen 
selbst; die letzteren hangen von einem spezifischen Ein- 
kommen @ (z.B. letztes Gehalt, oder ein gewisser Durch- 
schnitt) und von der Beitragsdauer m ab. Die Auflésung der 





Gleichung verlangt zunachst die Berechnung des durch- 
schnittlichen Beitrages ,(x) = fo*w,(u, x)*f.(u, x)du und die 
der durchschnittlichen Leistung #,(x). Diese konometrische 
Aufgabe ist bei alteren Pensionsschemen, deren Leistungen 
linear von den Beitragen abhaingen, ohne Kenntnis der 
Einkommenverteilung lésbar. Anders bei neuren Systemen, 
so der schweizer Alters- und Hinterlassenenversicherung, wo 
die Renten polygonal mit den Beitragen zusammenhangen. 
Sind und # berechnet, so ergibt sich eine rein biometrische 
Gleichgewichtsgleichung, aus der die bekannten versiche- 
rungsmathematischen Systeme (je nach der Wahl der 
finanziell autonomen Gruppen) abgeleitet werden kénnen. 
Verf. gibt schliesslich konkrete Anwendungen, so die 
Berechnung der Renten der genannten schweizer Ver- 
sicherung, wobei semi-normale Verteilungen benutzt werden. 
P. Thullen (Panama). 


TOPOLOGY 


*Kuratowski, Casimir. Topologie. II. Espaces com- 
pacts, espaces connexes, plan euclidien. Monografie 
Matematyczne, vol. 21. Warszawa-Wroclaw, 1950. 
viii+444 pp. $6.00. 

In the present volume, the author completes the presenta- 
tion of set-theoretic topology which he initiated in volume 1 
[2d ed., 1948; these Rev. 10, 389]. The subject matter is 
purely set-theoretic; no homology theory is used at all. In 
the first volume, separable metric and complete metric 
spaces were discussed. Here we find studied in turn com- 
pactness, connectedness, local connectedness, and local con- 
tractibility, all within the setting of separable metric spaces. 
The final chapter then focuses all these on a study of the 
topology of the plane. As in volume 1, the work is well 
organized, with the result that almost all proofs are short 
and direct. An immense amount of material is covered, and 
in addition, numerous results outside the main line of 
development are mentioned with references to the literature. 

There now follows a more detailed outline of the topics 
covered. In chapter 4 (chapters 1 through 3 constitute 
volume 1) the concept of compactness is introduced and the 
usual basic theorems are proved. Next, the space 2* (space 
of all closed subsets of X) is thoroughly examined for the 
case of compact X, and the same is done for Y* (space of 
all mappings of X into Y). Next follows a discussion of semi- 
continuous functions on and decompositions of compact 
spaces. The last section of this chapter extends and con- 
cludes the study of dimension theory begun in volume 1. 
Such topics as mappings of order k, n-dimensional degree, 
the Menger-Nébeling imbedding theorem, and Hurewicz’s 
compactification theorem are developed. In chapter 5, there 
is first a discussion of connectedness, including such topics 
as components, quasi-components, totally disconnected sets, 
and n-dimensional connectedness. Next follows a detailed 
discussion of the structure theory of continua (compact 
connected spaces). The final section is a study of irreducible 
and indecomposable continua. The examples presented in 
this and the following chapter are particularly well-chosen, 
numerous, and instructive. 

The long chapter 6 begins with an investigation of the 
basic properties of locally connected spaces. Then comes a 
: ction devoted to locally connected continua, containing 
the usual characterization theorems and also some material 
on hereditarily locally connected continua. Next there is a 
quite complete discussion of curves (continua of dimension 
1). The last section is devoted to the cyclic element de- 





composition of locally connected continua. Chapter 7 is 
concerned with absolute retracts and related topics. There 
is first a discussion of extension of mappings, and then an 
absolute retract is defined as a space Y such that any 
mapping of any closed subset of any space X into Y can be 
extended to a mapping of X into Y. Absolute neighborhood 
retracts and spaces locally connected in dimension m are 
defined by similar means, and the relationships between 
them, as well as the more important structure theorems for 
these spaces, are developed neatly in a few pages. The 
second section is devoted to the concepts of contractibility 
and local contractibility. The main result is the equivalence, 
for an n-dimensional space, of the three properties of being: 
an absolute neighborhood retract; locally connected in 
dimension +1; locally contractible. 

Chapter 8 considers groups whose elements are mappings 
of a space into a topological group, a device which leads to 
powerful methods for studying noncompact spaces. As a 
preliminary, the groups G* (all mappings of X into the 
group G of integers) and B,(X)=G*/G are studied. It is 
shown, for example, that if X has +1 components, then 
B,(X) is of rank n, with no restriction on X at all. The next 
section defines the group B,(X) as the group of all mappings 
of X into the unit circle S of the complex plane reduced 
modulo the subgroup of mappings of the form e**, where ¢ 
is a mapping of X into the reals. If X is a polyhedron, B,(X) 
is its reduced 1-dimensional homology group, and various 
addition theorems for B,(X) analogous to the Mayer- 
Vietoris formula are derived for an arbitrary X. The struc- 
ture of B,(X) is investigated for compact and locally con- 
nected X, and also its behavior under various types of 
mappings. The last section considers spaces for which the 
rank of B,(X) is zero. All such spaces are unicoherent, and 
the converse is true if X is a locally connected continuum. 

The last chapter is devoted to the topology of the plane 
and 2-sphere, and makes extensive use of all the preceding 
material. After a preliminary section on m-space, there is a 
section devoted to Janiszewski spaces: locally connected 
continua with the property that if C and D are subcontinua 
such that Cn D is not connected, then Cv D cuts the space. 
A thorough study of such spaces is made, culminating in the 
theorem that a Janiszewski space without cut-points is a 
2-sphere. The last section achieves quantitative results 
through use of the group B,(X), here defined however using 
mappings of X into the complex plane with the origin 
deleted. It is shown, for example, that if F is closed or locally 
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connected, then rank B;(F)=rank B,(S*—F). The group 
B,(G), where G is open, is also studied, and interesting con- 
tacts are made with complex function theory. There is an 
index of notations, definitions, and authors cited. 

E. G. Begle (New Haven, Conn.). 


Dolcher, Mario. 
sconnettenti uno spazio topologico. 
Univ. Padova 19, 159-171 (1950). 
A closed set which is the common boundary of two com- 

ponents A, and A; of the complement irreducibly separates 

a@,eA, from aA». The converse holds if space is locally 
connected. In a locally connected space any closed set 
separating a; from a; contains a subset which irreducibly 
separates a; from a». Originally these theorems had been 
proved for the plane by Mazurkiewicz and Kuratowski. The 
reviewer notes that the author’s formulation of these 
theorems for arbitrary topological spaces may also be found 
in Kuratowski, ‘“‘Topologie II”. [see the book reviewed 
above, pp. 97, 175, 176] (which was, of course, not yet 
published). R. H. Fox (Princeton, N. J.). 


Questioni di minimo per insiemi chiusi 
Rend. Sem. Mat. 


Calabi, Lorenzo. Concetti di topologia generale. Rend. 


Sem. Mat. Fis. Milano 20 (1949), 184-199 (1950). 


Appert, Antoine. Topologie, uniformité, écart abstrait. 

C. R. Acad. Sci. Paris 231, 753-755 (1950). 

The author continues the study of the relations among 
more than a score of properties possessed by some “‘general- 
ized topologies,’’ “generalized uniformities,”’ and “general- 
ized écart.”” The properties considered can be roughly de- 
scribed as greatly weakened forms of the familiar axioms of 
topology, uniform structure, and metric. The paper refers 
heavily to earlier notes [same C. R. 222, 986-988 (1946); 
224, 442-444 (1947) ; 229, 865-867 (1949) ; these Rev. 7, 466; 
8, 333; 11, 240]. R. Arens (Los Angeles, Calif.). 


Sierpifiski, Waclaw. Remarque sur deux axiomatiques des 
espaces abstraits. Soc. Sci. Lett. Varsovie. C. R. Cl. 
III. Sci. Math. Phys. 40 (1947), 46-49 (1948). (French. 
Polish summary) 

This paper shows that from the topological point of view 
the study of the “gestufte Raiime” of Hausdorff [cf. Fund. 
Math. 25, 486-502 (1935), p. 489] is equivalent to the study 
of the (U) spaces of Fréchet [cf. Les espaces abstraits . . ., 
Gauthier-Villars, Paris 1928, p. 277] satisfying the addi- 
tional condition (C): If V; and V2 are neighborhoods of a 
then there is another neighborhood V of a@ such that 
VC ViV32 (“xe is a point of accumulation of X” is defined 
to mean “every neighborhood of x» contains infinitely many 
points of X”’). It is shown that if one begins with a (V) 
space satisfying (C), and lets X’ be the set of points of 
accumulation of X, then X-+X,=X+X’ defines a “ges- 
tufter Raum”’. It is also proved that if one begins with a 
“gestufter Raum”, then “V is a neighborhood of a” means 
“‘ae(E—V),” defines a (UV) space satisfying (C); and from 
the (UV) space so obtained, X +X’ is the same as X, of the 
“gestufter Raum”’. H. Tong (Paris). 


Iseki, Kiyosi. On definitions of topological space. J. 
Osaka Inst. Sci. Tech. Part I. 1, 97-98 (1949). 
It is shown that each of the “two set” axioms 


(a) YU K(Y)u K(X)=K(Xv YF), 
(b) UXN Y)=P(X)NI(Y)n Y, 
(c) E(An B) =B'n E(B)n E(E(A)’) 
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concerning closure, interior, and exterior respectively, is 
equvalent to the conjunction of Kuratowski’s three axioms 
XCK(X), K(X)=K(X), K(Xu Y)=K(X)V KY). [See 
A. Monteiro, Portugaliae Math. 4, 158-160 (1945); these 
Rev. 7, 8, to which the author refers. ] R. Arens. 


McShane, E. J. Images of sets satisfying the conditions 

of Baire. Ann. of Math. (2) 51, 380-386 (1950). 

The following basic theorem is proved: Let X; and X, 
be topological spaces and S a subset of X; which is of second 
category and satisfies the condition of Baire. Let $ be a 
family of functions with the following properties: Each f 
in § has an open domain Dy; which contains S and maps 
open subsets of this domain on open sets in X». For each x 
in X, at which S is of second category and each fy whose 
domain contains xo, the set Uyse,f~'(fo(xo)) is of second 
category at x. Then Use;f(S) has an interior point; and 
moreover there is a subset S» of S such that S— Sy is of first 
category and (se; f(So) is open. From this theorem follows 
without difficulty a number of results on topological groups, 
linear spaces, etc. to the effect that if a second category set 
satisfies the condition of Baire and is endowed with some 
other property, then it has an interior point. Some of these 
consequences are known, but with the exception of a result 
of Kuratowski [Studia Math. 4, 38-40 (1933) ] these results 
have been stated only for topological groups or linear spaces, 
while the above theorem is purely topological in nature. 
These consequences include Banach’s theorem [cf. Théorie 
des opérations linéaires, Warsaw, 1932, p. 20] which says 
that if a subgroup S (of a topological group) is of second 
category and satisfies the condition of Baire, then S is open 
and closed; a theorem of Zorn [cf. Hille, Functional analysis 
and semi-groups, Amer. Math. Soc. Colloquium Publ., vol. 
31, New York, 1948, p. 156; these Rev. 9, 594]; a general- 
ization of a theorem of Eberlein [same Ann. (2) 47, 688-703 
(1946), p. 691; these Rev. 8, 279]; and another result of 
Banach [loc. cit., p. 78] to the effect that if F and L are 
functions on X to Y (where X and Y are normed linear 
spaces and X is of second category) such that F satisfies the 
condition of Baire, L is additive and | F(x)|2|L(x)| for 
every x in X, then L is continuous. There are also com- 
pletely new and interesting corollaries. For example, corol- 
lary 4 states if R and S are subsets of a topological group 
such that R and S are both of second category and 5S satisfies 
the condition of Baire, then SR and RS have nonvoid in- 
teriors; corollaries 7 and 8 give conditions such that homo- 
morphisms f (of a topological group into a topological 
group) satisfying the condition of Baire be continuous; and 
corollary 11 handles ‘‘midpoint-convexity.” H. Tong. 


Bertolini, Fernando. Osservazioni sulla nozione di con- 
nessione. Univ. Roma. Ist. Naz. Alta Mat. Rend. Mat. 

e Appl. (5) 9, 74-78 = Consiglio Naz. Ricerche. Pubbl. Ist. 

Appl. Calcolo no. 285 (1950). 

According to Picone a set A is called ‘“‘connected by 
continua” or “properly connected” if every pair of points 
of A can be joined in A by a continuum or by a compact 
continuum, respectively. The author shows by an example 
that a set connected by continua is not necessarily properly 
connected. Moreover, he proves the theorem: If every 
neighborhood of each point x of the given space contains a 
properly connected neighborhood of x, then every open 
connected set (i.e. region) is also properly connected. 

A. Rosenthal (Lafayette, Ind.). 
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Nobeling, Georg. Uber die metrische Struktur eines Kon- 
tinuums endlicher Lange im Euklidischen Raum. Math. 
Z. 53, 114-121 (1950). 

Let K be a nondegenerate compact continuum in a 
Euclidean space of finite dimensionality. Given any positive 
number ¢, let {G;} be a covering of K by a finite or countable 
collection of convex open sets each of diameter less than co. 
Denote by d, the infimum of 5>4(G,) for all such coverings. 
Then the length L(K) of K is defined as the limit of d, as ¢ 
approaches zero. In the present paper the author considers 
only continua of finite length. Every such continuum is a 
Peano space (consequently, the continuous image of the 
unit interval on the x-axis), in fact a regular curve in the 
sense of Menger, and these facts are the tools which the 
author uses to prove his theorems. An undirected line T(p) 
through a point ~ of K is called a direct tangent to K at p 
provided each of the two rays H into which p divides T(p), 
but no other ray in the containing Euclidean space having 
p as its endpoint, satisfies the following condition: There 
exists in K—p a sequence of points {p;} converging to p 
and such that the sequence {H;} converges to H, where, for 
each i, H; is the ray through p; having # as its endpoint. The 
author proves the following theorems. (1) The set A of all 
points p of K at which K has no direct tangent 7(p) has 
linear Carathéodory measure zero. For each o greater than 
zero there exists a perfect subset P of K—A such that K—P 
has linear Carathéodory measure less than « and 7(p) isa 
continuous function of » when considered as defined on P. 
(2) The set of all branch points and end points of K has 
linear Carathéodory measure zero. D. W. Hall. 


Liao, S. D. On locally connected sets and absolute neigh- 
bourhood retracts. Portugaliae Math. 8, 137-142 (1949). 
Lefschetz has shown [Topics in Topology, Princeton 

University Press, 1942, p. 99; these Rev. 4, 86] that a 

compact metric space is an absolute neighborhood retract if 

and only if, for each positive ¢, it is e~-deformable into a finite 
continuous complex. In this paper, this and related results 
are generalized to separable metric spaces. E£. G. Begle. 


Borsuk, Karol. Les polytopes, les quasi-polytopes et la 
topologie générale. Casopis P&st. Mat. Fys. 74 (1949), 
25-31 (1950). (Polish. French summary) 

This is an expository paper on the as yet unsolved prob- 
lem of finding a topological characterization of polyhedra. 
The class of finite-dimensional absolute neighborhood re- 
tracts contains all polyhedra, and in many respects such 
spaces have the same homology and homotopy properties 
as polyhedra. But absolute neighborhood retracts can ex- 
hibit certain ‘‘pathological” properties not possessed by any 
polyhedra. A number of such properties are described here, 
and methods are outlined for finding smaller classes of 
spaces, containing all polyhedra, but excluding some of these 
pathologies. E. G. Begle (New Haven, Conn.). 


Saté, Tokui. The fixed point theorem in a functional space. 
Mem. Fac. Sci. Kyiisyi Univ. A. 5, 65-67 (1950). 
(Esperanto) 

The author generalizes a fixed-point theorem given in a 
previous paper [same Mem. A. 4, 33-44 (1949); these Rev. 

11, 381). R. Bellman (Stanford University, Calif.). 


Besicovitch, A. S. A problem on to transforma- 
tions of the plane. II. Proc. Cambridge Philos. Soc. 47, 
38-45 (1951). 

This paper is concerned with homeomorphisms of the 

Plane of the form (1) T(re**) =re‘ve/)+# (which means that 
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each ray is turned through an angle 4 and stretched by a 
factor depending on the ray), such that (2) the positive 
semiorbit of some point is dense in the plane. In a previous 
paper [Fund. Math. 28, 61-65 (1937)] the author con- 
structed a class of such transformations, and stated, errone- 
ously, that property (2) holds for every point of the plane, 
except the origin. In the present paper the situation is 
elucidated (a) by showing that for every transformation of 
the form (1) with the property (2) there exists a point y~+0 
whose orbit is bounded, and (b) by constructing an example 
of such a transformation with the additional property that 
for a certain point sz, 7*s—+« and 7-*s-0 as n— ~~. It is 
known that for any homeomorphism of the plane that leaves 
the origin fixed and has property (2) there exists a point 
y#0 whose positive semiorbit is bounded, but it is not 
known whether the conclusion of (a) holds for all such 
transformations. J. C. Oxtoby (Bryn Mawr, Pa.). 


Kuiper, N. H. Compact spaces with a local structure de- 
termined by the group of similarity transformations in E”. 
Nederl. Akad. Wetensch., Proc. 53, 1178-1185 = Indaga- 
tiones Math. 12, 411-418 (1950). 

On an n-dimensional manifold M, a coordinate system 
(hk, a, 6) is a homeomorphism & of an n-cell a in Euclidean 
n-space E, onto an n-cell 6 in M. The author studies a 
compact manifold M coverable by a set S of coordinate sys- 
tems with the property that if (A, a1, 51), (42, @2, b2) belong 
to S and if A is any component of 5,7}, then hy"h, is a 
similarity transformation on h;~'(A). The set S expanded 
to be maximal with respect to this property of ‘overlapping 
by similarity” determines the structure of M: M is now 
called “locally sim Z”. Let E,—P be E, with a point 
deleted. Then the author proves that if M is locally sim E, 
the universal covering manifold of M is (1) if »>2, either 
E, or E,—P, (2) if n=2, either E, or the universal covering 
manifold of E,—P, (3) if n»=1, either Z, or the Euclidean 
half-line. S. B. Myers (Ann Arbor, Mich.). 


Lokucievskii, O. V. On coverings of the two-dimensional 
sphere. Uspehi Matem. Nauk (N.S.) 5, no. 5(39), 165- 
167 (1950). (Russian) 

If ¢ is sufficiently small, every finite open ¢-covering w of 

a given 2-sphere X has at least one set which intersects at 

least six others. The author proves this theorem and asserts 

that (1) a proof by Lichtenbaum [Rec. Math. [Mat. 

Sbornik] N.S. 1(43), 907-916 (1936) ] is unsatisfactory; (2) 

the theorem was proved by A. D. Alexandroff [ibid. 2(44), 

307-318 (1937) ] under the special assumption that the sets 

of w are domains bounded by simple closed curves; (3) for 

a 2-dimensional polyhedron X the theorem is true with six 

replaced by an appropriate integer 26; (4) for 2-dimehsional 

compacta X the situation has not been resolved. 
R. H. Fox (Princeton, N. J.). 


Rohlin, V. A. Summary of results in homotopy theory of 
continuous transformations of a sphere into a sphere. 
Uspehi Matem. Nauk (N.S.) 5, no. 6(40), 88-101 (1950). 
(Russian) 

Expository lecture given at a conference on topology in 

May, 1950 at the Mathematical Institute of the Academy 

of Sciences of the USSR. 


Hilton, P. J. Calculation of the homotopy groups of 


A,*-polyhedra. I. Quart J. Math., Oxford Ser. (2) 1, 

299-309 (1950). 

An A,? polytope is a finite connected polytope K with 
dim Kn+2 and 2,(K) =0 for i<n. The author proves that 











520 


if K is A,*, and n>2, then r,4:(K) is a group extension of 
the integral homology group H,,,; by a certain group which 
can be calculated using H,, Hass, Ha+2, the dual of Steen- 
rod’s squaring operation, and certain homomorphisms. The 
approach consists in first showing that a given A,” polytope 
(n>2) is of the homotopy type of a polytope obtained by 
successive attachments of cells. Then repeated use of a 
“suspension” theorem of J. H. C. Whitehead [same vol., 
9-22 (1950); these Rev. 11, 610] enables him to trace the 
growth of z,,:(K) in this polytope. J. Dugundji. 


Eilenberg, Samuel, and MacLane, Saunders. Cohomology 
theory of Abelian groups and homotopy theory. IL. 
Proc. Nat. Acad. Sci. U. S. A. 36, 657-663 (1950). 

Cette note fait suite 4 une note antérieure [mémes Proc. 
36, 443-447 (1950); ces Rev. 12, 350]; nous en conservons 
les notations. Le complexe K(7, 1) qui donne l’homologie et 
la cohomologie d’un groupe quelconque x doit étre remplacé 
par un autre quand on envisage seulement la catégorie des 
groupes abéliens. D’une part l’existence d’une multiplication 
dans K(x, 1) lorsque x est abélien, d’autre part la notion 
d’acyclicité générique, conduisent les auteurs 4 définir une 
suite de complexes, doués chacun d’une multiplication, 
Ax) =K(x, 1), ---,A**(x)=B(A‘(x)), ---. Le passage de 
A‘(x) a A**(x) est décrit sous le nom de “‘bar construction”’; 
cette construction jouit de la propriété que si on l’applique 
a deux complexes homotopiquement équivalents, elle donne 
deux complexes homotopiquement équivaients. Le complexe 
A(x) =A*(x) (“complexe abélien” du groupe abélien 7) est 
obtenu a la limite: pour un degré donné, les A‘(x) sont 
identiques pour ¢ assez grand. Le théoréme essentiel affirme 
que le complexe A(x) est homotopiquement équivalent a 
celui dont les groupes de cohomologie sont les groupes 
Q*(x, G) de la note précédente; en outre, il est conjecturé que 
les groupes de cohomologie H*(A‘(x), G) sont les Q*:*(x, G) 
de la dite note. Si a un nombre fini de générateurs, les 
termes de degré donné des complexes A‘(x) et A(x) peuvent 
étre calculés par des procédés finis; ceci permettra un calcul 
effectif des groupes des auteurs H™*+*-"(K(x,m);G) (si 
la conjecture se vérifie), et fournit dés maintenant une 
méthode de calcul de Q*(x, G)~H™**-"(K(x, m); G) pour 
m=k. Des résultats explicites sont donnés: J désignant 
le groupe cyclique infini, la liste des groupes d’homologie 
H,(A(J))=A:(J) est dressée pour 1=k=11; tous: sont 
des sommes directes de groupes cycliques d’ordre pre- 
mier. [Erratum: pour Ax(J), lire (2)+(2) au lieu de 
(2)+(2)+(2)..] Des exemples sont aussi donnés lorsque r 
est cyclique fini; enfin les H,(A(x)) =A,(x) (1234) sont 
explicités pour un groupe abélien quelconque rz. 

H. Cartan (Paris). 


Serre, Jean-Pierre. Homologie singuliére des espaces 
fibrés. I. La suite spectrale. C. R. Acad. Sci. Paris 
231, 1408-1410 (1950). 

In this note, the author gives a more general meaning to 
the term “fibre space’ than has been usual in the past. A 
fibre space is a triple (Z, p, B), where p is a continuous 
mapping of the space E onto the space B, which satisfies the 
“covering homotopy theorem” [cf. Hurewicz and Steenrod, 
Proc. Nat. Acad. Sci. U. S. A. 27, 60-64 (1941), theorem 1; 
these Rev. 2, 323] for maps of polyhedra into B. Fibre 
bundles, and fibre spaces in the sense of Hurewicz and 
Steenrod [loc. cit] satisfy this definition. If (EZ, p, B) is a 
fibre space, the sets p~'(y), yeB, are called fibres. They are 
not homeomorphic in general, but their homotopy groups 
and singular homology groups form local systems of groups 
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in B. If the space B is arcwise connected, then these groups 
when taken at two different points are always isomorphic 
(although not in a unique way), and the author denotes 
them by 2,(F), Hi(F), etc. As in the case of fibre spaces in 
the Hurewicz-Steenrod sense, there is an exact sequence of 
homotopy groups: 


+++ —~ni( PF) 9 (E) 2 (B)9i(F)—-: -- 


Assume that (EZ, p, B) is a fibre space in which the spaces 
E and B and the fibre F are arcwise connected; the basic 
theorem, relating the singular homology groups of E, B, and 
F may be stated as follows. There exists a sequence of 
groups E,, n=2, 3, ---, having the following properties: 
(1) Each of the groups £, has a differential operator d,, i.e., 
d, is an endomorphism of EZ, having the property d,?=0, 
(2) The “derived group” or “homology group” of EZ, with 
respect to the operator d,, is isomorphic to Z,,.:. A sequence 
of groups with differential operators having this property 
is called a “‘spectral homology sequence” or ‘‘Leray-Koszul 
sequence” [cf. Leray, J. Math. Pures Appl. (9) 29, 1-80, 
81-139 (1950); these Rev. 12, 272; further references are 
given in this paper ]. (3) Each of the groups EZ, is bigraded, 
i.e., there exists a doubly-indexed family of subgroups, E,?*, 
such that Z, can be written as a direct sum, E,= }E,?*. 
(4) E.?’*=H,[B, H,(F)] (singular homology with local co- 
efficients). (5) d,(Z,”:*)CE,"", where r=p—n, s=q+n-1. 
(6) There is a natural “filtration” on each of the singular 
homology groups H,(Z), p=0, 1, ---; i.e., the fibre space 
structure on E determines a nested sequence of subgroups 
of H,(Z). (7) Let EZ. = [E.”** denote the “‘limit”’ group of 
the sequence; then E,, is naturally isomorphic to the graded 
group associated with the filtered group H(E£) = > 4A,(£). 
To be more explicit, the groups E,,”'®, E,?', ---, E,.°” are 
isomorphic to the factor groups of the successive subgroups 
of H,(£) determined by the filtration. 

In this brief note the author gives no hint as to how he 
makes some of the essential definitions needed in this kind 
of a theorem, nor does he give any indications as to the 
methods used in the proof. He mentions some direct applica- 
tions; one of the applications is to obtain an exact sequence 
relating the singular homology (or cohomology) groups of 
E, B, and F in case B is a sphere, as was done by H. C. 
Wang [Duke Math. J. 16, 33-48 (1949) ; these Rev. 10, 468]. 

W. S. Massey (Providence, R. I.). 


Serre, Jean-Pierre. Homologie singuliére des espaces 
fibrés. II. Les espaces de lacets. C. R. Acad. Sci. 
Paris 232, 31-33 (1951). 

Let X be a space which is arc-wise connected and simply- 
connected. Choose a base point xeX, and denote by E the 
space of all continuous functions f: J-+X having the prop- 
erty f(0) =x (here J denotes the closed unit interval, [0, 1]). 
Give the space E the compact-open topology. Then E is 
contractible to a point, and hence its singular homology 
groups are trivial. Define a map p: EX by p(f)=/f(1). 
The triple (Z, , X) turns out to be a fibre space in the sense 
previously defined by the author [cf. the preceding review]. 
The fibre over the point yeX is the space of all paths in X 
from x to y. If x=, one obtains the space of closed paths, 
or loops, based at x; this space is denoted by Q. 

The author now applies the fundamental theorem of his 
preceding note to the fibre space (E, p, X) and obtains the 
following result: There exists a Leray-Koszul sequence of 
bigraded groups with differential operators, (Ex, ds): 
n=2, 3, ---, having the property that Z.”*=H,[X, H,(Q)], 
and such that the limit group E,, is trivial. The author 
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derives several corollaries from this theorem, including the 
following. (1) If the integral homology groups of X are all 
finitely generated, the same is true of the integral homology 
groups of the space of closed paths &. (2) Suppose all homol- 
ogy groups are taken with a field & as coefficients, and that 
there exists an integer »>0O such that H,(X, k) 0, but 
HX, k) =0 if i>n. Then for every integer i>0 there exists 
an integer j between 0 and mn such that H;,,(Q, k) #0. Thus 
in this case there exist infinitely many values of the index i 
such that H,(Q, k) #0. By combining this last corollary with 
the methods of M. Morse’s calculus of variations in the 
large, the following theorem is obtained: Let X be a con- 
nected Riemannian manifold which is complete with respect 
to the given Riemannian metric. If there exists an index 
n>0 such that the integral singular homology group H,(X) 
is nontrivial, then there exists an infinite number of geo- 
desics joining any two distinct points. 

The usual law of composition of paths defines a continu- 
ous multiplication in the space of closed paths Q. If we 
assume that the singular homology groups H,(Q, k), with 
coefficients in a field k of characteristic 0, are all of finite 
rank, then the author shows that it is possible to apply the 
classical reasoning of H. Hopf [Ann. of Math. (2) 42, 22-52 
(1941); these Rev. 3, 61] to obtain ‘information about the 
cohomology ring of 2. As an application of this fact, the 
author determines the cohomology ring with integral coeffi- 
cients of the space @ of closed paths on a sphere of odd 
dimension. No proofs are given in this note. 

W. S. Massey (Providence, R. I.). 


Serre, Jean-Pierre. Homologie singuliére des espaces 
fibrés. III. Applications homotopiques. C. R. Acad. 
Sci. Paris 232, 142-144 (1951). 

The object of this note is to apply the theory developed 
in two preceding notes [cf. the two preceding reviews] to 
determine information about the homotopy groups of any 
space X; particular attention is paid to the case in which X 
is a sphere. 

Let X be a space which is arc-wise connected. A sequence 
of spaces (X,, 7,,), 2 =0, 1, -- -, is defined as follows: Xo>=X; 
T; is the universal covering space of Xo; X, is the space of 
closed paths on 7); T; is the universal covering space of X;; 
X; is the space of closed paths on 7;; etc. All these spaces 
are arc-wise connected. Furthermore, 71(Xn) © 4n41(X), «°°, 
(Xn) *minn(X), «++. From this it follows that 2.4:(X) is 
isomorphic to the integral homology group H;(X,). Thus 
one could determine the homotopy groups of X if one could 
calculate the homology groups of the spaces X,. The 
methods developed by the author and H. Cartan make such 
a calculation partially possible. On the one hand, the 
methods developed by the author in the two preceding notes 
determine relations between the homology groups of 7, 
and X,; on the other hand, the Leray-Koszul sequence of a 
covering space [H. Cartan, same C. R. 226, 303-305 (1948) ; 
these Rev. 9, 368] determines relations between the homol- 
ogy groups of X,_, and 7,,. The author asserts that he can 
obtain the following results by this procedure (no proofs 
are given) : (1) Let X be a space which is simple in all dimen- 
sions, and such that all its integral, singular homology 
groups are finitely generated; then the homotopy groups 
*(X) are also all finitely generated. (2) Let X be a space 
which satisfies the conditions stated in the preceding sen- 
tence, and let k be a field. If the homology groups H,(X, k) 
are trivial for 0<i<n, then 2(X)@k=0 for i<n, and 
*.(X)@k=H,(X,k). (Here the symbol “@” signifies 
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“tensor product”.) (3) Let S* denote an n-sphere. Then 
the homotopy groups z;(S*) are finite groups for all i>n 
with the single exception of w2,~:(.S") for m even; t2,~1(5*) 
for m even is the direct sum of an infinite cyclic group and a 
finite group. (4) For any prime number , let Z, denote a 
cyclic group of order p. Then for any odd integer n2=3, 
a(S") @Z,=0 for n<i<n+2p—3, and x(S")@Z,~Z, for 
i=n+2p—3. If n is an even integer =4, this result is still 
true except in the case i= 2n—1. As an example of the appli- 
cation of this last theorem, it follows that r¢(S*)@Z;~Zz,, 
mo(S*)@Z,=0 for any prime p>3. The last two theorems 
quoted are by far the most comprehensive results yet ob- 
tained about the higher homotopy groups of spheres. 

The author also applies his methods to obtain general 
results about the Eilenberg-MacLane homology and co- 
homology groups of Abelian groups [see the third preceding 
review and the reference cited there ]. The general procedure 
is as follows. Let Q be an Abelian group and g a positive 
integer. To study the homology or cohomology theory of the 
Eilenberg-MacLane complex K(Q, g), the author first con- 
structs a space X such that x(X)=0 for i#g+1, and 
%+1(X) ~Q; that such a space exists follows from a theorem 
of J. H. C. Whitehead [Ann. of Math. (2) 50, 261-263 
(1949); these Rev. 10, 560]. Let Y denote the space of 
closed paths on X; by applying the fundamental result of 
the preceding note to the pair (X, Y), the following general 
theorem is obtained: There exists a Leray-Koszul se- 
quence of bigraded groups (Z,), »=2, 3, ---, such that 
Ey" =H,[Q;¢+1, H(Q;q)] and the limit group £, is 
trivial. Among the corollaries which the author derives from 
this theorem are the following: (1) If Q is a finitely generated 
Abelian group, then the homology groups H,(Q,q) with 
integral coefficients are finitely generated for all values of ¢ 
and g. (2) If k is a field of characteristic 0, the cohomology 
ring H(Q;¢,k) satisfies Hopf’s theorem (at least, in the 


case where Q is finitely generated). W. S. Massey. 

Leray, Jean. L’homologie d’un espace fibré dont la fibre 
est connexe. J. Math. Pures Appl. (9) 29, 169-213 
(1950). 


This is a sequel to the author’s paper on filtered homology 
theory [same vol., 1-80, 81-139 (1950) ; these Rev. 12, 272], 
the purpose being application of the general theory to the 
homology theory of fiber spaces. The main results have been 
announced before [C. R. Acad. Sci. Paris 223, 395-397 
(1946); these Rev. 8, 166]. The paper is divided into three 
chapters. Chapter 1 deals with the general case in which the 
definition of a fiber space is more general than that of a 
fiber bundle. Let X, Y, F denote respectively the total space, 
the base space, and the fiber, and let @ be a ring. In the case 
that the fundamental group of Y acts trivially on the 
cohomology groups of F, one of the main results in this 
chapter can be written in the form 


H[YOR(XOG)]=K[YOR(FOR)], 


where 3C is the cohomology ring, O is the reduced tensor 
product, ¢ is the projection of X onto Y, and & is the derived 
faisceau of XO@. It is then proved that this is the case, if 
the fiber is “homogeneous.” The rest of the chapter studies 
the spectral cohomology ring and the filtered cohomol- 
ogy ring. 

Chapter 2 studies the case that ,(Y) acts trivially on the 
cohomology groups of F and that A is a commutative field. 
Various formulas. between the Poincaré polynomials of 
X, Y, Fare established. Further results are obtained for the 
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case that X, Y, F are orientable manifolds, so that Poincaré’s 
duality is valid. Chapter 3 applies the general theory to the 
following three cases: (1) the fiber is a homology sphere; 
(2) the fiber is homologically a product of even-dimensional 
spheres; (3) the base space is a sphere. S. Chern. 


Borel, Armand. Remarques sur l’homologie filtrée. J. 

Math. Pures Appl. (9) 29, 313-322 (1950). 

This paper contains remarks and results aiming at some 
clarification of Leray’s filtered homology theory [same vol., 
1-80, 81-139 (1950); these Rev. 12, 272]. Several ‘‘unique- 
ness theorems” of the cohomology ring are proved, of which 
we choose a typical one as follows: Let @’, @ be two proper 
differential faisceaux and \ a homomorphism of 8’ into @ 
which induces an isomorphism of X@’(x) onto KX@(x) for 
every point x of the space. If the degree of K has a finite 
upper bound, \ induces an isomorphism of (K*O@’) onto 
5(K*O®B). A consequence of such theorems is the Vietoris- 
Begle mapping theorem. S. Chern (Chicago, IIl.). 


¥%Steenrod, Norman. The Topology of Fibre Bundles. 

Princeton Mathematical Series, vol. 14. Princeton Uni- 

versity Press, Princeton, N. J., 1951. viii+224 pp. 

$5.00. 

This is the first systematic account of fibre bundles, 
covering the development of the subject from its birth in 
1935 until the most recent period. Most of the essential 
aspects are treated, the only major omission being the 
homology theory first developed by Gysin for sphere bundles 
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and later generalized by Leray, Hirsch, and others to general 
fibre bundles. The book presupposes little knowledge of 
algebraic topology from the reader. It is divided into three 
parts. Part I deals with the general theory. Although there 
is yet no generally accepted definition of a fibre bundle, the 
author starts with one which seems to be best suited for 
applications. Numerous examples are given, ranging from 
the tensor bundles of a differentiable manifold to covering 
spaces. Notions such as principal bundle, associated bundles, 
cross-section, etc. are introduced. Perhaps the most impor- 
tant result is the covering homotopy theorem, which has 
many consequences. Part II is devoted to the homotopy 
theory of bundles. A clear and concise treatment of the 
homotopy groups is given, the first one in book form. As one 
of its most interesting applications, information is obtained 
on the topological properties of spheres. Topics include the 
homotopy groups of spheres and rotation groups, the fiber- 
ing of spheres by spheres, classification of sphere bundles 
over spheres, vector fields over spheres, etc. Part III treats 
the cohomology theory of bundles. The basic notion is the 
obstruction cohomology class defined in the stepwise exten- 
sion of a cross section. This is not a cohomology class in the 
ordinary sense and the author achieved the required general- 
ization in a natural way by introducing the notion of a 
bundle of coefficients. The most important invariants so 
introduced are the Stiefel-Whitney characteristic classes of 
a sphere bundle. The book concludes with sections on quad- 
ratic forms on manifolds and complex analytic manifolds. 
S. Chern (Chicago, IIl.). 


GEOMETRY 


¥Laxerrapiv, Nevtoc. LXrtorxesa Sewontixnce yewperprac. 

[Sakellariou, Neilos. Elements of Theoretical Geom- 

etry]. 3 volumes. Athan. Th. Pountza, Athens, 1950. 

224, 208, 208 pp. 

The initial axioms and common principles are exactly as 
in Euclid. One of the congruence theorems is “proved” by 
superposition. Contrary to Euclid’s procedure the parallel 
axiom is used from the beginning. The axiom of Pasch is 
introduced towards the end of volume 2, although it is used, 
implicitly, from the beginning. The remarks concerning the 
ancient history of mathematics are based on Herodotus and 
the Babylonian accomplishments are hardly mentioned. 
There are several brief biographical sketches. Gauss is 
described as the greatest mathematician of modern times 
“comparable to the Greek mathematicians.”’ In spite of 
these shortcomings on the critical side, which are to a great 
extent explained by the fact that the books are written for 
high schools, the work is quite valuable for the specialist, 
because it contains almost everything done in the Euclidean 
spirit up to the end of the last century. The following few 
names of modern mathematicians whose contributions to 
Euclidean geometry are treated, will give an idea of the 
wealth of material: Brocard, Ceva, Desargues, Euler, Fer- 
mat, Feuerbach, Gauss, Gergonne, Lemoine, Miquel, Nagel, 
Pascal, Salmon, Stewart, Taylor, Vecten. In addition to the 
theorems proved in the text a tremendous number of facts 
are formulated as exercises, of which there are 1367, at 
least one third nontrivial. H. Busemann. 


Cavallaro, Vincenzo G. Les triangles brosteineriens. 
Anais Fac. Ci. Porto 33, 65-81 (1948). 
Given a basic triangle (T)=ABC, if V is the Brocard 
angle, and V;, V; the Steiner angles of (7), a triangle (BS) 








is said to be “Brosteinerian”’, for (7), if the angles of (BS) 
have values of the form +xV+yVi+2V2. The author 
establishes numerous relations between the elements of (T) 
and (BS). Particular attention is given to “uniform Bro- 
steinerian triangles’ whose angles are, respectively, 2V, 
2Vi, 2V2. It is shown, among other things, that in such 
triangles the side opposite the angle 2V is the arithmetic 
mean of the other two sides. This group of triangles includes 
the one having for vertices the circumcenter, the nine- 
point center, and the center of the Brocard ellipse of (7). 
N. A. Court (Norman, Okla.). 


Goormaghtigh, R. On a generalization of Feuerbach’s 
theorem. Amer. Math. Monthly 58, 103-104 (1951). 


Bilinski, Stanko. Bemerkungen zu einem Satze von G. 
Monge. Hrvatsko Prirodoslovno Dru&tvo. Glasnik Mat.- 
Fiz. Astr. Ser. II. 5, 49-55 (1950). (Serbo-Croatian. 
German summary) 


Delcourte, M. Sur certaines suites de polygones inscrits 
auncercle. Mathesis 56 (1947), 268-279 (1948). 


Barnett, Joseph, Jr. Euclidean n-space analogue of & 
theorem of Galileo. Amer. Math. Monthly 57, 677 
(1950). 

The author finds a simple connection between the 
n-dimensional contents of three figures: a sphere, a circum- 
scribed polytope, and a similar polytope whose (n—1)- 
dimensional content is equal to that of the sphere. 

H. S. M. Coxeter (Toronto, Ont.). 
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Karamata, J. Uber die Anwendung der komplexen Zahlen 
in der Elementargeometrie. Bull. Soc. Math. Phys. 
Macédoine 1, 55-81 (1950). (Serbo-Croatian. German 
summary) 

Die Vektorrechnung in der Planimetrie kann mit gutem 
Erfolg durch rechnen mit komplexen Zahlen ersetzt werden. 
Das Produkt db fasst in dieser Weise das innere und das 
aussere Produkt der entsprechenden Vektoren zusammen. 
Verfasser verwendet diese Rechnung fiir die Herleitung 
elementarer planimetrischer Satze; z.B. wird der Pappus- 
Pascalsche Satz ausfiihrlich betrachtet. 

H. A. Lauwerier (Amsterdam). 


Rédei, L. Uber das Dreieckpaar. Acad. Repub. Pop. 
Romane. Stud. Cerc. Mat. 1, 87-137 (1950). (Romanian 
and German. Russian summary) 

Given two equally oriented triangles A, B in E* with sides 
4, G2, @3 and b,, be, bs, there is exactly one affinity S(A, B) 
which carries a; into };. If a; also denotes the length of the 
side a; and a4=4,, ---, put 


H(a,, br) =a,*( — bP +P gr thas) 
085 4.1(bn — Pigs t+ Pigs) +07 042(bn +P iyi — Pass), 


g, h=1, 2, 3. Then H(a,, dx) =A (G41, bays) and 
A(ay, 6;)S2-(A(a1, a1) +H(b1, 1)) 


is necessary and sufficient for S(A, B) to be a contraction, 
that is to decrease all distances in the plane (not only 
a;=b,). The problem turns out to be related to the following: 
If A is subjected to a rotation yielding A, to find the posi- 
tions of A for which the mixed area F(A, B) is maximal. It 
is shown that there are at most 9 positions of A for which 
F(A, B) reaches a relative maximum. The corresponding 9 
values are given, partly in terms of the above H(a,, by). 
Particular cases are discussed in which there are fewer than 
9 values. H. Busemann (Los Angeles, Calif.). 


van De Vooren-van Veen, J. F. On centers of similitude 
and configurations connected with them. Simon Stevin 

27, 129-132 (1950). (Dutch) 

The author has rediscovered the configuration consisting 
of two complementary sets of three desmic tetrahedra 
[Stephanos, Bull. Sci. Math. (2) 3, 424-456 (1879) ]. 

H. S. M. Coxeter (Toronto, Ont.). 


Zacharias, Max. Uber die harmonisch gekoppelten Hess- 
eschen Konfigurationen (12,, 16;) und gewisse in ihnen 
enthaltene Konfigurationen (15;). Math. Nachr. 3, 243- 
256 (1950). 

As the author showed in an earlier paper [Deutsche Math. 
6, 147-170 (1941), p. 152; these Rev. 8, 219], Hesse’s con- 
figuration (12,4, 163) can be derived by projection from the 
figure of three desmic tetrahedra, a special form of which 
consists of two regular tetrahedra inscribed in a cube, along 
with the center of the cube and the three points at infinity 
on its edges [cf. Hudson, Kummer’s Quartic Surface, Cam- 
bridge, 1905, p. 2]. The centers of the six faces of the cube 
and the six points at infinity on the diagonals of the faces 
form a second set of three desmic tetrahedra, ‘harmonically 
coupled’’ with the first set. Nine vertices of the first set and 
six of the second, viz. the vertices and center of the cube 
and the centers of the six faces, form a set of fifteen points 
lying by threes on fifteen lines: the diagonals of the faces 


- and the lines through the center parallel to the edges. The 


irregular 153 so formed is clearly not related to the regular 
15; of Cremona and Martinetti [Ann. Mat. Pura Appl. 








(2) 14, 161-192 (1886), p. 174], for the center of the cube 
plays a special role, differing essentially from the other 
fourteen points. Each of the 24 vertices of the two sets of 
desmic tetrahedra may play this special role; hence 24 such 
15;'s can be picked out. H. S. M. Coxeter. 


Buehler, R. J., Wentorf, R. H., Jr., Hirschfelder, J. O., 
and Curtiss, C. F. The free volume for rigid sphere 
molecules. J. Chem. Phys. 19, 61-71 (1951). 

In the face-centered cubic lattice, each lattice point has 
twelve nearest neighbors. Twelve spheres drawn around the 
neighbors of the origin are said to form a cage. The “soft 
center’’ free volume of the cage is defined to be the volume 
of the region consisting of points which are nearer to the 
origin than to any of the neighbors and farther than some 
given distance ro from each neighbor. Thus when 1» is small 
the region is a rhombic dodecahedron, and for larger values 
spherical pits are scooped out of the twelve faces. The “hard 
center” free volume is the volume of the region consisting 
of points which are nearer to the origin than to any of the 
neighbors but farther than ro from the origin. Thus when ro 
is large the volume is zero, but when fo is small the region 
is the rhombic dodecahedron with a concentric sphere re- 
moved. Both kinds of free volume have been computed and 
tabulated for 42 values of ro. H. S. M. Coxeter. 


Hermann, Carl. Kristallographie in Raiumen beliebiger 
Dimensionszahl. I. Die Symmetrieoperationen. Acta 
Cryst. 2, 139-145 (1949). 

Schoute [Ann. Ecole Polytech. Delft 7, 139-158 (1891) ] 
showed that the characteristic roots of the general orthogo- 
nal transformation in Euclidean n-space are roots of unity 
occurring in conjugate pairs. Thus the characteristic roots 
of such a transformation of period m can be expressed as 
exp (2ril;/m) where 1, 5),5--- Sl, and 1;+1,4:-;=m. The 
author seeks those orthogonal transformations which are 
symmetry operations of lattices. He derives these from 
so-called ‘‘transitive’’ operations, which are the cases where 
l,, --+, 1, are the ¢(m) numbers less than m and prime to m. 
Since n = ¢(m), such operations occur in every even number 
of dimensions up to = 12. In particular, the possible periods 
for “transitive” operations in two dimensions are 3, 4, 6, 
since ¢(3) = ¢(4) = ¢(6) =2. More interestingly, the possible 
periods in four dimensions are 5, 8, 10, 12. The periods 8 
and 12 occur in the lattice consisting of all points in Eucli- 
dean 4-space whose coordinates are integers with an even 
sum. The periods 5 and 10 occur in the lattice consisting of 
all points in Euclidean 5-space whose coordinates are inte- 
gers with a constant sum, say zero. H.S. M. Coxeter. 


' 

Niggli, Paul. Die vollstiindige und eindeutige Kennzeich- 
nung der Raumsysteme durch Charakterentafeln. I. 
Acta Cryst. 2, 263-270 (1949). 

The author has devised a method whereby a complete 
and very compact description of the space groups can be 
given by means of tables of characters having the form of 
square matrices. In this, the first part of the paper, the 
principle of their construction is described and exemplified 
by a discussion of the space groups isomorphous with C,, 
Ci, Co, Cr, Cor, De, Coe, Dox possessing simply primitive 
translation groups. These tables, in the words of the author’s 
summary: “constitute the simplest formulation of all essen- 
tial properties of the space groups (e.g., elements of sym- 
metry, point symmetry, the general and special positions of 
equivalent points, the structure factor for the general posi- 








tion, the laws of missing spectra, the lattice complexes, the 
laws of transformation etc.)’’. S. Melmore (York). 


Padurow, N.N. Affine Gitterkonstanten. Acta Cryst. 3, 

200-203 (1950). 

The idea of affine lattice constants represents a develop- 
ment of Fedorow’s conception [Das Kristallreich, Petro- 
grad, 1920] whereby the general triclinic crystal is charac- 
terised by five angles. To the five angular constants the 
author adds a linear lattice constant; this set of six constants 
comprise the affine lattice constants. The angles characterise 
extensions and shears by which the general, i.e., triclinic, 
crystal cell may be deformed into a cubic cell, and the linear 
constant gives the absolute length of the edge of this cube. 
Two of the five angles used coincide with two of Fedorow’s. 
The tangents of two may be interpreted as the two exten- 
sions required to transform an orthogonal cell of volume 
equal to that of the crystal cell into a cube, the length of 
one edge remaining unchanged; this length being the linear 
constant. The three other angular constants are the shear 
angles by which the triclinic cell may be made orthogonal 
without change of volume. The use of affine lattice constants 
simplifies the selection of the ‘‘correct setting’’ of a crystal, 
the evaluation of the results of goniometric measurements 
and the assigning of indices in X-ray photographs. Formulae 
are given for the various crystal systems for transforming 
the usual axial constants (three lengths, three angles) into 
the affine constants, and vice versa. S. Melmore (York). 


Jahn, H. A. Note on the Bhagavantam-Suryanarayana 
method of enumerating the physical constants of crystals. 
Acta Cryst. 2, 30-33 (1949). 

Um die Konstantenzahl einer Kristallklasse zu bestimmen, 
verwendet Verf. die Darstellung der betrachteten Klasse. 
Die Anzahl der Konstanten ergibt sich durch deren additive 
Aufspaltung nach der Dimension. Die Ergebnisse werden 
tabellarisch zusammengestellt. J. J. Burckhardt. 


Lébell, Frank. Eine Verallgemeinerung des Pentagramma 

Mirificum. Math. Z. 53, 236-243 (1950). 

Let gi, g2, gs, ga be four lines in hyperbolic 3-space, each 
consecutive pair intersecting at right angles, and let gs be 
the common perpendicular of g, and gi. Then gigogaggs is a 
right-angled (skew) pentagon. (The subscripts are conveni- 
ently regarded as residues mod 5, so that go is an alternative 
name for gs.) Let a denote the distance between g;_; and gj+1 
along their common perpendicular g;, and let a denote the 
angle between the planes g; 1g; and g,gj+:. The complex 
number y;=a+ai is called the “mass” of the line-pair 
£)-1£341- Representing the lines by binary quadratic forms, 
as in an earlier paper [same Z. 52, 759-769 (1950); these 
Rev. 12, 123], the author finds that the five masses +; satisfy 
the ten equations cos y;=sin 7j+2 Sin yj-2=Ccot Yj;—-1 Cot Yj41 
(j=0, 1, 2, 3, 4 mod 5). In the special case when the five 
lines are concurrent, they meet a sphere drawn round their 
common point in the vertices of a pentagramma mirificum. 
Since the y's are then real, the ten equations reduce to 
Napier’s rules. H. S. M. Coxeter (Toronto, Ont.). 


Schmidt, Arnold. Uber die Bewegungsgruppe der ebenen 
elliptischen Geometrie. J. Reine Angew. Math. 186, 
230-240 (1949). 

Consider a non-Abelian group generated by elements of 
order 2, called simple. In addition to the group operation 
ab a second operation a Xb is assumed to be defined for ab, 
which is commutative, but in general not associative, and 
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such that aXb is simple. The two operations are connected 
by the axioms: (1) If a, b, c are simple, c#b, and abc is 
simple, then (a Xb)-c is simple and conversely; (2) if a, b, ¢ 
are simple, a#b, and ac and bc are simple, then c=a Xb. It 
is shown that these relations suffice to build up elliptic 
geometry. Here a corresponds to the reflection in the line a 
or in the pole of a, and aXb to the intersection of the lines 
a and b. The two axioms mean geometrically: (1) The 
product of three reflections a, 5, c is a reflection if and only 
if ¢ passes through the intersection of a and 5; (2) if a andb 
are perpendicular to c, then ¢ passes through the poles of 
a and b. Trivial geometries may be eliminated by the 
additional requirement, not used in the proofs, that for 
every simple a.a simple )a exists for which abd is not simple. 
H. Busemann (Los Angeles, Calif.). 


Locher-Ernst, L. Polarsysteme und damit zusammen- 
hangende Beriihrungstransformationen. Das Prinzip 
von Huygens in der nichteuklidischen Geometrie. Acad. 
Serbe Sci. Publ. Inst. Math. 3, 101-118 (1950). 

When a point and a line of the projective plane are inci- 
dent, they are said to form a lineal element [Veblen and 
Young, Projective Geometry, vol. 1, Ginn, Boston, 1910, 
p. 107]. A polarity transforms a lineal element into a lineal 
element. It is possible to find a continuous transformation 
which ultimately has the same effect as a given polarity 
[S. Lie, Ber. Verh. Sachs. Ges. Wiss. Leipzig. Math.-Phys. 
Cl. 47 (1895), 494-508 (1896), pp. 501-502]. The author 
develops this idea anew, not only in two dimensions but in 
three also, and applies it to non-Euclidean geometry. He 
generalizes the concepts of distance and angle by defining 
a measure (xa, y+b) for any ‘“measurable’’ pair of lineae 
elements: a point x on a line a, and a point y on a line b. Hl 
describes this as the logarithm of a cross ratio; but in terms 
of ordinary hyperbolic geometry it amounts to the following. 
A pair of lineal elements is ‘‘measurable”’ if one is the image 
of the other by a reflection, viz. the reflection in the perpen- 
dicular bisector of the segment xy. Then (xea, yeb) is the 
distance or angle between a certain pair of lines: one through 
x perpendicular to a, and one through y perpendicular to b. 
(Thus it is zero if these lines are parallel.) In particular, 
(x*a, yea) is the distance between x and y, and (xa, xsd) is 
the angle between a and b. H. S. M. Coxeter. 


Locher-Ernst, Louis. Stetige Vermittlung der Korrela- 

tionen. Monatsh. Math. 54, 235-240 (1950). 

Eine Korrelation in der Ebene kann aufgefasst werden 
als eine Abbildung der Mannigfaltigkeit der Linienelemente 
auf sich. Es stellt sich die Frage wie diese Abbildung durch 
eine kontinuierliche Transformation vermittelt werden 
kann. Verfasser gibt eine Lésung mittels linearer Fiihrung 
des Anfangselementes. Hierbei lést es sich in zwei Elemente 
auf, die sich im Endelement wieder vereinigen. Im Falle der 
Polaritat ergibt sich eine Beriihrungstransformation die das 
nichteuklidisch gefasste Huygensche Prinzip darstellt. 

H. A. Lauwerier (Amsterdam). 


Peczar, Leopold. Uber eine einheitliche Methode zum 
Beweis gewisser Schliessungssiitze. Monatsh. Math. 
54, 210-220 (1950). 

If we associate the complex number s=x-+iy with 
the point (x,y) in the real plane, then the cross ratio 
R(21, 22, 23, 34) = (21 — 3) (2 — 24) / (22 —23) (21 — 84) Of four num- 
bers is real if and only if the four corresponding points 
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lie on a circle or on a straight line. The identity 


R(s1, 26, 2, 22) R(Zs, 26, 21, 24)/R(S2, 21, 6, 23) R(S4, 25, 2, 21) 
= R(z3, 21, 22, #4)R(zs, 27, 2s, Ze) 


yields the Miquel circle configuration involving 8 points and 
6 circles, since if five of the cross ratios are real, then so is 
the sixth. This identity remains meaningful and valid in 
any commutative ring providing the differences 2;—2 are 
not zero divisors. If we associate the hypercomplex number 
s=x+uy, u*=0, with the point (x, y) then the cross ratio of 
four hypercomplex numbers is real if and only if the corre- 
sponding points lie on a parabola with axis parallel to the 
y-axis. Here the same identity on cross ratios yields a con- 
figuration theorem on parabolas. M. Hall. 


Argunov, B.I. Configuration postulates and their algebraic 
equivalents. Mat. Sbornik N.S. 26(68), 425-456 (1950). 
(Russian) 

In any projective plane we may introduce coordinates 
(x,y) for finite points and single coordinates for infinite 
points (m). We define a ternary operation x-mob so that 
y=x-mob is the equation of a line containing (x, y) and (m). 
There is a zero, 0, and a unit, 1, and addition and multi- 
plication are special cases of the ternary operation with 
x+b=x-1lob and xm=x-mo0. In this paper the author finds 
in terms of the ternary operation the algebraic equivalents 
for various configuration theorems. For a given configura- 
tion there is a local algebraic equivalent, given by a single 
application of the theorem. There is an affine algebraic 
equivalent, the law equivalent to the validity of a configura- 
tion theorem for all choices of the configuration with two of 
its points A and B lying on the line at infinity. The projec- 
tive equivalent is the law equivalent to the validity of the 
configuration in the entire plane. For example, Moufang’s 
theorem Ds is locally equivalent to the law —a=~a, where 
—a is the solution of a+x=0, and ~a is the solution of 
x+a=0, and also to the law (a+a)+a=a+(a+<a). It is 
shown that the configuration theorem locally equivalent to 
a@-(bc)od = (ab) -cod is projectively equivalent to the theorem 
of Desargues. A large number of relations between con- 
figuration theorems is found, and a diagram at the end of 
the paper illustrates these relationships. M. Hail. 


Rozenfel’d, V. A. Projective geometries on quaternions 
and pseudoquaternions. Doklady Akad. Nauk SSSR 
(N.S.) 74, 421-424 (1950). (Russian) 

A pseudoquaternion a+-bi+ce+df where ? = —1, 2 = +1, 
ie= —ei=f may be associated with a matrix (_${¢3+%) and 
this in turn with the two vectors (a+d, —b+c) and 
(6+c,a—d). More generally a vector (A:,-::,Am) of 
pseudoquaternions A; may be associated with two real 
vectors with 2m components. Using this association the 
author shows, among other things, that the collineation 
group of a projective space of dimension m over the ring 
of pseudoquaternions is isomorphic to the collineation group 
of the projective space of dimension 2%+1 over the real 
numbers. M. Hall (Washington, D. C.). 


Wunderlich, W. Zur Geometrie gewisser Glanzerschei- 

nungen. Monatsh. Math. 54, 330-344 (1950). 

The author solves special cases of the following problem: 
Given two finite or infinite points A, B and a set S of line 
elements (7, ¢) in space. To determine those line elements 
for which the straight line ¢ forms equal angles with both 
rays TA and TB. The following cases are discussed: (1, 2) 
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S consists of the points of a plane and the straight lines 
connecting them with a fixed finite or infinite point; (3, 4) 
S consists of the line elements of the parallel circles, respec- 
tively meridians, of a surface of revolution. Each case is 
dealt with by imbedding © into a three-dimensional mani- 
fold of line elements and solving the above problem for 
the latter. P. Scherk (Saskatoon, Sask.). 





Convex Domains, Extremal Problems 


Sholander, Marlow. Proof of a conjecture of R. C. and 

E. F. Buck. Math. Mag. 24, 7-10 (1950). 

It is shown that if three straight lines divide a plane 
convex region into seven subsets, six of which have equal 
area A, then the area of the seventh region is at most one- 
eighth of A, this upper bound being attained only when the 
region is a triangle with sides parallel to the three lines. 

O. Frink (State College, Pa.). 


van der Waerden, B. L. Polygone mit maximalem 
Flacheninhalt. Elemente der Math. 5, 121-125 (1950). 
If the lengths of the sides of a polygon are given in their 
proper order, the maximum area occurs when the polygon 
has a circum-circle. The author gives a simple but ingenious 
proof for this theorem, which Steiner only managed to prove 
when the polygon is restricted to have a line of symmetry 
and an even number of sides. H. S. M. Coxeter. 


Christensen, C. M. A square inscribed in a convex figure. 

Mat. Tidsskr. B. 1950, 22—26 (1950). (Danish) 

The author proves the following theorem: It is possible 
to inscribe a square in an arbitrary plane convex figure with 
inner points. As the author explains, this theorem has been 
considered before [cf. e.g. Emch, Amer. J. Math. 37, 19-28 
(1915); Zindler, Monatsh. Math. Phys. 31, 25-57 (1921) ]. 
These earlier proofs considered special cases (such as regions 
bounded by curves with continuously turning tangents) or 
were of doubtful validity. E. R. Lorch. 


Kuipers, L. On a minimum-problem. Nieuw Tijdschr. 

Wiskunde 38, 157-163 (1951). 

Let P, be a polygon inscribed in a circle of unit radius, 
and let P; be the circumscribing polygon whose points of 
contact with the circle are the vertices of P;. If J and C are 
the areas of P, and P; respectively, then S=J+C is a 
minimum when P, is a square. This conjecture of P. Sz4sz 
was proved earlier by Aczél and Fuchs [Compositio Math. 
8, 61-67 (1950); these Rev. 11, 455]. The author's proof is 
more elementary, but not shorter. A. W. Goodman. 


Trost, E. Beweis einer Minimaleigenschaft des Quadrates. 
Elemente der Math. 6, 26-28 (1951). 
A somewhat simpler proof of a geometric inequality stated 
in the paper reviewed above. A. W. Goodman. 


Kelly, P. J. A property of Minkowskian circles. Amer. 

Math. Monthly 57, 677-678 (1950). 

In the Euclidean plane, let C be a simple, closed, strictly 
convex curve having a center A. Applying a translation from 
A to any point A» on C, let C become Cy with center Ao. 
Let A, be either of the intersections of C and Cy. Let another 
translation move C to C, with center A;. Then C, meets C 








526 


in Ao and a second point A». Similarly C2, with center Ao, 
meets C in A; and a new point A;. Then the segment AoA; 
is bisected by A. In fact, such points form a hexagon 
AvA1A2A;AiAs whose pairs of opposite sides are equal and 
parallel. H. S. M. Coxeter (Toronto, Ont.). 


Fary, Istvan. Sur la densité des réseaux de domaines 
convexes. Bull. Soc. Math. France 78, 152-161 (1950). 
Let K be a plane convex domain (not necessarily sym- 

metrical) of area V(K). If A is a point-lattice in the plane, 

let d(A) be the area of its fundamental parallelogram. The 
author proves: (1) If A runs over all lattices such that no two 
of the convex domains K+<x, xeA, have an interior point in 
common, then max, V(K)/d(A)2=#, where equality holds 
only if X is a triangle. (2) If A runs over all lattices such that 
every point in the plane belongs to at least one of the convex 
domains K +x, xeA, then ming V(K)/d(A) S3, where equal- 
ity holds only if K is a triangle. In a footnote added in proof 
the author points out that the second result was essentially 
proved earlier by Besicovitch [J. London Math. Soc. 23, 
237-240 (1948); these Rev. 10, 320]. P. T. Bateman. 


Hadwiger, H. Zerlegungsgleichheit und additive Poly- 
ederfunktionale. Comment. Math. Helv. 24, 204-218 
(1950). 

Detailed exposition of results indicated without proofs in 

a previous paper [Arch. Math. 1, 468-472 (1949) ; these Rev. 

11, 165]. The representation of polyhedra by means of a 

“basis,” indicated in the review of this paper, is used to 

determine all additive polyhedron-functionals ¢(A) for 

which g(\A) for A>0 is a continuous function of \ for 
every A, and it is hereby proved that two polyhedra A and 

B are equivalent by decomposition if and only if ¢(A) = o(B) 

for all such functionals. This result contains a similar one 

previously obtained by the reviewer [Mat. Tidsskr. B. 1941, 

59-65; these Rev. 7, 68]. B. Jessen (Copenhagen). 


Hadwiger, H. Neue Ungleichungen fiir konvexe Rota- 

tionskérper. Math. Ann 122, 175-180 (1950). 

Convex bodies of revolution in the ordinary space are 
considered; V, F, a denote the volume, the surface area, the 
maximum radius of a parallel circle of such a body respec- 
tively. The author determines the maximum and the mini- 
mum of V for given F and a, and also the corresponding 
extremal bodies. The inequalities obtained form a complete 
set of relations between V, F, a in the sense that there exists 
a convex body of revolution with arbitrarily given V, F, a 
satisfying these inequalities. Weaker inequalities and a part 
of the present result are known [cf. the author’s papers: 
Revista Mat. Hisp.-Amer. (4) 9, 59-70 (1949); Math. 
Nachr. 2, 114-123 (1949); these Rev. 11, 680, 127]. 

W. Fenchel (Princeton, N. J.). 


Hadwiger, H. Neue Integralrelation fiir Eikérperpaare. 
Acta Univ. Szeged. Sect. Sci. Math. 13, 252-257 (1950). 
Let V and V» be the k-dimensional contents of two convex 

bodies in Euclidean k-space. Let dF and dF, be their ele- 

ments of (k—1)-dimensional content at points P and P, on 
their boundaries. Let y be the angle between the outward 
normals to the respective bodies at P and Po, let a and ap be 
the angles that these normals make with the direction from 

P to Po, and let r be the distance PP». The author establishes 

several relations such as f fr? cos ydFdFy=—2kVV, and 

SSP cos a cos aod Fd Fy = —k(k+1)V Vo. Further, if r and ro 
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are the position vectors of P and Po, so that (r—r)? =r’, he 
finds that 


Fof ear+Ff redr=2eVV +2 { frrarar, 
H. S. M. Coxeter (Toronto, Ont.). 


Macbeath, A. M. An extremal property of the hyper- 
sphere. Proc. Cambridge Philos. Soc. 47, 245-247 
(1951). 

Let K be a convex body in Euclidean n-space. Define 
¢m(K) to be the supremum of the volume ratio v(P,,)/v(K) 
as P,, ranges over all convex polyhedra in K on m vertices, 
It is shown that ¢,,(K) is minimized when K is a sphere, a 
result which for »=2 was proved earlier in another fashion 
by Sas [Compositio Math. 6, 468-470 (1939) ]. The present 
proof depends on the following known fact: Starting with a 
given convex body one can by successive symmetrizations 
in suitably chosen planes produce a sequence of convex 
bodies tending to a sphere. Since, as the author shows, the 
functional ¢,, is continuous and is not increased by sym- 
metrization, the desired minimization theorem immediately 
follows. W. Gustin (Princeton, N. J.). 


Santal6, L. A. An affine invariant for convex bodies of 
n-dimensional space. Portugaliae Math. 8, 155-161 
(1949). (Spanish) 

Let p be an interior point of the convex body K in E* and 
H(w) be the supporting function of K with respect to p 
as origin, where w is a point of the unit sphere Q. Then 
I(p) =n—foH-"(w)dw is an invariant of K under unimodular 
affine transformations which leave p fixed. The function I(p) 
reaches in K exactly one relative (and hence absolute) 
minimum J,,, which is therefore an invariant of K for all 
unimodular affinities of E*. If V is the volume and F, the 
affine area of K, then J,,V(Q/n)*, InFsSQ*"/n*™", where 
Q=2z'*I-'(4n). The equality sign holds in either inequality 
only for the ellipsoid. The first inequality is for 2 =3 due to 
Blaschke. If K has a center c, then J,,=J(c) and I(c) is the 
volume of the body polar to K with respect to the unit 
sphere with center c. In that case the first inequality con- 
firms a conjecture of K. Mahler who proved a weaker 
inequality. H. Busemann (Los Angeles, Calif.). 


Fary, L., und Rédei,L. Der zentralsymmetrische Kern und 
die zentralsymmetrische Hiille von konvexen Kérpern. 
Math. Ann. 122, 205-220 (1950). 

Let K be a fixed convex body with inner points in the 
Euclidean n-space and let Z denote any convex body which 
is central-symmetric with respect to some point. A body Z 
contained in K and having maximum volume V(Z) is called 
a central-symmetric kernel of K and denoted by Kx. A body 
Z containing K and having minimum volume is called a 
central-symmetric hull of K and denoted by K*. The num- 
bers ¢.(K) = V(Ks)/V(K), c*(K) = V(K)/V(K*) are called 
the inner and outer centricities of K. The authors show that 
K, is unique while K* in general is not. A sufficient condi- 
tion for the uniqueness of K* is that all the boundary points 
of K are regular, that is, no boundary point is contained in 
more than one supporting hyperplane. The proofs are based 
on the following more general results. Let K and L be convex 
bodies, v0 a fixed vector, and ¢ a real variable. Then the 
mth root of the volume V,(#) of KM (L++1#v) is a concave 
function in that f-interval in which it is positive. This follows 
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easily from the Brunn-Minkowski theorem. The condition 
for linearity yields the uniqueness of K, if L is chosen as the 
body K. Furthermore, it is shown by elementary means 
that the volume V*(t) of the convex hull of Ku (L++#) is 
a convex function of t. This is used in the investigation of 
the central-symmetric hulls. In the case where K is a simplex 
K, and a K* are described and the centricities are deter- 
mined as functions of the dimension n. For c, an integral 
expression (communicated to the authors by P. Turn) is 
given. W. Fenchel (Princeton, N. J.). 


Knothe, Herbert. Uber Integralidentititen auf Eiflachen. 

Anais Fac. Ci. Porto 33, 33-39 (1948). 

Let K be a regular convex body in Euclidean n-space. Let 
its principal curvatures be K; (é=1,---,m—1), and let 
(";")S, be the rth order symmetric function of K;. Consider 
a fixed point P inside K and an arbitrary surface point Q. 
The distance PQ is called s. Let p be the length of the projec- 
tion of PQ on the tangential direction in which S, has the 
greatest derivative, namely |d5S,/ds| max, and let p be the 
distance from P to the tangent plane at Q. Then it is 
proved that 


.|dS, 
fe 


ds 


1 


max (7 *)@—r—» 


x [PX - KK, , -Ki,,,do, 














where the integrals extend over the surface of K and the 
summation is over all distinct sets of 4;- - 4,1. 
C. B. Allendoerfer (Seattle, Wash.). 


Busemann, Herbert. The foundations of Minkowskian 
geometry. Comment. Math. Helv. 24, 156-187 (1950). 
This paper develops some basic tools of Minkowskian 

geometry, for future applications to the theory of Finsler 
spaces. The first is the Loewner ellipsoid, which is the 
ellipsoid of smallest Minkowskian volume, among all ellip- 
soids with center that contain the solid Minkowskian unit 
sphere. The Loewner ellipsoid allows the introduction of an 
intrinsic Euclidean metric in a Minkowskian space. The 
second is a generalization of the sine function, defined for 
two flats of dimensions a, 5, which intersect in a flat of 
dimension d2=0, satisfying d+1=min (a, 6). Due to the 
absence of rotation this sine function is not a function of 
real numbers, but enjoys some of the properties of the 
ordinary sine function, for instance, the law of sines. It also 
permits a rather complete discussion of the normality of 
linear subspaces. Discussions are given on relations between 
normality of a hyperplane to a line and the isoperimetric, 
which is a normalized solution of the isoperimetric problem 
in Minkowskian geometry. 

The second part of the paper deals with differential 
geometry in a Minkowskian space and develops the theory 
of curves in m-space and that of surfaces in 3-space. For 
curves there exists, besides the generalization of the usual 
n—1 curvatures, a second set of invariant curvatures de- 
fined by means of the intrinsic Euclidean metric. In the 
plane the two curvatures define a curve up to a translation. 
For surface theory it is proved that a surface is defined up 
to a translation by three quadratic differential forms instead 
of two. S. Chern (Chicago, IIl.). 
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Algebraic Geometry 


van der Waerden, B. L. Infinitely near points. Neder. 

Akad. Wetensch., Proc. 53, 1136-1145 = Indagationes 

Math. 12, 401-410 (1950). 

It is well known that the concept of successive (infinitely 
near) points P; of an algebraic branch @ in the plane (or, 
more generally, on a nonsingular surface) and of their multi- 
plicities for 8 can be developed directly (i.e., without re- 
course to quadratic transformations which were used by 
M. Noether in his original definition) by considering the 
intersection multiplicities of 8 with various curves passing 
through the point P [see, for instance, the reviewer's book, 
Algebraic Surfaces, Springer, Berlin, 1935, pp. 6-7]. This 
method can obviously be generalized to curve branches 
lying on any nonsingular r-dimensional variety V, in which 
case the curves D have to be replaced by (r — 1)-dimensional 
subvarieties of V. In the present paper, this generalization 
is carried out in detail, and it is also shown that the defini- 
tions based on the above procedure of intersection multi- 
plicities is equivalent to the one based on the use of succes- 
sive locally quadratic transformations. O. Zariski. 


Baldassarri, Mario. Su una proprieta dei sistemi algebrici 
piani di curve contenenti infinite curve spezzate ed alcune 
sue applicazioni alle varieta. Rend. Sem. Mat. Univ. 
Padova 19, 396-412 (1950). 

This paper is concerned in the first instance with plane 
algebraic curve systems, either linear or irreducible alge- 
braic, which are of dimension r and possess (r —1)-fold sub- 
systems of reducible curves. For linear systems with this 
property, and for r2=3, some information is given by the 
well-known Kronecker-Castelnuovo theorem (dealing with 
surfaces in S; which have a double infinity of reducible plane 
sections) and by simple extensions of this result; but this 
does not cover the case r=2. The present investigation 
begins, accordingly, with an examination of linear nets A, 
with «! reducible curves; and it is found that, if the re- 
ducible curves do not form a linear pencil, the curves of 
A: must be rational, and either one component of the re- 
ducible curves describes a linear pencil or the components 
all belong to a unique rational system and A, is of grade 4. 
From this it is deduced that for any linear system A, (r>2) 
with «*" reducible curves; either one or more of the com- 
ponents of a reducible curve varies in a system of dimension 
less than r—1 or A, is a system of rational curves of grade 4. 
The next section sets out to apply the results for linear 
systems A, to an analysis of the local structure of an alge- 
braic system T,, with ©* reducible curves, in the neigh- 
bourhood of any particular reducible curve C’ which is a 
“simple” element of I,. Here the reviewer was unable to 
accept either the argument or the conclusion; for on reaching 
the critical point of the argument (p. 406) the author merely 
asserts that the previous results apply since the properties 
in question are of a “purely differential character’’; and this 
appears to ignore the fact that the tangent linear system of 
Ir, at a curve C’ (when such a system can be defined) may 
not have local properties relating to reducible curves in any 
way analogous to those of I',. The rest of the paper consists 
of applications of the first part, as, for example, the result: 
The ?V," of S.4; for which 2r—3<pS3r—6 have order 
n=4(p—1), and those for which p=2r—3 have at most the 
same order, or a lower one if they contain at least «*-?-* 
lines. The reviewer's impression of the arguments and expo- 
sition in this paper was that they are not precise enough to 
justify any general acceptance of the truth of its results, 
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and this apart altogether from any question of formal 
proofs. J. G. Semple (London). 


Jongmans, F. Adaptation d’un résultat de géométrie 
hyperspatiale au cas des courbes planes. Bull. Soc. Roy. 
Sci. Liége 19, 349-350 (1950). 

Further remarks on the subject of a preceding paper 

[Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. 

(8) 8, 476-479 (1950); these Rev. 12, 356]. 


Nollet, Louis. Sur. les surfaces algébriques de genre 
linéaire absolu 3. Acad. Roy. Belgique. Bull. Cl. Sci. 
(5) 36, 587-593 (1950). 

Investigating a suggestion of Enriques [Le superficie 
algebriche, Zanichelli, Bologna, 1949; these Rev. 11, 202], 
the following theorem is proved: An irreducible algebraic 
surface for which p™ =3 must have p,=0 and p, =1, if it is 
irregular. D. Pedoe (London). 


Manara, Carlo Felice. La diramazione in questioni, anche 
elementari, di geometria. Rend. Sem. Mat. Fis. Milano 
20 (1949), 37-53 (1950). 

Si espongono alcune questioni, di attuale interesse, rela- 
tive alla teoria dei piani multipli, e si richiamano varie 
connessioni che questa teoria presenta con alcuni campi 
della geometria elementare. Author's summary. 


Roth, Leonard. Metodi ed esempi nella teoria delle 
varieta unirazionali. Boll. Un. Mat. Ital. (3) 5, 330-336 
(1950). 

Lecture given at the University of Bologna, April, 1950. 


Fano, Gino. Irrazionalita della forma cubica generale 
dello spazio a quattro dimensioni. Univ. e Politecnico 
Torino. Rend. Sem. Mat. 9, 21-32 (1950). 

A systematic historical summary of the problem of the 
irrationality of the general cubic variety (M;*) in S, is given. 
This problem is related to the more general problem of 
varieties M,??~* in S,,;, which are cut by the general S,_; 
of S,4; in canonical curves of genus ~. For example, the 
general M;' of S, is birationally equivalent to an M;" of Sy. 
Various special cases of M,’?~* in S,,, for =10 are dis- 
cussed, and a rather extensive bibliography is included. 

H. T. Muhly (lowa City, Iowa). 


Wilson, E.M. The i-secant [1-2 }-spaces of scrollar mani- 

folds. J. London Math. Soc. 25, 343-347 (1950). 

The author demonstrates that in general the number 
%,4 of i-secant (i—2)-spaces of a scrollar manifold M, of 
dimension d contained in a space of r dimensions is a func- 
tion of the order m and genus p of M, and is given by the 
formula 


p\ {n—ds—r ‘ 
%, a(n, p) = a | )( . ) , where s=i+p—1. 
md r 4t—Xr 


For d=1 this formula can be transformed into Castelnuovo’s 
well-known formula for curves. In addition, the author gives 
an independent verification of his formula, with two ex- 
amples. M. Piazzolla-Beloch (Ferrara). 


Gherardelli, Francesco. Le superficie generali dello 5S, 
contenute in una forma di ordine <4. Univ. Roma. Ist. 
Naz. Alta Mat. Rend. Mat. e Appl. (5) 9, 189-191 (1950). 
A nonsingular primal V;" of S, contains, as is known, only 

surfaces which are complete intersections, and therefore 





regular. In this note the author considers V;" of S, which 
have at most a finite number of ordinary conic nodes and 
surfaces on such V,” which are generic, i.e., possess at most 
a finite number of improper double points (at nodes of V;*), 
The result obtained, by use of the Castelnuovo-Enriques 
characterization of irregular surfaces on a V3, is that if m4 
all generic surfaces on V,” are either regular or referable to 
ruled surfaces. If m=5, and if there exist irregular generic 
surfaces on V;' which vary in a linear system of freedom 2 at 
least, then these surfaces necessarily contain an irrational 
pencil of elliptic curves. J. G. Semple (London). 


Gherardelli, Francesco. Sulla curva dei contatti di ordine 
massimo fra le curve di un fascio e quelle di un sistema 
lineare sopra una superficie algebrica. Boll. Un. Mat. 
Ital. (3) 5, 302-305 (1950). 

Let | C| be a general linear pencil of curves on an algebraic 
surface F, and let | D| be an r-dimensional linear system on 
F such that |D| does not contain |C| and such that the 
gx” cut by |D| on a generic C has order larger than its 
dimension. If 7,,; is the locus of the r-fold contacts of D 
with C, then it is shown by a method of Severi [Trattato di 
geometria algebrica, vol. I, parte I, Zanichelli, Bologna, 
1926] that 7,4,,;=(r+1)D+X(C’+C), where C’ is a curve 
adjoint to C and ) is the binomial coefficient C(r+1, 2). 

H. T. Muhly (Iowa City, Iowa). 


Gaeta, Federico. Sulla classificazione delle superficie alge- 
briche regolari con un fascio di curve ellittiche. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 8, 
570-575 (1950). 

Surfaces having pp=p.=p, p =1, whose canonical sys- 
tem is compounded with a pencil of elliptic curves, were 
classified by Enriques [Le superficie algebriche, Zanichelli, 
Bologna, 1949, pp. 257-266; these Rev. 11, 202] according 
to the value of p and of the ‘“‘determinant’”’ d defined as the 
least order of a set of points determined on the general curve 
of the pencil, rationally in terms of its parameter. There is 
at least one curve d-secant, but none d’-secant (d’ <d), to 
the curves of the pencil. Enriques found for d= 1 two general 
types, transformable into double planes with branch curves 
of order (i) 26+4 with a (2p+-1)-ple point, (ii) 26+6 with 
a (2p+3)-ple and a quadruple point (of which the line 
joining these two points is part). These have respectively 
8p+7,8p+5 moduli, in contradiction with a theorem given 
earlier [loc. cit., p. 206] by which the surface should have 
at least 9+-10 moduli. The author shows that these are in 
fact subfamilies of a larger family, with 106+8 moduli, 
transformable into a double normal rational cone of order 
2p+-2, with branch curve which is a general cubic section, 
and an isolated branch point at the vertex; the branch curve 
may have double points, giving curves of the canonical 
pencil which break up into two rational curves with two 
intersections; Enriques’ two double planes arise when there 
are respectively 2p+1, 26+-2 of these. For d=2 there is a 
further invariant, s, the number of distinct curves which 
doubled form curves of the pencil. For s=0 the author 
classifies according to the genus rS of the unique bisecant 
curve; he shows that the surfaces for any value are in- 
cluded in those for the value x+-2, and finally that there are 
two distinct maximal families, for =p, p—1, respectively, 
each with 10+8 moduli, which are the same as are given 
by Enriques. For s=1 Enriques’ results are merely extended 
by the remark that the surface has a division group which is 
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the direct product of s—1=P,—2p cyclic groups of order 2. 
Finally it is remarked that a surface for d=1 with two 
unisecant curves has an infinite discontinuous group of self 
transformations, and is contained in a family with d= 2, the 
two unisecants forming a degenerate bisecant of genus 1, 
if they have r+1 intersections. P. Du Val. 


Todd, J. A. On the overlap of an algebraic surface. J. 

London Math. Soc. 26, 73-74 (1951). 

A conjecture of the reviewer [Proc. London Math. Soc. 
(2) 51, 308-324 (1950); these Rev. 12, 356] that the over- 
lap of an algebraic surface (as defined in the paper cited) 
cannot exceed one is established by elementary methods. 
A result of Severi [Math. Ann. 62, 194-225 (1906)] is 
extended to give the following theorem. “If C, and C, are 
any two virtual curves on an algebraic surface such that 
(C,*) = (Ci C2) = (C2?) =0, then C, and C; are algebraically 
dependent, i.e. AxCi1=A2C>. It is also remarked that Hodge’s 
topological definition of the geometric genus [J. London 
Math. Soc. 8, 312-319 (1933) ] implies that the transcenden- 
tal overlap cannot exceed 2,. D. B. Scott (London). 


Godeaux, Lucien. Sur quelques surfaces algébriques de 
diviseur trois. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 
36, 803-808 (1950). 


Godeaux, Lucien. Osservazioni sui punti uniti delle in- 
voluzioni cicliche appartenenti ad una superficie alge- 
brica. Univ. Roma. Ist. Naz. Alta Mat. Rend. Mat. e 
Appl. (5) 9, 70-73 (1950). 

This paper begins by introducing a change of nomencla- 
ture, to bring it into conformity with Severi’s usage [Serie, 
sistemi d’equivalenza e corrispondenze algebriche sulle 
varieta algebriche, v. 1, Cremonese, Rome, 1942, pp. 278 ff.; 
these Rev. 10, 206]. A fixed point of a cyclic birational 
transformation (united point of the corresponding involu- 
tion) on an algebraic surface, will no longer be called perfect 
or imperfect according as its first neighbourhood is trans- 
formed into itself identically or by a cyclic homography, but 
in the former case a point of hypercoincidence, or united 
point of the first species, in the latter a united point of the 
second species. For the rest, the paper is devoted to the 
question: Can a cyclic involution on an algebraic surface 
have an infinite sequence of united points of the second 
species, each in the neighbourhood of its predecessor, or 
must each branch of the tree of united points terminate, 
after a finite number of ramifications, in one of the first 
species? The first alternative is shewn to be the correct one 
by the following example: Each of the quadratic trans- 
formations 

Oo: xy 2X9! 2X g" = Hye Ko" X 1X, 
Og: xy" X9 2X y! =X gi KX exe 


transforms into the point (1, 0, 0) of the primed coordinate 
system, a point which is in the first neighbourhood of that 
with the same coordinates in the unprimed system; thus any 
sequence of transformations of either of these two forms 
give these coordinates in turn to a sequence of points of 
which, in the original plane, each is in the first neighbour- 
hood of its predecessor. The sequence of points thus ob- 
tained by repeating @3, 62, 42, 62 cyclically any number of 
times are shown to be all united points of the second 
species of the involution of order 7 generated by the cyclic 
homography x,’ :x9':x3' =x, :62:e%x3, where ¢.is a primitive 
7th root of unity. P. Du Val (Athens, Ga.). 





Godeaux, Lucien. Les transformations birationnelles et 
leurs représentations. Casopis Pést. Mat. Fys. 75, D31- 
D49 (1950). (Czech. French summary) 

Résumé of lectures delivered at the Charles IV University 

of Prague in May, 1948. 


Fernandez Biarge, Julio. On the varieties of coincidence 
of a birational correspondence between superposed alge- 
braic varieties. Revista Mat. Hisp.-Amer. (4) 10, 3-11 
(1950). (Spanish. English summary) 

Severi [Serie, sistemi d’equivalenza e corrispondenze 
algebriche . . ., v. 1, Cremonese, Rome, 1942, pp. 130, 132; 
these Rev. 10, 206] has distinguished two types of coinci- 
dence-points of an algebraic correspondence T upon an 
algebraic variety V, namely, perfect and imperfect. More- 
over, he has studied certain isolated coincidences which he 
calls hypercoincidences. The present paper endeavours to 
extend Severi’s notions and results to coincidence-sub- 
varieties of V. However, the author supposes that T is 
“regular” (an attribute which he does not explain) in the 
neighbourhood of such a subvariety, and confines himself to 
neighbourhoods of the first order. This leads to results 
which are both incomplete and equivocal; and some of them 
are actually in contradiction with Severi's. Thus he considers 
the plane homography x’ =(x+~y)/(x+1), y’=y/(x+1), 
having an isolated coincidence at (0, 0), and affirms that the 
point in question is not a perfect coincidence (which would 
contradict one of Severi’s results); but this statement is 
false, since (x’—x)/(y’—y) tends to an arbitrary value ) if 
(x, y) tends to (0, 0) along the curve y=x*—Azx*. Again, he 
considers the point (0, 0) as a hypercoincidence (in Severi’s 
sense) of the quadratic transformation x’ =x(1+-y), y’=y; 
but this is not so, since the line y =0 is a locus of coincidence- 
points, and therefore (0, 0) is not an isolated coincidence. 

B. Segre (Rome). 


Differential Geometry 


Egervéry, E. A remark on the curvature and tortuosity of 
space-curves. Acta Math. Acad. Sci. Hungar. 1, 46-47 
(1950). (English. Russian summary) 


Popa, Ilie. Families ‘‘R’’ of curves on a developable sur- 
face and negative pedal curves of a space curve. Acad. 
Repub. Pop. Romfne. Bul. Sti. A. 1, 529-534 (1949). 
(Romanian. Russian and French summaries) 

The author’s summary is as follows: “On dit qu'une 
famille simplement infinie de courbes tracées sur une surface 
développable est une famille “‘R’’ si celles-ci coupent homo- 
graphiquement les géneratrices de la développable. On 
montre que la condition nécessaire et suffisante, afin qu'une 
famille soit “‘R”, est que les tangentes aux lignes de la 
famille, le long d’une génératrice, passent par un point fixe 
(1-ére espéce) ou qu’elles enveloppent une conique non 
dégénérée, tangente a l’aréte de rebroussement de la 
développable (2-e espéce). Les plans osculateurs des lignes 
de la famille le long d'une méme génératrice passent, dans le 
premier cas, par une droite fixe et, dans le second cas, en- 
gendrent une développable de troisiéme classe. Le lieu des 
coniques relatives au second cas est une surface de Blutel. 
Les podaires négatives d’une courbe gauche I constituent 
une famille ‘‘R” de premiére espéce sur la développable 
engendrée par les plans orthogonaux aux rayons vecteurs 
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de I’. Leurs plans osculateurs le long d’une génératrice de 
cette développable passent par la tangente correspon- 
dante de T.” V. G. Grove (East Lansing, Mich.). 


Uléar, Joze. Eine Bemerkung iiber Gausssche Kriim- 
mungsmass und mittlere Kriimmung einer Eifliche. 
Bull. Soc. Math. Phys. Macédoine 1, 47-53 (1950). 
(Macedonian. German summary) 

An interpretation of the two curvatures similar to the one 
given in an exercise of Blaschke [Vorlesungen iiber Differ- 
entialgeometrie . . ., v. 1, 2d ed., Springer, Berlin, 1924, 
p. 84]. j W. Feller (Princeton, N. J.). 


Lébell, Frank. Beziehungen zwischen geodiatischen Ablei- 
tungen von Kriimmungsgrissen. S.-B. Math.-Nat. KI. 
Bayer. Akad. Wiss. 1949, 37-40 (1950). 
Zusammenfassende Betrachtung iiber eine schon [Math. 

Ann. 121, 427-445 (1950); diese Rev. 11, 686] erschienene 

Arbeit. H. A. Lauwerier (Amsterdam). 


Bompiani, E. Wher die Gausssche Kriimmung der Uber- 

raumflichen. Math. Z. 53, 131-132 (1950). 

This paper finds a geometrical meaning for the Gaussian 
curvature of a surface immersed in n-space to complement 
the familiar interpretation in the case n=3. It is a certain 
linear combination of the Gaussian curvatures of the projec- 
tions of the surface in the various coordinate 3-spaces. 

J. L. Vanderslice (College Park, Md.). 


Marussi, Antonio. Sviluppi di Legendre generalizzati per 
una curva qualunque tracciata su di una superficie pure 
qualunque. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 8, 342-347 (1950). 

Given a regular closed convex surface 2, and given a fixed 
direction w in space, the author considers a two-parameter 
family of coordinate curves ¢=const. and \=const. of the 
following sort: along a curve ¢= gp (line of longitude) the 
normal m to 2 makes a constant angle 90°—» with the 
direction w, and along the curve \= Xo (line of latitude) the 
normal m remains parallel to the fixed plane P,) making an 
angle A» with a fixed “prime meridian’’ plane containing the 
direction w. Tensor calculus is used to study the theory of 
curves on = in terms of the above coordinate system. In 
particular, the developments of Legendre for the geograph- 
ical coordinates and the azimuth of a variable point on a 
geodesic of an ellipsoid of revolution, as power series in 
terms of the arc length when the values of these elements 
are given at an initial point, are generalized to arbitrary 
curves on 2. E. F. Beckenbach (Los Angeles, Calif.). 


Marussi, Antonio. Sviluppi di Legendre generalizzati 
nello spazio. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 8, 486-489 (1950). 

Continuing his applications of the absolute differential 
calculus [Bull. Géodésique N.S. 1949, 411-439; these Rev. 
12, 129] the author extends the results of the preceding 
review to determine the variation of geographical coordi- 
nates, azimuth, and so on, for motions along a straight line 
between equipotential surfaces of the terrestrial gravita- 
tional field. E. F. Beckenbach (Los Angeles, Calif.). 


Marussi, Antonio. Sviluppi di Legendre generalizzati per 
una curva qualunque dello spazio. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 9, 80-83 (1950). 
The straight line in the analysis of the preceding review 

is replaced by an arbitrary curve. E. F. Beckenbach. 





Simonart, Fernand. Sur |’équation de Riccati d’une famille 
isotherme. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 36, 
540-544 (1950). 

The author considers the problem of determining the iso- 
thermal systems of plane curves which can be represented 
by a differential equation of the Riccati type 

dy/dx = P(x) +Q(x)y+R(x)¥. 

This problem was completely solved by Kasner [Bull. 

Amer. Math. Soc. 10, 341-346, 405 (1904) ]. Under the three 

parameter group of magnifications and translations, all iso- 

thermal systems of ! curves, represented by differential 
equations of the Riccati type, belong to one of the five 

species: (I) a parallel pencil of straight lines y=C; (II) a 

proper pencil of straight lines y= Cx; (III) a system of equi- 

lateral hyperbolas with the same asymptotes xy=C; (IV) 

a family of curves of the form e” cos x= C; (V) a family of 

curves of the form y=x tan (x+C). Kasner also obtained 

another type in the complex domain. In the present article, 

the author obtains only the type (V) as only the general case 

where R(x) does not vanish is considered and also the prob- 

lem is discussed in the real domain. J.D " eo 
oie 


Rollero, Aldo. Rappresentazione delle oni pun- 
tuali fra piani mediante sistemi di eq differenziali. 
Atti. Relaz. Accad. Pugliese Sci. N.S. ¥,!157-164 (1949). 
It is the purpose of this paper to represent a point-to- 

point transformation between two projective planes + and 

# by means of a system of partial differential equations. Let 

the homogeneous projective coordinates of a point in # be 

(X!, X*, X*), and of a point in wr be (x, x*, x*). Let non- 

homogeneous projective coordinates in x be defined by 

ui =x'/x3, u* =x*/x*. A one-to-one point correspondence be- 

tween and # may be written in the form X‘=X‘*(u', v’), 

| X*, X*,, X*,| #0, X*.=dX*/du*. The three functions X‘ 

satisfy a system of differential equations of the form 

#X /(du*du*) = Lh,0X /Iu’+pagX. To the point in x whose 

nonhomogeneous coordinates are u'+v', u*+-v* there corre- 

sponds in # a point whose homogeneous projective coordi- 

nates are X‘(u!+-0', u2+-v") = X°aX‘/due+X*X', where X', 

X?, X* are power series in v', v* of the form X= X‘(v', v°). 

These expansions represent the given transformation be- 

tween + and # to neighborhoods of various orders of the 

pair of corresponding points. V. G. Grove. 


Vincensini, Paul. Sur certaines correspondances ponctu- 
elles, et sur un mode de représentation des surfaces. 
Bull. Soc. Math. France 78, 129-142 (1950). 

Let S be a hypersurface in Euclidian space E,, of » dimen- 
sions. Let M be a point of S, x the hyperplane tangent to 
Sat M, and N the normal to S at M. Let R be a local system 
of reference at M composed of n—1 unit vectors in x, and 
one unit vector in N. Let P be a point in EZ, invariably 
related to R at M in the sense that if S is deformed, P 
occupies the same position with respect to R before and 
after deformation. The locus of M being S, the locus of P 
is a hypersurface 2. Thus a point-to-point correspondence 
is set up between S and 2. The author proposes finding 
displacements of M on S which induce displacements of P 
on 2 orthogonal to that of M. The condition of orthogonality 
of displacements gives rise to a certain quadric cone Qy with 
vertex at M of n—2 dimensions lying in x. The study of all 
such correspondences is equivalent to the study of the family 
of cones (Qy) in the sense that to a given correspondence 
there is associated a cone Qy. The cone Qy is one of a pencil 
of cones, one of whose base cones is the cone of asymptotic 
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directions at M. The other base cone is the cone of the pencil 
determined by the correspondence between M and the 
orthogonal projection p of P on z. 

In the discussion of the possibility of determining hyper- 
surfaces corresponding with orthogonality of linear ele- 
ments, a system of linear partial differential equations must 
be satisfied. The system is compatible whatever be the 
dimension of the space, and always admits a solution de- 
pending on m arbitrary constants. It is known that the 
problem of determining a hypersurface 2 corresponding to 
a surface S with orthogonality of linear elements is equiva- 
lent to the problem of infinitesimal deformations of S. 
Therefore in general for a hypersurface (n> 3) infinitesimal 
deformations are impossible. In particular, however, if it is 
known that there exists a hypersurface 2 in point-to-point 
correspondence to S such that asymptotic directions on S 
correspond with orthogonality of linear elements to those 
of 2, then one may deform S infinitesimally. The remainder 
of the paper is concerned with the case n =3. 

V. G. Grove (East Lansing, Mich.). 


Miihlendyck, O. Zur Theorie der analytischen Regel- 
scharen. S.-B. Berlin. Math. Ges. 40-41, 29-37 (1942). 
Let x*=x‘(t) be the coordinates of-a point P on a line /(#), 

the components y*=~y*(t) of whose direction vector satisfy 

the condition 4,;;y*y’=0. The set of lines /(#) lies on a ruled 
surface S, the generators of S being minimal lines. If 

(x’, y, y’) denotes a typical row of the determinant formed 

from the functions x‘, y‘ and their derivatives, and (y’, y’) 

is the scalar product of the vector dy‘/dx with itself, then 

the function ¢ defined by «= (x’, y, y’)//y’, y’) is an invari- 
ant under rigid motion and change of parameter ¢. Assuming 
first that o is not a constant, it is proved that there exist 
two functions J:(¢), J2(¢) which completely determines the 
surface S up to rigid motions. Assuming that ¢ is a constant 

(not zero), it is proved that there exists an integral invariant 

r= f(x’, x’) —o(x’, x”, y)/(x’, y))'dt and an invariant J(r) 

which completely determines S up to rigid motions. 

V. G. Grove (East Lansing, Mich.). 


Garnier, René. Démonstration cinématique des formules 
de Fubini pour les courbes de l’espace elliptique £;. 
Bull. Soc. Roy. Sci. Liége 19, 192-193 (1950). 

Let C(s) be a curve in an elliptic three space and let C; 
be the transformed curve of C by a Clifford translation 
which carries a point m(so) of C in a fixed point O, j=1, 
resp. 2, for the leftwinding, resp. rightwinding translation. 
The absolute momentaneous motion (for s = so) of the corre- 
sponding Fubini tetrahedron (t;, n;,b;,O) consists of a 
composition of two rotations 7—(t;a O)+b,a (n;+O/R) 
and of a Clifford translation which is also composed of 
two rotations ¢;(t;AO)—(b;an,;) (R“, T— are the curva- 
tures of C; at O and ¢;= —1, resp. +1, for j7=1, resp. 2). 
Hence we have for it the composition of two rotations 
(T-+-¢;)(t;AO)+R-(b; AO) which yields at once the 
Fubini formulae for the tetrahedron (t;, nj, b;, O). 

V. Hlavaty (Bloomington, Ind.). 


Zaremba, S. K. On nets of curves on non-orientable 

surfaces. Amer. J. Math. 73, 186-198 (1951). 

This is an extension of the author's earlier paper on 
orientable surfaces [Bull. Int. Acad. Polon. Sci. Cl. Sci. 
Math. Nat. Sér. A. Sci. Math. 1939, 133-149 (1946); these 
Rev. 10, 390], in which basic definitions are given. A net is 
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monodrome if it can be decomposed into two families of 
curves so that the resulting partition in any regular neigh- 
borhood is normal. A single family of curves is bilatcral if 
each curve can be oriented so that in every regular neighbor- 
hood the orientations are coherent. The index of a normal 
polygon a is given by: ind (a)=1—4s+41, where s is the 
number of positive vertices and r the number of negative 
vertices. On a nonorientable surface this index has meaning 
only when taken mod }. It is proved that a net is mono- 
drome if and only if the indices mod of all normal polygons 
are zero. Suppose that a monodrome net is decomposed into 
two families of curves, A and B. The value of ind (a) de- 
pends upon the point chosen as the starting point in the 
computation, but for all points on members of A, the indices 
agree mod 1. The value of this index is called ind, (a). It is 
proved that the family A is bilateral if and only if the indices 
mod 1 with respect to A of all normal polygons are zero. 
A bilateral net of curves on an orientable surface is neces- 
sarily monodrome. Also, both families of a monodrome net 
on a nonorientable surface can not be bilateral. However, 
nonmonodrome nets of curves on nonorientable surfaces can 
be bilateral. Finally, a regular net of curves is bilateral if 
and only if the indices of bounding normal polygons are all 
integers, whereas the indices mod $ of nonbounding normal 
polygons are equal to }. C. B. Allendoerfer. 


¥Efimov, N. V. Qualitative problems of the theory of 
deformations of surfaces in the small. Trudy Mat. Inst. 

Steklov. 30, 128 pp. (1949). (Russian) 

This book treats already published material except for 
certain refinements, principally in the last chapter. It is 
unusually readable; everything is proved in detail, even the 
facts from elementary differential geometry which are 
needed are developed ab ovo in the first part. Part 2 defines 
exactly the various kinds of deformations to be considered 
and proves an important lemma. Part 3 shows that an 
analytic surface which has at p contact of order 1 with its 
tangent plane admits analytic isometric deformations (of a 
sufficiently small neighborhood of p). Part 4 contains E. E. 
Levi's result with additions of A. Schild that for surfaces 
with nonzero curvature isometry and isometric deformation 
are equivalent (in the small): If S; and S; are intrinsically 
isometric, then S, can be isometrically deformed into S; or 
its image under reflection. The remainder of the book is 
concerned with deformations in the neighborhood of a flat 
point, that is a point where the surface has contact of order 
greater than 1 with its tangent plane. It may be locally repre- 
sented in the form (*) = F(x, y)+ +--+ F(x, ¥)+R(x,y), 
where F‘(x,y) is a form of degree j and R(x, ») the 
remainder. 

Part 5 treats relative rigidity, a concept which in this 
form appears new to the reviewer and is defined as follows: 
Each surface .S obtained from (*) by an isometric deforma- 
tion (of a certain differentiability class) is put (by a motion) 
in the form (*). The surface (*) is called relatively rigid of 
order L if for no S terms of order lower than m appear, and 
for each S the terms F‘ of order not greater than n+L—1 
are the same as for (*), where L is maximal, possibly @. 
Let s denote the number of multiple linear (real) factors in 
F(x, y) and N denote the least upper bound of 0 and those 
h>O for which the relation F2@%) —2FQ¢s)+ Fre =0, 
where ¢\™(x, y) is a form of degree m, implies ¢™(x, y) =0 
for m=n+1, --+, +h. The main result is the estimate that 
for s=0 and N>0 the relation L=N-+1 holds. It follows 
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that surfaces with L= © exist. Part 6 applies these results 
to prove that there are analytic surfaces which do not admit 
isometric deformations of class C*. In the next two parts 
various invariants, in particular the index, are defined and 
investigated. Part 9 studies surfaces with one point of curva- 
ture 0 and negative curvature elsewhere. Deformations of 
class C' of such surfaces leave the index (at the point of 
curvature 0) invariant. Various applications of this fact are 
given in parts 10 and 11, for instance, that the order of 
contact with the tangent plane may be stable under all 
isometric deformations, and a remarkable strengthening of 
part 6 is that the phenomenon of rigidity may occur even 
when deformations of class C' are admitted. The last part 
discusses the behaviour of the index under isometric defor- 
mation in greater detail. H. Busemann. 


Sauer, Robert. Infinitesimale Verbiegung der Flachen, 
deren Asymptotenlinien ein Quasi-Riickungsnetz bilden. 
S.-B. Math.-Nat. Kl. Bayer. Akad. Wiss. 1949, 1-12 
(1950). 

The author determines those surfaces 


S=(U,(u)+ Vilv), U2(u)+ Va(v), 2(u, )) 


for which the parameter curves are the asymptotic lines. 
This is done both in the case of S’s of negative curvature 
and in that of positively curved S’s. In the first case, 
U;, Us, Vi, Ve are assumed to be twice continuously 
differentiable. In the second case, U; and Uz are ana- 
lytic functions of the complex variable u, while v=d, 
V,(v) = U,(a) [A=1, 2]. In both cases, the infinitesimal 
deformations of S are found by quadratures. Several special 
cases are discussed in detail. [Replace ¢(v) by ¥(v) in the 
determinants on p. 9. ] P. Scherk (Saskatoon, Sask.). 


Ozkan, Asim. Les surfaces réelles pour lesquelles la 
seconde beltramienne de la courbure moyenne ou de la 
courbure de Gauss est nulle. Rev. Fac. Sci. Univ. 
Istanbul (A) 15,- 213-288 (1950). (French. Turkish 
summary) 

The first part of this paper continues the study by M. 
Anas [same Rev. (A) 6, 154-188 (1941); these Rev. 4, 257] 
of the properties of surfaces S whose mean curvature H is 
a harmonic function. Surfaces with constant H are excluded. 
The surface S can not be a cyclid of Dupin. If S is a develop- 
able surface, it is a special type of cylinder or cone. If it is 
of revolution, the lines with constant H make constant 
angles with the lines of curvature; the determination of 
surfaces of revolution with this property is reduced to the 
solution of a second order differential equation. If S is a 
tubular surface, it must be developable. If S is an isothermal 
canal or an isothermal Weingarten surface, it must be one 
of the types already mentioned; it can not be a molding 
surface whose lines of curvature are neither planar nor 
spherical. The second part considers surfaces § whose total 
curvature XK is a harmonic function. Surfaces with constant 
K are excluded. There is no § for which H is a constant. 
Explicit equations are obtained for those § which are of 
revolution. If § is an isothermal canal surface, it must be 
a surface of revolution; § can not be a tubular surface, nor 
a molding surface (except for simple cases), nor a cyclid of 
Dupin, nor a torus, nor a Weingarten surface (except of 
revolution) unless H and K satisfy a complicated relation- 
ship. The third part consists of miscellaneous results related 
to the remainder of the paper. C. B. Allendoerfer. 
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Mishra, R.S. A problem in rectilinear congruences using 
tensor calculus. Bull. Calcutta Math. Soc. 42, 118-122 
(1950). 

Let S be the surface of reference of a rectilinear con- 
gruence and let C be a curve on S. By straightforward 
calculations, conditions are found that the rectifying planes 
of C at all points contain the lines of the congruence through 
those points. The results are applied to the special cases in 
which all the lines of the congruence are either tangent or 
normal to the surface of reference, where, however, the 
conclusions are immediate by elementary considerations. 
Expressions for the curvature and torsion of C are obtained. 

A. Fialkow (Brooklyn, N. Y.). 


Backes, F. Sur les cercles qui possédent des sphéres 
focales. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 36, 
513-520 (1950). 

The purpose of this paper is to study a doubly-infinite 
system of circles having spheres as focal surfaces. Among 
the numerous results of the paper, the following typical ones 
may be cited. If a circle C generates a congruence having 
two focal spheres, the line joining the characteristic points 
of all spheres through C passes through the characteristic 
point of the plane of C; and conversely if the line joining the 
characteristic points of a sphere passes through the charac- 
teristic point of the plane of a circle C on the sphere, that 
circle C generates a congruence C having two focal spheres, 
In order to obtain the most general congruences of circles C 
having two focal spheres, choose any point P of the line 
joining the characteristic points of a sphere S. The tangent 
plane at P to the surface generated by P cuts the sphere S$ 
in the desired circle C. Finally, all circles C orthogonal toa 
fixed sphere So, and depending on two parameters generates 
a congruence having spheres as focal surfaces. 

V. G. Grove (East Lansing, Mich.). 


Geidel’man, R. M. The conformal deformation of the con- 
gruence of circles having two systems of canal surfaces. 
Doklady Akad. Nauk SSSR (N.S.) 72, 829-832 (1950). 
(Russian) 

The author continues his studies of congruences of circles 
[same Doklady (N.S.) 66, 145-147 (1949); 70, 369-372 
(1950); these Rev. 11, 53, 540]. The following theorems are 
proved. Congruences conformally applicable of order two 
are conformally congruent. An arbitrary congruence of 
circles is not conformally deformable (there are six inde- 
pendent equations to be satisfied by four functions). A 
congruence K whose focal surface reduces to a point is 
deformable of order one, i.e., two such congruences are 
conformally applicable, the applicability depending on two 
functions of one variable. Finally, congruences R for which 
the cross-ratio of the four foci is } are conformally applicable. 

M. S. Knebelman (Pullman, Wash.). 


de Mira Fernandes, A. Le geodetiche degli spazi unitarii. 

Univ. Lisboa. Revista Fac. Ci. A. Ci. Mat. (2) 1, 173-186 

(1950). 

This paper is based on one by N. Coburn [Bull. Amer. 
Math. Soc. 47, 901-910 (1941); these Rev. 3, 191] in which 
he showed that, if two unitary spaces K,, 'K, both have zero 
torsion tensor, their geodesics are in correspondence if and only 
if there exists a vector p, such that (*) 'T*,,=I*.+2p¢4"» 
in the Schouten notation; and that two unitary spaces, Ks 
with torsion and 'K, without, cannot have their geodesics in 
correspondence. The present author considers the case when 
K,, 'K, both have nonzero torsion, and concludes that, if 
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there exists a vector p,’such that (*) holds, then the spaces 
necessarily have the same torsion tensor S",,; and that, if 
the latter tensor satisfies a certain set of equations bearing a 
formal similarity to (*), then the two spaces have corre- 
sponding geodesics. Coburn’s theorems follow from the 
former of these conclusions. H. S. Ruse (Leeds). 


Sen, R. N. On an algebraic system generated by a single 
element and its application in Riemannian geometry. II. 
Bull. Calcutta Math. Soc. 42, 177-187 (1950). 

The author continues the development of the algebraic 
system begun in an earlier paper [same vol., 1-13 (1950); 
these Rev. 12, 205]. The results are applied to yield conclu- 
sions concerning the curvature tensor and parallelism in a 
Riemann space. A. Fialkow (Brooklyn, N. Y.). 


Willmore, T.-J. Les plans paralléles dans les espaces 
riemanniens globaux. C. R. Acad. Sci. Paris 232, 298- 
299 (1951). 

The following theorem is proved: If a compact Riemann- 
ian manifold of even dimension with positive definite metric 
admits in the large a field of parallel r-planes (r odd), the 
Euler-Poincaré characteristic of the manifold is zero. The 
proof is based upon the generalized Gauss-Bonnet formula 
and the fact that the total curvature of such a manifold 
is zero. C. B. Allendoerfer (Seattle, Wash.). 


f Matsumoto, Makoto. Riemann spaces of class two and 
their algebraic characterization. I. J. Math. Soc. 
Japan 2, 67-76 (1950). 

Matsumoto, Makoto. Riemann spaces of class two and 

4 their algebraic characterization. II. J. Math. Soc. 
Japan 2, 77-86 (1950). 

Matsumoto, Makoto. Riemann spaces of class two and 
their algebraic characterization. III. J. Math. Soc. 
Japan 2, 87-92 (1950). 

The concept of the “algebraic characterization” of a 

property P of a differential geometric space S is due to T. Y. 

Thomas. Suppose that the structure of S is defined in terms 

of certain functions (for a Riemannian space these are the 

Zag), and let F; (¢=1, ---, 4) represent sets of polynomials 

in the structural functions. Then the conditions F,=0, 

F,#0, F;>0, F,2=0 constitute an algebraic characterization 

of the property P provided that they are necessary and 

sufficient for the existence of this property. A survey of work 
in this field is given by Thomas [Amer. Math. Soc. Semicent. 

Publ. vol. 2, pp. 98-135, New York, 1938, in particular, 

pp. 124-125]. Thomas solved the problem of the algebraic 

characterization of Riemannian spaces of class one; i.e. 

those which can be locally imbedded in a Euclidean space 

of one higher dimension [Acta Math. 67, 169-211 (1936) ] 
provided that their type number is at least 3. This type 
is an arithmetic invariant of the curvature tensor of the 
space. Under Thomas’s direction the reviewer [abstract, 
Bull. Amer. Math. Soc. 43, 198 (1937)] obtained the 
characterization of Riemannian spaces of class p; i.e. those 
of dimension m which can be locally imbedded in a Euclidean 
space of n+ dimensions but not in a Euclidean space 
of lower dimengion. The heart of the problem is the formu- 
lation of a definition of the p-type of the space and the proof 
of theorems concerning its rigidity and the dependence 
of the Codazzi and Ricci equations on the Gauss equations. 

This was accomplished in the reviewer's papers [Duke 

Math. J. 3, 317-333 (1937); Amer. J. Math. 61, 633-644 

(1939); these Rev. 1, 28]. The remainder of the proof of 
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algebraic characterization followed Thomas's paper almost 
word for word and hence was not published. 

The author has carried through the details of the charac- 
terization for the case p= 2. He obtains a more convenient, 
but essentially equivalent, definition of the 2-type, and then 
obtains the characterization for spaces of 2-type =3 by 
methods quite similar to those of Thomas. The polynomials 
F; are written down in fairly explicit form. In order to define 
the 2-type, let H/, and H#/ be the two second fundamental 
forms of the space. Let 


Ky= te (Hil — Hifi — HG Ht. + Hae). 


Then the 2-type is one if the rank of ||K,|| is zero or two, 
and otherwise is half of this rank. The 2-type is later proved 
to depend only on the curvature tensor and hence to be 
intrinsic. Other definitions of p-type with their own special 
advantages have been given by Chern [J. Indian Math. 
Soc. (N.S.) 8, 29-36 (1944) ; these Rev. 6, 216] and Yanenko 
[Doklady Akad. Nauk SSSR (N.S.) 64, 641-644 (1949); 
these Rev. 11, 395]. C. B. Allendoerfer. 


Blaschke, Wilhelm. Sulla quadrica di Lie. Boll. Un. 

Mat. Ital. (3) 5, 108 (1950). 

This is a new way of deriving the famous quadric of Lie 
associated with a generic point on a surface in projective 
space requiring only an economical 19 lines of print. 

J. L. Vanderslice (College Park, Md.). 


Rollero, Aldo. A proposito dell’invariante proiettivo di 
certe calotte del secondo ordine. Euclides, Madrid 10, 
158-160 (1950). 

This is a study of the geometric significance of the pro- 
jective invariant of P. Buzano [Univ. Roma e Ist. Naz. 
Alta Mat. Rend. Mat. e Appl. (5) 1, 139-162 (1940); these 
Rev. 9, 60] determined by two surface patches (calottes) 
of the second order with common center and distinct tan- 
gent planes. A cross-ratio interpretation was given by 
Buzano. A second interpretation by Bompiani [Atti Accad. 
Sci. Torino. Cl. Sci. Fis. Mat. Nat. 80, 184-190 (1945); these 
Rev. 9, 60] suggested to the author still a third one of some 
simplicity and interest which he here elaborates. 

J. L. Vanderslice (College Park, Md.). 


Norden, A. P. On the inner geometries of surfaces in a 
projective space. II. Trudy Sem. Vektor. Tenzor. 
Analizu. 7, 31-64 (1949). (Russian) 

This is the second part of a detailed study of differential 
geometry by means of normalization. The first part is not 
available but the subject has been treated by the author in 
numerous papers and in a recent book [Affinely Copnected 
Spaces, Moscow-Leningrad, 1950; these Rev. 12, 441]. A 
subspace X,, of a projective space P, is normalized if with 
each point x of X,, is associated a first normal P,_,., which 
has only x in common with 7,,, the tangent space at x to X» 
and a second normal P,,_;, a linear space in T,, not passing 
through x. These normals are determined by n»—m and m 
points respectively, which together with x form a repére 
mobile so that the differential geometry of X,, may be 
studied by Cartan's method. However, by keeping the first 
and second normals separated the author is able to study 
more effectively the properties of X,, which remain invariant 
under various changes of normalization. In the present work 
the author is mainly concerned with various types of normal- 
ization such as polar normalization for a pair of surfaces; 
quasi-spherical normalization; affine, Riemannian, and 
Euclidean normalizations. M. S. Knebelman. 
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Cech, Eduard. Géométrie projective différentielle des 
correspondances entre deux es. I. Casopis Pést. 
Mat. Fys. 74 (1949), 32-48 (1950). (French. Czech 
summary) 

(I) (Greek indices run from 0 to m, Latin indices run from 

1 to n.) A correspondence between two projective linear 

spaces S, and S’, may be defined in expressing the generator 

point A (B) of S,(5S’,) by means of nonhomogeneous 
parameters u‘, A=A(u) (B=B(u)). The corresponding 

points A and B are expressed by the same values of x’. 

A projectivity K is said to be a tangential one if for a given 

set of values we have (1) KA,=B,+A,B, where Ao=A, 

By =B, A;=0A/du', B;=9B/du‘, \)=0 and },; are arbitrary. 
(Il) If Ay;=0A,/du’, B,;=9B;/dui then the fundamental 

equations for S, and S’, are known to be (2) Ay=T%yAn, 

B.=T?\B, where Ii, (1%) are coefficients of a projectively 

flat symmetric connection. If we put 


(3) Li, = Lh =TE — Tip toy tpn; 


then the second equations (2) may be written by virtue of 
(1) By=KAytLiB.—Ba;—BAi:+ Bx, where xyz is a 
coefficient irrelevant for our purpose. Hence 


(4) B= K@A —2dduidB+OB,+B( ) 


where (5) 0*=Li,du‘dué and ( ) is a coefficient which 
we shall not need. Hence we have, according to (1) and (4), 
(6) [BdBd*B)=(KAKdAKd'*A }+[BdBo'B, }. 

(II1) With any line [BdB] we may associate a line 
[BO*B, ] (and similarly for [AdA ]). If in particular 2* = pdu* 
the line [BdB] ([AdA]}) is termed to be a K-principal for 
p=0 and characteristic for p~0. If C¥B is a point on 
[Bo*B, ] and if we project from C the curve I’ (which corre- 
sponds to a curve I of S, through A by the correspondence 
introduced sub (I)) and the curve KT (which corresponds 
to I’ by (1)) in a hyperplane not incident with C, then it 
follows at once from (4) that these new curves have the 
analytic contact of order two (at the projection of B). 
Moreover, (4) shows that a necessary and sufficient condi- 
tion for I’ and KT to have an analytic (geometric) contact 
of order two at B is that the tangent of I’ at B be a K-prin- 
cipal (characteristic) line. On the other hand more theorems 
follow at once from (6). We confine ourselves to one illustra- 
tion: If the tangent [BdB] is not characteristic and if A 
is an inflection point of I then the osculating plane of I’ 
at B is [BdBoO*B, ]} (and this plane does not depend on the 
choice of the tangential projectivity). [Note. In the French 
text the author uses Cartan’s method, while the Czech 
summary is based substantially on the method used above. ] 

V. Hlavaty (Bloomington, Ind.). 


Kanitani, Jéy5. Sur le développement d’une courbe dans un 
espace 4 connexion projective. Mem. Coll. Sci. Univ. 
Kyoto Ser. Ay26, 31-43 (1950). 

The finite development of a curve in an analytic projec- 
tively connected space R onto a projective tangent space is 
given as an infinite series with nonzero interval of con- 
vergence. By means of this development certain conse- 
quences are drawn: (1) If every closed curve of R develops 
into a closed curve, then R is projectively flat; (2) if at 
every point of R (m>2) there is an osculating projective 
space of fourth order contact, then R is projectively flat; 
(3) if the holonomy group has an invariant hyperplane then 
R is affinely connected. 

J. L. Vanderslice (College Park, Md.). 
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Kanitani, Jéyd. On a property of the conjugate net in 
connexion with generalized projective deformation, 
Mem. Coll. Sci. Univ. Kyoto Ser. A. 25, 41-43 (1949). 
Using Cartan’s method of moving frames of reference, the 

frame being that of Darboux, the following proposition is 
deduced. Let A be a generic point of a surface S. Let F be 
a family of curves on S, L being that curve of F through A, 
and / its tangent at A. Associate with S a particular pro- 
jective connection I‘, by means of a projection from a point 
E; in the osculating plane of L at A. The curves of F become 
path curves for the space R; having the connection I‘. In 
view of the results of the author’s previous paper [same vol., 
23-26 (1947); these Rev. 11, 397], the space R: may be so 
immersed in a projective space of four dimensions that it 
becomes a ruled space whose generating lines are those path 
curves. Moreover, at a particular position of A, the charac- 
teristic of the tangent hyperplane to R; along the generating 
line intersects the axis of projection (giving rise to the 
connection) the stationary point corresponding to this posi- 
tion of A, coincides with the Laplace transform on / with 
respect to the conjugate net of which F forms one family of 
curves. V. G. Grove (East Lansing, Mich.). 


Otsuki, Tominosuke. On projectively connected spaces 
_ whose groups of holonomy fix a hyperquadric. J. Math. 

Soc. Japan 1, 251-263 (1950). 

Mit Hilfe der Koeffizienten derjenigen Hyperflache 
zweiter Ordnung die bei der Holonomiegruppe des P, in- 
variant bleibt, bestimmt Verf. die Form derjenigen Ubertra- 
gungen fiir die irgendein P, diese Eigenschaft besitzt. Es 
wird dann, wider unter Benutzung der zuvor erw&dhnten 
Koeffizienten dem P, ein (m+1)-dimensionaler Riemann- 
scher Raum V,,; zugeordnet, und nachgewiesen, dass die 
Ubertragungsparameter des P, nur dann normal sind, falls 
der V4; ein Einsteinscher Raum ist. Auf die Beziehungen 
die zwischen den Hyperflachen V, des Vay; und dem P, 
festgestellt werden, muss auf den Originaltext verwiesen 
werden. Verf. zeigt dann, dass es immer einen V, gibt der 
auf den P, projektiv abbildbar ist. Falls die Ubertragung 
des P, normal ist, dann ist der V, ein Einsteinscher. 
Schliesslich wird nachgewiesen, dass der zum P, projektive 
V,, derjenige ist den E. Cartan [Lecons sur la théorie des 
espaces A connexion projective, Gauthier-Villars, Paris, 
1937] mit anderen Methoden bestimmt hat. Wie Verf. 
bemerkt, finden sich die entsprechenden Untersuchungen 
fiir den Fall eines P, mit projektiv normaler Ubertragung 
bei Sasaki und Yano [T6hoku Math. J. (2) 1, 31-39 (1949); 
diese Rev. 11, 398]. O. Varga (Debrecen). 


Otsuki, Tominosuke. Classification of 4~dimensional ana- 
lytic Weyl spaces by their holonomy groups. Mem. Fac. 
Sci. Kyiisyi Univ. A. 5, 1-39 (1950). 

The author classifies the four-dimensional analytic Weyl 
spaces according to their holonomy groups. There are 
eighty-eight types of such groups. S. Chern. 


RaSevskii, P. K. Symmetric spaces of affine connection 
with torsion. I. Trudy Sem. Vektor. Tenzor. Analizu. 
8, 82-92 (1950). (Russian) 

An affine connection with asymmetric I}; is called sym- 
metric if V»Sjz=0, V»Rij:' =0, (é, 7, k, 1, m, p, g@=1, ---, 9) 
where S and R are the torsion and curvature tensor respec- 
tively. The case Sjp=0 has been studied by E. Cartan. In 
the case Sj, 0 admissible frames of reference are introduced, 
for which the components Sjz, R;,j‘ have the same numerical 











SRacekseaaeogoustresasaeeresee 


ter 


ta 
th: 
tio 
ne 


t;= 





"Be 


the 
1 is 


A, 


int 
yme 
In 
rol., 
2 SO 
t it 
ath 
rac- 
ting 
)OSI- 
vith 
y of 


ath. 


iche 
, in- 


gung 
949); 
n). 


Weyl 
> are 


alizu. 


sym- 
- n) 


spec- 
n. In 











values and which pass into each other by parallel displace- 
ment. An admissible frame depends on the x‘ and on certain 
so-called secondary parameters. If ¢,’=A,‘e; represents the 
transformation at a point from one set of measuring vectors 
e; of an admissible frame to another e,’, then these trans- 
formations form the group of isotropy. The infinitesimal 
transformations of this group are expressed by r linearly 
independent matrices aj.(a=1,---,r), these aj, are con- 
stants satisfying aj.alg—aipat. =cigai,. Now the curvature 
tensor can be written in the form R;,;‘=0},a},, where the 
bj, are uniquely determined constants. Study of the equa- 
tions of structure of the m+-r linear differential forms w‘, * 
in the (n+ r)-dimensional manifold of admissible frames 
leads to the inverse theorem that if an (m+-7)-dimensional 
manifold M with n+r linearly independent forms w‘, 6 is 
given, and these forms satisfy the given equations of struc- 
ture, then this M can always be mapped in a one-to-one way 
on a manifold of admissible frames of reference in a certain 
symmetrical space. The study ends with a derivation of 
the algebraic relations between the structural constants 
Sn, On, Aja and C7 ag. D. J. Struik. 


Norden, A. P. On conjugate connections. Trudy Sem. 
Vektor. Tenzor. Analizu. 8, 93-105 (1950). (Russian) 
This paper deals with the space X, endowed with two 

affine connections and a polarity tensor. Covariant differ- 

entiation can then be defined with respect to either con- 
nection or with respect to a mixture. Thus if the first 
connection has components G‘, and the second I'*,, then 

Vedic = Ondij — Guede — Te Die. One may also introduce the 

mean connection r‘, = $(G‘,+T*,). The polarity tensor ),; is 

nonsingular and defines polarity of two directions in the 

(n—1)-dimensional projective space of directions at each 

point of X,. The two connections G and I are said to be 

conjugate with respect to b if the polarity of any two vectors 
is preserved when the first is carried by parallel displace- 
ment with respect to G and the second with respect to 
along an arbitrary curve. This gives as a necessary and suffi- 
cient condition for conjugate connections V,bi;j = 2wdi;, 

where w, is an arbitrary covariant vector. Since }, is a 

pseudotensor, if bij =0b,; then Vbic = 2(wn — Ox In o)bi; so 

that w,=a+2 In ¢. In order to be able to express I in 
terms of G and 6 uniquely the author imposes a somewhat 
artificial condition on the tensor t‘, =I‘, —G‘,, namely that 

a =t',;. In the main part of the paper the author assumes 

that the connections are without torsion and various rela- 

tions between the curvature tensors, etc. for the two con- 
nections are obtained. The author is then able to character- 
ize various conjugate pairs by means of the vanishing of 
various invariants. Thus a Chebyshev pair is one for which 
t:=(n+2)—#*,=0; for an equiaffine one ¢;—grad ¢ and 


c 

r*,;= 0, In bt; Codazzian one by V,5;;=0; a Euclidean pair for 
which the curvature tensors are zero and 6,;=ViV;¢, where 
¢ is a scalar. This is true for 2 >2. For n=2 if G is Euclidean 
I must admit absolute parallelism. The author indicates 
some applications of these ideas to the geometry of normal- 
ized spaces. The paper contains many serious misprints and 
the same symbol is often used to represent different 
quantities. M. S. Knebelman (Pullman, Wash.). 


Su, Buchin. Integrability conditions in a descriptive geom- 
etry of K-spreads. Revista Ci., Lima 52, nos. 1-2, 49-58 
(1950). 

The differential equations of K-spreads are considered in 
descriptive form. The object of the present note is to give 
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a purely descriptive form to the conditions of integrability 
of the equations. This is done by arranging that the coeffi- 
cients of descriptive connections II‘, appear as main argu- 
ments instead of the coefficients of affine connection I'‘,. As 
applications the author deduces necessary and sufficient 
conditions for (i) descriptive, (ii) volumentary flatness of 
the space of K-spreads considered. 
E. T. Davies (Southampton). 


Guggenheimer, Heinrich. Sur les variétés qui possédent 
une forme extérieure quadratique fermée. C. R. Acad. 
Sci. Paris 232, 470-472 (1951). 

The topological properties of a compact Kahler manifold 
of topological dimension 2m follow from the fact that asso- 
ciated with the Kahler metric there is an exterior 2-form on 
the manifold which is both closed and of rank 2m every- 
where. A compact differentiable manifold K:, on which 
there exists a closed 2-form of rank 2m everywhere is said 
to be symplectic, and it is shown in this paper that the 
homology groups of symplectic manifolds possess all the 
properties proved to date for Kahler manifolds; this is seen 
by observing that what is in effect a Kahler metric can be 
attached to the manifold. It is also stated that if a differ- 
entiable manifold K;,, carries a closed 2-form of constant 
rank less than 2m, whose covariant tensor derivative is zero, 
then it possesses certain of the topological properties of 
Kahler manifolds. W. V. D. Hodge. 


Lichnerowicz, André. Théoréme de réductibilité des 
variétés kihlériennes et applications. C. R. Acad. Sci. 
Paris 231, 1280-1282 (1950). 

If on a (noncompact) Kahler space the metric tensor can 
be locally decomposed into two addends of the same sub- 
dimensions globally, then there exists globally a symmetric 
self-adjoint tensor 74s, other than the fundamental tensor, 
whose covariant derivative vanishes; and conversely. Also, 
in the compact case, the even dimensional Betti numbers 
have positive lower bounds of the same kind as in the case 
of a direct product globally. S. Bochner. 


Lichnerowicz, André. Sur les variétés riemanniennes ad- 
mettant une forme quadratique extérieure 4 dérivée 
covariante nulle. C. R. Acad. Sci. Paris 231, 1413-1415 
(1950). 

Let V,, be a real compact manifold of dimension m, with 

a positive definite Riemannian metric guda‘da‘ on it, and 

let « denote the duality operator for exterior forms on V,,. 

Suppose that there exists an exterior form F = F;,da‘da‘ on 

Vn, such that F;;,,=0. Then two operators L¢=¢ Xf, and 

Ad =+L+¢ can be defined acting on the exterior forms ¢ on 

V... It is shown that if ¢@ is harmonic, so is L¢. If m=2n 

and F is of rank 2n, the metric (hi), where hij = — Fig” Fj, 

is symmetric and positive definite. In this case the metric 
on V,, is either reducible [see the paper reviewed above ] or 
else hi;=)*giz. Absorbing \ in F, the author considers the 
case h,;=g;;. It is shown that in this case the methods used 

to develop the properties of Kahler manifolds [cf. e.g. 

Eckmann and Guggenheimer, same C. R. 229, 489-491, 503- 

505 (1949); these Rev. 11, 212] in terms of the fundamental 

2-form w associated with the metric can be applied to give 

a theory of forms on V,, in which F replaces w. In particular, 

the topological properties established for Kahler manifolds 

by means of harmonic integrals hold for Vn. 
W. V. D. Hodge (Cambridge, England). 
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Lichnerowicz, André. Formes a dérivée covariante nulle 
sur une variété riemannienne. C. R. Acad. Sci. Paris 
232, 146-147 (1951). 

This paper contains a statement of a number of properties 
which hold for a compact Riemannian manifold on which 
there is known to exist a skew-symmetric covariant tensor 
F,,...a, Whose covariant derivative is zero. It completes 
the results proved in an earlier note [see the preceding 
review |. W. V. D. Hodge (Cambridge, England). 


Iwamoto, Hideyuki. On the structure of Riemannian 
spaces whose holonomy groups fix a null-system. 
Téhoku Math. J. (2) 1, 109-135 (1950). 

Soit H le groupe d’holonomie d’un espace riemannien V2, 
c’est-a-dire le groupe de déplacements associés aux cycles 
homotopes a zéro passant par un point fixe; A désignera le 
groupe homogéne d’holonomie (groupe de rotations associé). 
L’auteur se propose d’étudier les espaces riemanniens V2, 
tels que & laisse fixe le complexe linéaire défini par un 
tenseur S.s de rang maximum (espaces £). Pour qu’il en soit 
ainsi, il faut et il suffit que le tenseur S.g soit a dérivée 
covariante nulle. L’étude faite par l’auteur est purement 
locale, mais est A rapprocher d’une étude globale des espaces 
E faite par le rapporteur [voir les deux oeuvres analysés 
ci-dessus |. Dans une premiére partie l’auteur étudie la 
réductibilité locale des espaces E, ce qui ne présente aucune 
difficulté. Puis il établit le résultat suivant: Si 4, en tant 
que groupe linéaire, est réductible dans le corps des com- 
plexes (et irréductible dans le corps des réels), l'espace Von 
est un espace E, la métrique étant liée A S par S.,Ss*= gas. 
La réciproque est partiellement exacte. Dans la seconde 
partie, l’auteur étudie les espaces E irréductibles a structure 
analytique et montre, a l'aide des résultats précédents, 
qu’ils ne sont autres que les espaces déduits d’une métrique 
kahlerienne complexe. Ce résultat semble avoir été le but 
principal de l’auteur. Le mémoire se termine par la déter- 
mination des espaces E tels que & soit la représentation 
réelle d'un groupe de transformations unitaires. Le résultat 
principal est relatif au cas od h est la représentation réelle 
du groupe unimodulaire. Pour qu'il en soit ainsi, il faut et 
il suffit que E soit un espace kahlerien a tenseur de Ricci nul. 

A. Lichnerowicz (Paris). 


Kawaguchi, Akitsugu. On areal spaces. I. Metric 
tensors in n-dimensional spaces based on the notion of 
two-dimensional area. Tensor N.S. 1, 14-45 (1950). 
The construction of a differential geometry based upon 

the area of a 2-dimensional element on a surface immersed 

in 3-dimensional space is due to E. Cartan [Les espaces 
métriques fondés sur la notion d’aire, Actualités Sci. Ind., 

no. 72, Hermann, Paris, 1933]. There is in that case a 

natural and direct way of deducing a 2-index metric tensor 

which can serve to measure the length of vectors. The posi- 
tion is very different when the surface element is immersed 
in a space of dimension m greater than 3. The problem of 
finding a 2-index metric tensor has already been the subject 
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of several papers by the author [cf. e.g. Abh. Sem. Vektor- 
und Tensoranalysis [Trudy Sem. Vektor. Tenzor. Analizu.] 
5, 290-300 (1941); these Rev. 8, 604]. The main result of 
this paper is that for »>3 the deduction of a 2-index metric 
tensor is not in general possible. The author gives necessary 
and sufficient conditions in order that such a tensor can exist, 
The class of areal spaces for which the conditions are satis- 
fied are said to belong to the metric class. It is first shown 
that if the integral of a function F(x, ax/u) over a domain 
D on a surface is to denote area, then F is expressible as a 
function of x and a simple bivector. There is then introduced 
a bivector G,; and later a bitensor g;;4; suitable for the 
measurement of bivectors. When the areal space considered 
is in the metricclass, then geij,21= Zagjt— Zi¥m- The paperends 
with the introduction of the notion of class of an areal 
space, which is analogous to the corresponding notion in 
Riemannian space. E. T. Davies (Southampton). 


Penzov, Yu. E. The classification of continuous pseudo- 
groups of Lie transformations in X, according to their 
characteristic objects. Trudy Sem. Vektor. Tenzor. 
Analizu. 8, 382-413 (1950). (Russian) 

The indicated classification is based on the methods of Lie, 

Cartan, and Vagner. In X,, with coordinates £*, a geometrical 

object is defined by N components a= 0"(¢). The law of 


transformation of such an object is 2*= F*{0; f%,...s,(&)}, 
s=1, 2, ---, », if this object is of class »y and 


Xx 
S%b,---8, = VE*/3™- > - OP, 
If there exists a transformation *¢= ¢(£) such that 2=9, 
the object is said to be invariant under this transformation 
and obviously these transformations form a pseudogroup. 
By using Lie’s method for obtaining the invariants of an 
extended Lie pseudogroup the author divides the pseudo 
groups in two variables into categories 0, 1, 2, 3, 24. The 
0 category contains one infinite transitive group *¢ = f(£) and 
one intransitive *f’ = f(#’, £*), *f?=¢*. Category 1 contains 15 
transitive and 3 intransitive ones; category 2 contains 23 
transitive and 4 intransitive groups; among the first, 11 are 
infinite and 12 are finite and among the intransitive ones 
3 are infinite and 1 is finite. The third category contains 10 
infinite transitive groups and 2 infinite and 1 finite intransi- 
tive group. In each case the author gives the characteristic 
object. For »2=4 there are seven pseudogroups that were 
given by Cartan but the author “did not succeed in obtain- 
ing the characteristic object for general n’’. 
M. S. Knebelman (Pullman, Wash.). 


¥*Rubinowicz, Wojciech. Wektory i tensory. [Vectors 

and Tensors]. Monografie Matematyczne. Tom XXII. 

Warszawa-Wroclaw, 1950. iii+170 pp. 

This book is a textbook of classical theoretical mechanics 
based on the vector and tensor calculus as used in physics. 
It consists of two parts, the first part dealing with an intro 
duction to the vector and tensor calculus, the second part 
dealing with field theory. V. Hlavat). 


NUMERICAL AND GRAPHICAL METHODS 


*Tables d’intéréts et d’annuités éditées par le Crédit 
Communal de Belgique. Intrest en annuiteits tafels 
uitgegeven door het Gemeentekrediet van Belgié. 
Brussels, 1950. 163 pp. 

These tables (with all headings and explanations printed 
both in French and Flemish) are standard so far as formulas 





are concerned. They deal with compound interest and 
annuities certain. Their special importance lies in the fact 
that here all tabular values are to eight decimal places 
(hence in some cases to ten significant figures), the interest 
rates are given at intervals of 1/20% from 2 to 8% inclusive, 
and annuities run for sixty payment (and conversion) 
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periods. The authors express confidence in their reliability 
since all computations were carried by direct arithmetic 
methods to sixteen decimal places before rounding off. The 
three tables relating i and j,,) are given for p=2, 4, 12, only. 
Illustrative problems are worked out. The large pages 
(140X134 inches), clear type, and excellent heavy paper, 
make the tables unusually legible, if not especially portable. 
A. A. Bennett (Providence, R. I.). 


*Segal, B. I., and Semendyaev, K.A. Pyatiznatnye mate- 
matiteskie tablicy. [Five-Place Mathematical Tables ]. 
Izdat. Akad. Nauk SSSR, Moscow-Leningrad, 1950. 
464 pp. (1 plate) 

This book contains the following tables: sin x, cos x, 
tan x, e~*, e”, sinh x, cosh x, tanh x, 1/x for x =0(.001)10 
(the degree-minute-second equivalent is also listed); the 
exact value of (1000x)*? and (1000x)* for x =0(.001)1, and at 
least 5 significant digits of x* and x* for x =1(.001)10; erf x 
for x =0(.001)2.5(.01)3 together with some further values 
for x between 3 and 5; I'(x) for x=1(.001)2; m! and m* for 
k=4(1)10 and »=0(1)50, 6S; indefinite elliptic integrals 
of the first and second kinds, F(y,6) and E(¢,@), for 
¢g=0°(1°)90°, @=5°(5°)90° together with the equivalent 
value of k* (k=sin@); the complete elliptic integrals 
K(6) = F(4x, 6), E(6) = E(4x, 6) and exp (—2K(4r—0)/K(@)) 
for @=0°(20’)90°; the Bessel functions Jo(x), J:, Yo, Y1, Jo, 
I, Ko, K1 for x =0(.01)10; a table of useful constants (x, 2°, 
e, /2, etc.) and a table of decimal equivalents of fractions 
with denominators up to 20. An insert containing propor- 
tional parts for interpolation is included. A list of series and 
asymptotic expansions of (or related to) the tabulated 
functions and some directions for use of the tables are also 
included. As the title indicates, at least 5 significant digits 
are given. It should prove a useful table for anyone wishing 
a table of the most common functions. 

J. V. Wehausen (Providence, R. I.). 


*Tablicy znatenii funkcii Besselya ot mnimogo argumenta. 
[Tables of Values of Bessel Functions of an Imaginary 
Argument]. Edited by I. M. Vinogradov and N. G. 
Cetaev. Izdat. Akad. Nauk SSSR, Moscow-Leningrad, 
1950. xii+403 pp. 

In this volume are eight tables of the following functions: 
(1) Ip(x) to 8D; (2) Ii(x) to 9D; and the next six tables to 
8S; (3) 2n-'Ko(x); (4) 2e*Ki(x); (S) Iy(x); (6) I-4(*); 
(7) Ko(x); (8) K.(x); all for x=0(.001)10, with 4. Among 
printed tables nearly all of these values are new. If these 
tables are accurate they will constitute a valuable addition 
to the present collection of tables in the field of Bessel 
functions. R. C. Archibald (Providence, R. I.). 


*Scarborough, James B. Numerical Mathematical Analy- 
sis. 2ded. The Johns Hopkins Press, Baltimore, Md.; 
tg University Press, London, 1950. xviii+511 pp. 

.00. 

The first edition [1930], which was practically the first 
and for many years almost the only American text in this 
field, is too well known to require detailed comment. The 
principal topics are: (1) Accuracy of approximate calcula- 
tions; (2) Interpolation by differences and by ordinates; (3) 
Accuracy of interpolation; (4) Two-variable interpolation; 
(5) Numerical differentiation and integration; (6) Accuracy 
of quadrature formulas; (7) Solution of numerical algebraic 
and transcendental equations; (8) Graeffe’s root-squaring 
method; (9) Numerical solution of differential equations; 
(10) Theory of errors; (11) Precision of measurements; 
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(12) Empirical formulas; (13) Harmonic analysis. The most 
noticeable change made in this edition is in the treatment of 
differential equations, which has been considerably changed. 
An entirely new chapter on partial differential equations 
and methods of relaxation has been added. 

W. E. Milne (Los Angeles, Calif.). 


Schumann, T. E. W. The adjustment of polynomials to a 
series of equidistant data. Statistica, Rijswijk 4, 158- 
167 (1950). (Dutch. English summary) 

The author remarks that in case of a polynomial in x, of 
assigned degree N, which is adjusted to give a least-squares 
fit to a given set of observed values at equidistant values of 
x, the coefficient of each given power of x (say x”) is known 
to be a linear function of the observed values, with coeffi- 
cients which are functions of x, p, and N. The author shows 
how these linear functions may be readily computed (for 
an odd number of observations) in terms of the orthogonal 
polynomials of Fisher. He develops the whole theory from 
first principles and by use of recursion relations obtains 
explicit algebraic formulas for most of the quantities used. 
Finally an application is made to the representation ‘of the 
average air pressure at sea level (in November) as a function 
of geographical latitude for 11 observations (from 10°S to 
90° N) by a polynomial of the fourth degree. 

A. A. Bennett (Providence, R. I.). 


Michalup, Erich. On inverse linear interpolation. Skand. 

Aktuarietidskr. 33, 98-100 (1950). 

The classical procedure of inverse interpolation is used to 
improve the accuracy of a method given by Steffensen 
[same journal 16, 64-72 (1933)] for numerical approxima- 
tion of a real root of an equation. T. N. E. Greville. 


Sibagaki, Wasao. On the idea of “numerical convergence” 
and its some applications. Mem. Fac. Sci. Kyisyi 
Univ. A. 5, 89-97 (1950). 

The author describes and illustrates by examples his idea 
of “‘numerical convergence.’’ In his own words: “We call the 
state in which the formal error becomes negligibly small 
compared with the forcing error the state of convergence in 
numerical calculation’’. W. E. Milne. 


Kulikov, D. K. Application of calculating machines to the 
multiplication of trigonometric series. Akad. Nauk 
SSSR. Byull. Inst. Teoret. Astr. 4, no. 6(59), 283-286 
(1949). (Russian) 

Multiplication of two trigonometric polynomials of the 
form >-a@ cos (¢g¢+ky) is programmed in a straightforward 
way. A reproducer, sorter, multiplier (for the coefficjents), 
and D-11 tabulator (German Hollerith) are used. 

R. Church (Annapolis, Md.). 


Besson, M., et Brasey, Edm. Résolution des équations 
algébriques par la régle A calcul. Elemente der Math. 5, 
125-131 (1950). 

Real roots of quadratics and trinomial cubics obtained 
rapidly with slide rule by the method of successive approxi- 
mations (and a slight modification of it) without appreciable 
need of written work. R. Church (Annapolis, Md.). 


Hamilton, H. J. A type of variation on Newton’s method. 
Amer. Math. Monthly 57, 517-522 (1950). 
Soit l’équation ¢(z)=0 ayant la racine s*. Généralisant 
une idée de Frame [m@me Monthly 51, 36-38 (1944) ] et 
Wall [ibid. 55, 90-94 (1948); ces Rev. 9, 382] l’auteur 
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cherche des généralisations de la formule de Newton 

Sn =Zn—1— 9(Zn—1)/¢' (Sn—-1) de maniére que 
&,—2* = O[(s,-1—2*)*], 

k entier 22. L’auteur détermine toutes les fonctions 


Z, = f(z,—1) qui répondent a la question et sont réguliéres. 
J. Kuntzmann (Grenoble). 


Bogatyrev,O.M. A grapho-analytic method of solution of 
algebraic equations of high degree. Elektritestvo 1950, 
no. 8, 71-78 (1950). (Russian) 

The following procedure is advocated for obtaining all 
roots of equations of degree 4, 5, 6, and 7. (a) In case the 
degree is 2n+1, fan4i(x) =O is written as x**"g,(x) = f,(x), 
where here and later subscripts denote degree. The corre- 
sponding graphs guide the work of numerical substitution 
from which the real roots are found and the degree de- 
pressed. (b) For equations of even degree known to have 
some real roots this same method is preferred. (c) Otherwise 
Som(x) = (x?+-bix-+-bo)ham—2(x) is assumed. Equations which 
result from equating coefficients and eliminating those of 
hem—2(x) are given and these are to be used to obtain 5; and 
by by the method of intersecting graphs. Not over three 
hours is said to be needed (presumably without desk calcu- 
lator) to solve a sixth degree equation to three significant 
figures. The work for this is shown, first using (b) and 
then (c). R. Church (Annapolis, Md.). 


Householder, A. S. Some numerical methods for solving 
systems of linear equations. Amer. Math. Monthly 57, 
453-459 (1950). 

Identités matricielles servant de base 4 diverses méthodes 
de résolution des systémes linéaires. Par exemple, la méthode 
des vecteurs de Fox, Huskey, et Wilkinson [Quart. J. 
Mech. Appl. Math. 1, 149-173 (1948); ces Rev. 10, 152] est 
en relation simple avec celle de Gauss (ce qui ne veut pas 
dire qu'elle conduit aux mémes calculs). Principes géo- 
métriques servant de base a certaines méthodes d’itération. 
Moyens pour effectuer l’inverse d’une matrice par itération. 

J. Kuntsmann (Grenoble). 


Bowie, O. L. Practical solution of simultaneous linear 

equations. Quart. Appl. Math. 8, 369-373 (1951). 

Les méthodes directes de résolution des systémes linéaires 
ont l’inconvénient de conduire a des résultats entachés 
parfois d’erreurs assez fortes et dont la précision ne peut 
dans tous les cas @tre evaluée immédiatement. L’auteur 
propose de remédier 4 ces inconvénients en multipliant le 
matrice des coefficients par une matrice 4 termes simples 
telle que le produit soit presque diagonal puis d’opérer par 
itération (rapidement convergente dans ce cas). Un exemple 
de Crout [Trans. Amer. Inst. Elec. Engrs. 60, 1235-1240 
(1941) ] est repris pour illustrer la méthode. 

J. Kuntsmann (Grenoble). 


Fox, L. Practical methods for the solution of linear equa- 
tions and the inversion of matrices. J. Roy. Statist. Soc. 
Ser. B. 12, 120-136 (1950). 

“The main purpose of this paper is to describe the details 
and layout of a direct method of computation, based on the 
use of matrices for the inversion of . . . matrices and the 
easier problem of solving a single set of linear equations. 
The theory is not new but is . . . in the opinion of the 
writer the best available for the average computer using 
ordinary desk calculating machines."”” From the author's 
summary. 


F. J. Murray (New York, N. Y.). 
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Good, I. J. On the inversion of circulant matrices, 
Biometrika 37, 185-186 (1950). 
A method is outlined for the inversion of a matrix A of the 
circulant form, defined as 


A= {a;_;} (¢=0, 1, ---,m—1; 7=0, 1, ---,m—1), 


where the suffixes are reduced mod n. The proposed pro- 
cedure is based on known relationships which exist between 
the elements of a circulant matrix and its eigenvalues. The 
procedure consists of (a) finding the eigenvalues of A, (b) 
calculating the reciprocals of these eigenvalues, which are 
the eigenvalues of A~', and finally (c) finding the elements 
of A~ from its eigenvalues. H. Polachek. 


Feller, William, and Forsythe, George E. New matrix 
transformations for obtaining characteristic vectors. 
Quart. Appl. Math. 8, 325-331 (1951). 

Supposant connue la plus grande valeur propre d'une 
matrice A, la colonne et la ligne propres correspondantes, 
les auteurs indiquent une famille 4 4 paramétres de trans- 
formations permettant de passer A une autre matrice du 
méme ordre ayant les mémes valeurs propres sauf la pre- 
miére qui est diminuée d’une quantité donnée ¢. Ces 
formules contiennent comme cas particuliers celles de Dun- 
can et Collar [Frazer, Duncan, and Collar, Elementary 
matrices . . ., Cambridge University Press, 1938, p. 143], 
Hotelling [J. Educational Psychology 24, 417-441, 498-520 
(1933) ], et Semendiaev [Akad. Nauk SSSR. Prikl. Mat. 
Meh. 7, 193-222 (1943); ces Rev. 6, 51]. Les plus utilisables 
de ces formules sont celles qui raménent en fait a un 
matrice d’ordre moins élevé, et celles qui respectent la 
symétrie. J. Kuntzmann (Grenoble). 


Gill, S. A process for the step-by-step integration of 
differential equations in an automatic digital computing 
machine. Proc. Cambridge Philos. Soc. 47, 96-108 
(1951). 

The author presents a modification of the well-known 
Kutta fourth order process (often called the Runge-Kutta 
method) for the numerical solution of a system of first order 
ordinary differential equations. For use on automatic com- 
puting machines, it possesses the advantage of requiring a 
small number of storage registers for each step of the inte- 
gration process (as distinct from the substitution opera- 
tions). It has the disadvantage of requiring four substitu- 
tions per step. The effect of truncation and round-off error 
is discussed and illustrated by a numerical example. The 
method has been used on the EDSAC. W. E. Milne. 


Lang, Georg. Die Verfahren zur graphischen Integration 
von gewdhnlichen Differentialgleichungen erster und 
zweiter Ordnung. Mitt. Math. Sem. Univ. Giessen 3l, 
iii+75 pp. (1944). 

The author presents a report (mainly expository) on 
elementary graphical methods of solving ordinary differ- 
ential equations of the first and second orders. One of the 
geometrical constructions of the approximate solution of 
y’ = f(x, y) consists of a polygonal track in which the slope 
of each chord equals f(x, y) with (x, y) taken somewhere 
near its centre. The accuracy of this and similar construc- 
tions is improved by a graphical adaptation of the Picard 
iteration due to Runge [Graphische Methoden, Teubner, 
Leipzig-Berlin, 1915, p. 118]. For the second order equation 
y’’ = f(x, y, y’) (reduced to a system of two first order ones 
through z=,’) only initial value problems are treated with 
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the help of linear step by step constructions of y(x) and 
s(x). Alternatively, following Meissner [Graphische Analysis 
vermittelst des Linienbildes einer Funktion, Ziirich, 1932] 
and Véllm [Comment. Math. Helv. 11, 362-368 (1939)] a 
set of enveloping tangents is obtained in the form y’(x, y). 
The example y” =xy, y(1)=y'(1)=1, —4Sx51 is treated 
by most of these methods and the answers compared. The 
book by J. C. P. Miller [The Airy Integral . . ., British 
Association for the Advancement of Science. Mathematical 
Tables, Part-vol. B, Cambridge University Press, 1946; 
these Rev. 8, 353] (providing a complete tabulation of the 
solution of y’’ =xy) was not then available for comparison. 
H. O. Hartley (London). 


Gavurin, M. K. . On a method of numerical integration of 
homogeneous linear differential equations convenient for 
mechanization of the computation. Trudy Mat. Inst. 
Steklov. 28, 152-156 (1949). (Russian) 

The author solves the equation (1) y’’+(x)y’+q(x)y=0 
by a step-by-step process in which the step from 4 to +1 
is effected by the formulas yiy1=t(xi41) 90x41) 9's, 
¥ inn = Ud (2641) 92-07 (x441) 9's. The quantities u;(x) and v,(x) 
are solutions of (1) satisfying the conditions u,(x,;)=1, 
v,(x;) =0, u,’(x;) =0, v,/(x;) = 1. They are determined at each 
stage of the computation by a few terms of Taylor’s series. 

W. E. Milne (Los Angeles, Calif.). 


Bukovics, E. Eine Verbesserung und Verallgemeinerung 
des Verfahrens von Blaess zur numerischen Integration 
gewohnlicher Differentiaigleichungen. Osterreich. Ing.- 
Arch. 4, 338-349 (1950). 

Blaess’s method for the numerical solution of ordinary 
differential equations rests on the idea of approximation by 
power series. Zurmiih!] showed that the method checks with 
the true power series up to terms of the third degree. The 
present paper shows that by an additional formula the 
accuracy of the Blaess method can be raised to fourth 
degree. Moreover, the process can be extended to equations 
of the mth order with accuracy to the (m+-2)nd degree. 

W. E. Milne (Los Angeles, Calif.). 


Tifford, Arthur N. On the solution of total differential, 
boundary value problems. J. Aeronaut. Sci. 18, 65-66 
(1951). 

The author shows how to solve numerically the two-end- 
point boundary value problem for an ordinary linear differ- 
ential equation without recourse to trial and error. Sugges- 
tions are made regarding the problem for analog computers, 
and also for the nonlinear case. W. E. Milne. 


Ivanov, A. V. On approximate computation of the charac- 
teristic numbers of the boundary problems of ordinary 
linear differential equations with variable coefficients. 
Akad. Nauk SSSR. InZenernyi Sbornik 6, 211-217 (1950). 
(Russian) 

A method is given for obtaining a system of independent 
solutions of a linear homogeneous self-adjoint differential 
equation of fourth order and expressing them as series whose 
terms are iterated integrals. The equation contains a param- 
eter linearly. The condition for satisfying four homogene- 
ous linear boundary conditions leads to the characteristic 
equation A(A) = 0 where A(A) is a power series in 4. Approxi- 
mate values for the characteristic numbers are found by 
equating to zero the first few terms of the series. An alterna- 
tive method of Efimenko is described based on a representa- 
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tion of the Green’s function as a double series with terms of 
the types x*(l—s)* for x<s and s*(l—x)* for x>s and having 
suitably determined coefficients. The roots are then found 
from the Fredholm denominator power series. 

W. E. Milne (Los Angeles, Calif.). 


Faddeeva, V.N. On fundamental functions of the operator 
X'Y, Trudy Mat. Inst. Steklov. 28, 157-159 (1949). 
(Russian) 

The author presents a table of the characteristic functions 
of the equation x'"+)x=0 for several different sets of 
boundary conditions. W. E. Milne. 


Kantorovit, L. V. On differential equations of the form 
x’ = f(x). Trudy Mat. Inst. Steklov. 28, 148-151 (1949). 
(Russian) 

The solution of d*x/d#= f(x), f(0)#0, with x =dx/dt=0 
at ¢=0 is reducible to quadratures, the second of which has 
the form t= f,*(F(x))-tdx. Numerical quadrature is not 
directly applicable at the origin because of the singularity 
there. The author proposes a method of numerical integra- 
tion to take care of this difficulty, the idea being to replace 
F(x) in the vicinity of the origin by F’(0)zx. 

W. E. Milne (Los Angeles, Calif.). 


Ikeda, Yoshiro, and Soeya, Teruko. Liquid rise in a capil- 
lary tube. J. Phys. Soc. Japan 4, 306-310 (1949). 
The differential equation 


ZZ" + (n+1)(Z2')?+06ZZ'+cZ+D=0 


with initial condition Z=0 at t=0 and terminal condition 
Z' =0 at t= © is transformed to an integral equation, which 
is solved by successive substitutions. W. E. Milne. 


Nikolaeva, M. V. On the relaxation method of Southwell 
(a critical survey). Trudy Mat. Inst. Steklov. 28, 160- 
182 (1949). (Russian) 

An expository paper giving (1) an outline of Southwell’s 
method of relaxation and (2) numerical methods for finding 
characteristic numbers. Simple numerical examples are 
worked in detail. W. E. Milne (Los Angeles, Calif.). 


Wu, Chung-Hua. Formulas and tables of coefficients for 
numerical differentiation with function values given at 
unequally spaced points and application to solution of 
partial differential equations. Tech. Notes Nat. Adv. 
Comm. Aeronaut. no. 2214, 104 pp. (1950). 

Soit une fonction y prenant aux m+1 points x, 
i=0, 1, ---, , les valeurs y;. On peut déduire de la formule 
d’interpolation de Lagrange relative A ces n+1 poihts une 
formule de dérivation d’ordre m (mSn) que l'on peut écrire 
pour x=x;, y™(x,) =>; SBjy;+2R', 2R‘ désignant le reste. 
L’auteur se place dans le cas ol: x1—x9=rb, Xi41—-x;=), 
#=1, 2, ---,#—1. Il donne pour n=2, 3, 4, mSn, OSisSn, 
r=0.1(0.01)1.29, %Bj/b" avec 9 chiffres significatifs et 
Ei‘ /b™+! f+) (£) avec 4 décimales, 3‘ désignant le premier 
terme dans le développement de %R‘. Comme application, 
l’auteur reprend un probléme d’équation aux dérivées 
partielles déja traité par Fox [Proc. Roy. Soc. London. 
Ser. A. 190, 31-59 (1947); ces Rev. 9, 106]. Les équations 
linéaires obtenues sont résolues par la méthode de relaxation 
et directement. Les résultats obtenus sont moins bons que 
ceux de Fox qui fait intervenir les dérivées cinquiémes. 

J. Kuntsmann (Grenoble). 
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Uchida, Shigeo. A new approximate solution in boundary 
value problems by the use of orthogonal curvilinear 
coordinate. Rep. Inst. Sci. Tech. Univ. Tokyo 1, 101- 
105 (1947). (Japanese) 

A variation of Flugel’s method [Z. Ges. Turbinenwesen 
16, 161-165 (1919) ] of obtaining approximate solutions is 
developed. Applications to several problems in fluid me- 
chanics are given. C. Kikuchi (East Lansing, Mich.). 


Uchida, Shigeo. A new approximate solution in boundary 
value problems by the use of orthogonal curvilinear 
coordinates. J. Phys. Soc. Japan 3, 33-40 (1948). 

Two iterative schemes for numerical solutions of bound- 
ary value problems are considered. An application to irrota- 
tional plane flow with stream function y proceeds as follows. 
Let a and 6 be orthogonal curvilinear coordinates in the flow 
plane with line element ds*=h,*da*+-h,*d6*. The a and 8 
velocity components satisfy phgu=dy/08, phav= —dy/da 
with density ratio (1) p/po=[1 —4co*(y —1)(u?+-0*) !-, co 
being the stagnation speed of sound. Then y satisfies the 
second order partial differential equation 


(2) (hau) /OB = O(hgo) /da. 


If 8=const. are approximately streamlines, the right mem- 
ber is considered to be only a small correction term. In the 
method of fixed axes (F) the coordinate net may be the 
stream and equipotential lines for the corresponding incom- 
pressible flow. For the first approximation v=0 in (1) and 
(2); thereafter v is evaluated from the preceding approxima- 
tion. In the method of correcting axes (C) v=0 always, and 
after each approximation 8 =const. are modified to coincide 
with the new approximate streamlines. The necessary 
quadratures are performed by Simpson’s method, and the 
differentiations by Collatz’s method. Computations by F 
and C to the second order for flow through a symmetrical 
channel with circular walls are consistent and indicate rapid 
convergence. Method C also yields good agreement with 
experiment for such flows. J. H. Giese. 


Woods, L. C. Improvements to the accuracy of arith- 
metical solutions to certain two-dimensional field prob- 
lems. Quart. J. Mech. Appl. Math. 3, 349-363 (1950). 
A thorough discussion is given of methods for improving 

the accuracy of “squaring” or “relaxation.” The types of 

equations considered are V?f=k, V?f= (x, y), V‘f= (x, y), 

and V*f=¢(f, fz, fy, x,y). The large “molecule” formulae 

of Thom and Bickley are presented and extended ; and Fox’s 
method of applying a correction term obtained from the 
higher differences to the results of a first approximation is 
presented. The author then gives a new method of calcu- 
lating the correction term which makes use of the value of 

V‘f given by the field equation. This latter method has an 

advantage in that the computation of the correction term 

requires a spread of only three grid points in each direction, 
as against five in Fox’s method. Several numerical examples 

are given. S. Levy (Washington, D. C.). 


*Broglio, Luigi. Some synthetic theorems of elasticity 
and of mathematical physics: their developments from 
the practical point of view; three methods of successive 
approximations. Proc. Seventh Internat. Congress Appl. 
Mech., 1948, v. 1, pp. 84-97. 

A solution of certain boundary value problems involving 
one or more given linear differential equations (d.e.) plus 
given boundary conditions (b.c.) may be considered as the 
sum of a solution of a (semi-homogeneous) problem A and 
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a solution of another (semi-homogeneous) problem B, where 
problem A consists of the given d.e. plus the homogeneous 
form of the given b.c., while problem B consists of the homo- 
geneous form of the given d.e. plus the given b.c.. Further, 
there exists a “definite quadratic form” (quadratic fune- 
tional) L such that the following variational principles hold: 
(A) (1) Among all functions satisfying the given d.e. (“‘equil- 
ibrated” functions) a solution of problem A minimizes L, 
(2) Among all functions of a certain subset (“plausible” 
functions) of the set of functions satisfying the homogeneous 
b.c., a solution of problem A maximizes L. (B) (1) Among all 
functions satisfying the prescribed b.c. (‘‘equilibrated”’ fune- 
tions) a solution of problem B minimizes L. (2) Among all 
functions of a certain subset (“‘plausible” functions) of the 
functions satisfying the homogeneous d.e., a solution of 
problem (B) maximizes L. Example in two dimensions: 
given problem: d.e., ws2+wy=f, b.c., w=g; problem A: 
d.e., Wee+Wy =f, b.c., w=0; problem B; d.e., w.2+w,, =0, 
b.c.. w=g; L(u)=f(u.2+u,*)dxdy. [Reviewer's remark: 
Here (B) (1) is just the classical Dirichlet’s principle and 
(B) (2) amounts to the lower bound for Dirichlet’s integral 
in Dirichlet’s problem given by E. Trefftz, Proc. Second 
Internat. Congr. Appl. Mech., Ziirich, 1926, 131-137 
(1927).] Several simple examples of boundary value prob- 
lems of this type are considered, the corresponding varia- 
tional principles are given, and procedures for numerically 
approximating to the solution are suggested. [Reviewer's 
remark: In Neumann's problem a lower bound for Dirichlet’s 
integral of a solution is given in terms of an arbitrary non- 
constant harmonic function, while it is already known [see 
the reviewer and A. Weinstein, J. Math. Phys. 26, 133-136 
(1947); these Rev. 9, 211] that a lower bound can be ob- 
tained by using an arbitrary nonconstant function. ] 
J. B. Diaz (College Park, Md.). 


MacNeal, R. H. The solution of elastic plate problems by 
electrical analogies. J. Appl. Mech. 18, 59-67 (1951). 


Krylov, V. I. Application of the Euler-Laplace formula to 
approximate solution of integral equations of Volterra 
type. Trudy Mat. Inst. Steklov. 28, 33-72 (1949). 
(Russian) 

The integral equation (x) = f(x)+J.*K(x, s)¢(s)ds is re 
placed by a system of algebraic equations in the unknown 
quantities go, ¢1, ¢2, -**, which are the values of the fune- 
tion g(x) at equally spaced values of x, a, a+h, etc. The 
integral is replaced by a suitable set of quadrature formulas 
of chosen degree derived from the Euler formula. Suppose 
the quadrature formulas involve four ordinates at equally 
spaced points. We find go by setting x=0 in the integral 
equation. To find ¢:, ¢2, ¢3; we have three simultaneous 
equations with coefficients depending on the values of 
K(x, s) at the equally spaced values and on the coefficients 
in the quadrature formulas. After go, ¢1, ¢2, ¢s, are found 
we proceed step-by-step to find each new value ¢u, ¢5, etc. 
in turn by adding one more equation; i.e., it is no longer 
necessary to solve a simultaneous set. Similar methods are 
applied to the integral equation f,*K(x, s) ¢(s)ds = f(x). The 
paper concludes with a discussion of the nonlinear equation 
of Volterra type. W. E. Milne (Los Angeles, Calif.). 


Lehmann, N. J. Bemerkungen zu einem Einschliessung> 
satz fiir Eigenwerte. Z. Angew. Math. Mech. 30, 223 
225 (1950). 

The author is concerned with obtaining gauges of 
accuracy for the eigenvalues A, of the integral equation 
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y(x) = Af K(x, &)y(€)dé. Based on results previously obtained 
[same Z. 29, 341-356 (1949); 30, 1-16 (1950); these Rev. 
11, 599], he obtains gauges in the form |A,—A,(k, ©)| SA,. 
where the A,(k, ©) are the roots of the kXk determinants 
|ay*—A,(k, © )a”*| =0 with the order k chosen at conveni- 
ence and the a,’* only depending on a suitably chosen set 
of complete coordinate functions ¢,(x) for which they are 
the ‘Schwarz coefficients” which are defined as the product 
integrals of the mth order iterates of the ¢,(x) with the 
kernel K. The A,, are obtained as the solutions of a max-min 
problem for the quotient of two quadratic forms depending 
on the ao”*, a:’*, and a,’*. The advantage claimed for this 
method is that it only depends on the selected system of 
coordinate functions ¢,;(x) and not on the knowledge of 
special eigenfunctions of auxiliary problems. As an ex- 
ample the boundary value problem y’’+(8x*x+A)y=0; 
y(0)=y(1)=0 is treated and the rather wide boundaries 
|e, 0.5802" | =1.452x*; |d,,—3.580x?| =0.595x* are ob- 
tained, whilst exact values of the A, can, of course, be readily 
computed with the help of the table of Airy integrals 
[Miller, The Airy Integral . . ., British Association for the 
Advancement of Science, Mathematical Tables, Part-vol. B, 
Cambridge University Press, 1946; these Rev. 8, 353]. 
H. O. Hartley (London). 


Weissinger, Johannes. Uber Integrodifferentialgleichungen 
vom Typ der Prandtischen Tragfliigelgleichung. Math. 
Nachr. 3, 316-326 (1950). 

Consider the integral equation 


(*) G(6) =L(@) {a(6) — (2%) forG'(¥) [cos y—cos 6} *dy}. 


Multhopp’s procedure [Luftfahrtforschung 15, 153-169 
(1938) ] for finding an approximate solution is to approxi- 
mate G(@) by a trigonometric polynomial y(@) passing 
through the points (@,=vx/(m+-1), 7,), v=1, «++, m=2*". 
Equation (*), for @=0,, then reduces to a set of linear equa- 
tions in the m unknowns 71, ---, Ym- The purpose of this 
paper is to show that as m—>~, the values 7,->G(0,). This 
is shown under the hypothesis that sin @/L(@) and a(6) are 
continuous and piecewise continuously differentiable and 
that L(@)/sin @=c>0 for 0S0=-r. The author next con- 
siders a generalization of the integral equation (*) and 
proves, under restrictions easily satisfied in applications to 
wing theory, that a solution exists and that the Multhopp 
procedure converges. J. V. Wehausen. 


Hasse, Maria. Uber eine singulare Integralgleichung 1. 
Art mit logarithmischer Unstetigkeit. Z. Angew. Math. 
Mech. 30, 317-330 (1950). 


A numerical solution is obtained for the integral equation 
* Ji(ig) 

0 tgJ,'(ig) 

This is carried out by the change of variables x=cos 8, 
t=cos #’, and interpolating to F(@)=f(cos@)sin@ by a 
trigonometric polynomial. Evaluating the equation only at 
the interpolation points leads to a system of linear equations 
(six in this case) for the coefficients of the polynomial. Since 
no estimates of accuracy (or convergence proofs) for the 
method were carried out, the author computes as a control 
the solution for the equation obtained by taking the deriva- 


tive with respect to x of the equation above. 
J. V. Wehausen (Providence, R. I.). 





1 1 
= fd cos g|x—t|dgdt =x?. 
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Many, Abraham. An improved electrical network for de- 
termining the eigenvalues and eigenvectors of a real 
symmetric matrix. Rev. Sci. Instruments 21, 972-974 
(1950). 

An improved larger version of a device previously de- 
scribed [Many and Meilboom, same Rev. 18, 831-836 
(1947); these Rev. 9, 210] has been constructed with better 
condensers and standardized coil circuits. The theory has 
been extended to permit slight variations of the inductances 
used, and certain minor corrections on the previous error 
theory are given. F. J. Murray (New York, N. Y.). 


Kurafuji, Hisao. Research on integrators. Jap. Sci. Rev. 
Ser. I. 1, no. 2, 95-100 (1950). 


Strassl, Hans. Nomogramme zur Auflésung der Kepler- 
schen Gleichung. Astr. Nachr. 279, 25-43 (1950). 
Alignment charts are designed and constructed to solve 

Kepler’s equation for the eccentric anomaly E, the eccen- 

tricity e and the mean anomaly M being given. Nomograms 

of genus one are made for E and for dE/dM and are con- 
veniently placed with respect to each other and with respect 
to a nomogram of genus zero for multiplying dE/dM by 
the increment AM. The nomograms can be used both to 

exhibit the interdependence of the variables and to find a 

good first approximation for use in more accurate calcula- 

tions. The nomogram for dE/dM serves to improve the 
approximation furnished by that for EZ. J. M. Thomas. 


Aczél, J. Zur Charakterisierung nomographisch einfach 
darstellbarer Funktionen durch Differential- und Funk- 
tionalgleichungen. Acta Sci. Math. Szeged 12, Leopoldo 
Fefér et Frederico Riesz LXX annos natis dedicatus, 
Pars A, 73-80 (1950). 

It is shown that eight partial differential equations (one 
being that of P. Saint Robert) are mutually equivalent and 
each necessary and sufficient that s=2(x, y) be equivalent 
to H(z) = F(x)+G(y). The explicit formulas of R. Soreau 
[C. R. Acad. Sci. Paris 155, 1065-1067 (1912) ] are given 
for F(t), G(t), and H(t). The differential equations are 
specialized, or additional conditions of boundary type are 
given, so that the corresponding parallel line nomogram 
takes one of several special forms: (a) two scales similar; 
(b) all three scales similar; (c) all three scales congruent, etc. 
Characterization of most of these special cases is also formu- 
lated entirely in terms of functional equations, the concepts 
here being among those that occur in the theory of mean- 
value functions [e.g. the author and Fenyé, same Acta 
Sect. Sci. Math. 11, 239-245 (1948); these Rev. 10, 237]. 

R. Church (Annapolis, Md.). 


Krames, Josef. Erginzungen zum graphischen Einpassen 
von Luftaufnahmen. Schweiz. Z. Vermessg. Kulturtech. 
49, 7-16 (1951). 

This is a supplement to the author’s earlier papers [same 
Z. 47, 256-262 (1949); Osterreich. Z. Vermessgswes. 37, 
13-29 (1949); these Rev. 12, 135]. It is shown that a small 
parallax, observable only in one corner of the model, might 
be obtained by the process of fitting the aerial photographs, 
and is therefore not necessarily due to random errors. 

E. Lukacs (Washington, D. C.). 


Wolf, H: Geoditische Anwendungen des Verfahrens der 
schrittweisen Anniherung. Z. Vermessungswesen 76, 
48-55 (1951). 
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Cook, A. H. The calculation of deflexions of the vertical 
from gravity anomalies. Proc. Roy. Soc. London. Ser. A. 
204, 374-395 (1950). 

The theory of the application of gravity measurements to 
geodetic calculations is discussed. The errors involved in 
calculating deflexions of the vertical are estimated. Such 
estimates are made for Greenwich, Herstmonceux, South- 
ampton, and Bayeux. Discussion of the sources of error 
forms a considerable part of this paper. EZ. Kogbetliants. 


Ivanov, V. K. On the determination of the harmonic 
moments of disturbing masses from the derivative of the 
gravitational potential given on a plane. Izvestiya Akad. 
Nauk SSSR. Ser. Geograf. Geofiz. 14, 403-414 (1950). 
(Russian) 

The so-called inverse problem of applied geophysics, 
namely the determination of disturbing masses from the 
observed and mapped anomaly, is known to be indeter- 
mined in the case of gravimetric and magnetic methods. 
But, contrary to what is stated and implied in much of the 
literature, the resulting ambiguity in the interpretation of a 
given anomaly map is far from being complete. Although the 
distribution of disturbing masses, cause of the anomaly, 
corresponding to a given anomaly map is not unique, it is 
completely indetermined only in the hypothesis of an ideal, 
infinitely extended cylindrical mass (so-called two-dimen- 
sional problem) which is never present in nature. The am- 
biguity in the real case of a three-dimensional and finite 
distribution does not extend to the position of the center 
of gravity of disturbing masses which is the same for all 
varieties of mass-distribution causing the same gravity (or 
magnetic) picture on the surface. In other words, the three 
coordinates of the center of gravity can be deduced from the 
anomaly map because the location of the center of gravity 
is unique. This fact was discovered and published by the 
reviewer [Geophysics 9, 463-493 (1944); 11, 195-210 
(1946); Quart. Appl. Math. 3, 55-75 (1945); these Rev. 7, 
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489; 6, 223] for the two horizontal coordinates, but not for 
the vertical coordinate (depth). This paper contains the first 
published rigorous proof of the uniqueness of the third 
coordinate (depth) and represents therefore an important 
contribution to applied geophysics. Its title is misleading 
since in general the harmonic moments are used for the 
location of the center of gravity, this location being the 
principal goal. E. Kogbetliantz (New York, N. Y.). 


Ziegler, Hans. Niéaherungstheorie des astatischen Pendels, 
Vierteljschr. Naturforsch. Ges. Ziirich 95, 173-197 (1950). 
The astatic pendulum invented by R. P. Lejay and built 

in Paris by F. Holweck, called the Lejay-Holweck pendu- 

lum, is one of the most rapid apparatuses for measuring the 
gravitational field of the earth. As the late Holweck told this 
reviewer, this pendulum was very difficult to build success- 
fully since the absence of a theory of its motion prevented 
the understanding of the causes of too frequent failures and 
of the ways to avoid them. This paper solves such difficulties 
and opens an easy road to essential improvement of an 
already high sensibility without losing the precision and 
fidelity of the instrument. A complete theory of the astatic 
pendulum is formulated and the integro-differential equa- 
tion of its motion is established in terms of the parameters 
and instrument-constants. It is solved approximately but 
with an accuracy more than sufficient for the construction 
purposes. The known empirical formulae connecting the 
gravity acceleration g and the observed period T of oscilla- 
tion are confirmed and related to the instrument's constants 
for the first time. They are now replaced by more precise 

formulae, their improvement being obtained by the use of a 

perturbation method applied to the solution of the integro- 

differential equation of motion. In the reviewer's opinion 
this paper sooner or later will bring about the replacement 
of the gravimeter by the astatic pendulum built according 
to the indications formulated in the eight theorems and in 
the recapitulation which terminates this paper. 

E. Kogbetliantz (New York, N. Y.). 


ASTRONOMY 


Zagrebin, D. V. The determination of the undulations of 
a geoid taking account of terms of the order of contraction 
of the terrestial ellipsoid. Akad. Nauk SSSR. Byull. Inst. 
Teoret. Astr. 4, no. 8(61), 402-407 (1950). (Russian) 
The author works out the second order approximation 

formulae for his earlier developed method [Bull. Inst. Astr. 

Acad. Sci. URSS no. 52, 407-435 (1944); same Byull. 4, 

no. 3(56), 134-141 (1949); these Rev. 7, 24; 11,745] for the 

determination of the variation of the geoid from an ellipsoid. 
R. G. Langebartel (Saltsjébaden). 


Neklyudova, N.F. Ona method for determining the shape 
of the earth. Akad. Nauk SSSR. Byull. Inst. Teoret. 
Astr. 4, no. 8(61), 408-413 (1950). (Russian) 


The earth is treated as a spherical reference body covered 
by a layer of irregular mass. An integral equation of the 
Fredholm type with symmetric kernel is derived for the 
perturbational potential arising from this layer. The solution 
of this equation can then be used to determine the distance 
between the spherical surface of the reference body and 
the geoid. 


R. G. Langebartel (Saltsjébaden). 





*Dubyago, A. D. Opredelenie orbit. [The Determina- 
tion of Orbits]. Gosudarstv. Izdat. Tehn.-Teor. Lit., 
Moscow-Leningrad, 1949. 444 pp. 

This book gives a full exposition of all the well established 
methods in the subject and includes many illustrative ex- 
amples worked out in detail. As a novelty, chapter XI con- 
tains a new method due to the author for the correction of 
a near-parabolic orbit when rectangular coordinates are 
used. The achievements of the Petersburg school in the 
development of the subject are pointed out, beginning with 
Euler. The chapter headings are as follows: (I) The problem 
of determination of orbits and its history. (II) The problem 
of two bodies. (III) The geocentric motion. (IV) Reduction 
of the observed positions of small planets and comets. Com- 
parison with ephemeris. Normal position. (V) The general 
problem of determination of an orbit from three observa- 
tions. (VI) Determination of an orbit from four observa- 
tions. (VII) Determination of an orbit from two observations 
and the problem of testing the identity of two small planets 
or comets. (VIII) Determination of a parabolic orbit. (IX) 
Numerical methods of computing perturbations. (X) Pre- 
liminary improvement of the orbit. (XI) Determination of 
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the final orbit. (XII) Determination of orbits of meteors. 
An appendix contains some twenty-five tables (pp. 365-443). 
E. Leimanis (Vancouver, B. C.). 


de Jekhowsky, Benjamin. Sur les méthodes de premiére 
tion dans la détermination des orbites comé- 

taires. Bull. Astr. (2) 13, 329-339 (1948). 

The differences among various existing methods for the 
determination of parabolic orbits from three geocentric 
observations are analyzed. This is followed by the presenta- 
tion of a short method developed by the author. It is closely 
related to the methods of Olbers and Gauss. 

D. Brouwer (New Haven, Conn.). 


de Jekhowsky, Benjamin. Sur les différentes formes de 
systémes d’équations auxquelles on peut réduire le 
systéme principal d’équations des méthodes d’Olbers 
et de Gauss pour la détermination des orbites para- 

boliques. Bull. Astr. (2) 15, 151-158 (1950). 

In the method of Olbers, as well as that of Gauss, for the 
determination of a parabolic orbit, the geocentric distances 
for the first and third dates are obtained from five equations. 
In addition to the two geocentric distances the two helio- 
centric distances and the chord joining the two heliocentric 
places appear as unknowns. These equations are usually 
solved by successive approximations, and require rather 
lengthy calculations. The author remarks that in many 
cases the aim is to obtain a provisional ephemeris from 
observations separated by short intervals of time. Simplifica- 
tions may then be introduced which permit the elimination 
of three of the five unknowns. Thus a system of only two 
equations with two unknowns results. The calculations can 
be made with fewer significant figures than for the more 
general solution. Numerical examples are given to evaluate 
the merits of the procedure. D. Brouwer. 


de Jekhowsky, Benjamin. Réflexions sur la détermination 

du paramétre dans le probléme d’Euler. Bull. Astr. (2) 

15, 317-330 (1950). 

The author reviews formulae used for the calculation of 
the parameter p in various methods of determining an orbit 
from three observations. He then proceeds to modify a 
procedure introduced by Andoyer. The modified procedure 
has the advantage of leading to the result in a single se- 
quence of calculations without requiring three or four 
successive approximations, usually necessary if Andoyer’s 
original plan is followed. D. Brouwer. 


de Jekhowsky, Benjamin. Sur la résolution de l’équation 

@’Euler relative aux orbites paraboliques. C. R. Acad. 

Sci. Paris 231, 510-511 (1950). 

The author presents a modification of Encke’s method 
for the solution of an equation, known as Euler’s equation, 
that arises in the determination of a parabolic orbit from 
geocentric observations. D. Brouwer. 


Mineur, Henri. Etude théorique du mouvement séculaire 
de l’axe terrestre. Bull. Astr. (2) 13, 197-252 (1948). 
Take the invariable plane of the solar system, consisting 

of planets, as the Oxy-plane and adopt for the secular 

motion of the pole P(a, 8, y) of the ecliptic that given by 

Lagrange’s theory of secular perturbations of nodes and 

inclinations of the planetary orbits. Denote the pole of the 

equator on the celestial sphere by M(x, y, s) and consider 
its motion. According to the classical theory of precession, 
the instantaneous secular motion of the pole M is an in- 
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stantaneous rotation about OP by the amount w=w; cos ¢, 
where w; is a constant and ¢’ the obliquity of the ecliptic. 
Consider instead of the motion of the point M(x, y, z) the 
motion of an auxiliary point m(é, 9, £), obtained from M by 
rotation through an angle —6, where @= fy‘wdt, about the 
pole P of the ecliptic at the instant ¢. In the case of absence 
of perturbations of the ecliptic, m is a fixed point, otherwise 
it is a variable point. The equations of motion of this point 
m(é, , ¢) are set up, and the author is concerned with the 
integration by the method of variation of constants of 
the reduced system, obtained from the complete system 
by neglecting all terms of the second order with respect 
to the coefficients M; occurring in the expressions of 
the slowly varying quantities a= > 7={M; sin (vt+u,,), 
B=—DLi<1M; cos (vt+u,). Further denote by A» and é 
respectively the longitude and the colatitude of the point 
m at the initial instant ‘=0. Integrating the reduced system 
the author distinguishes three cases: (1) The “‘nonreso- 
nance’”’ case in which none of the frequencies »; of the secular 
perturbations of the ecliptic are equal to the initial fre- 
quency w; COs €o of the precession. (2) The “initial resonance” 
case in which one of the frequencies »; is equal to w; cos €. 
(3) The case called ‘‘résonance différée” when at an instant 
to other than the initial instant the colatitude ¢ of m attains 
a value ¢ 9 such that one of the frequencies »; is equal to 
1 COS €9. This case also includes the special case when « 
tends to the resonance value ¢ as ¢ tends to + or —. 
Finally it is shown that in order that the case (3) may occur, 
it is necessary and sufficient that the position of M at t=0 
lie in a certain zone on the celestial sphere, and conse- 
quently one may expect large variations of the obiiquity of 
the ecliptic. Approximate numerical calculations show 
that at present the terrestrial pole is outside any zone of 
resonance. 

The classical results of Laplace [Oeuvres, Paris, v. 2, 
pp. 315 ff., 1878; v. 11, pp. 481 ff., 1895; v. 12, pp. 129 
ff., 1898; v. 13, pp. 307 ff., 1904] and J. C. Adams [Observa- 
tory 9, 150-154 (1886) ] concerning the secular motion of the 
terrestrial axis are identical with those obtained by the 
author in the first approximation of the nonresonance case. 
The resonance cases both are new and show the necessity 
of such an investigation. The knowledge of the motion of 
the terrestrial axis over several millions of years in the past 
as well as in the future may be of interest not only to 
astronomers for cosmogonic purposes, but also to geologists 
in their efforts to explain the glacial periods as a cause of 
variations of the obliquity of the ecliptic. 

E. Leimanis (Vancouver, B. C.). 


Schatzman, Evry. Sur un probléme de mécanique ration- 
nelle en relation avec la formation des planétes. Bull. 
Astr. (2) 14, 69-74 (1949). 

The author considers the formation of planets by gravita- 
tional accretion in a medium in which all matter above a 
certain plane of symmetry is assumed to approach the 
“protoplanet” with a velocity v from one direction and all 
matter below the plane of symmetry is assumed to approach 
it with the same velocity but from the opposite direction. 
It is known that the distance of closest approach of a par- 
ticle of infinitesimal mass in the gravitational field of a 
spherical mass M, is fmin=A”*/[1+(1+A%'/G@M")')GM, 
where G is the constant of gravitation, A is the impact 
parameter, and v is the linear velocity at infinity. If the 
spherical mass M is of radius p, it follows from this equation 
that all approaching particles with impact parameters less 
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than A =(p?+2GMp/v*)' will be captured. If a “planet” of 
density D is formed by such accretion in a medium of 
density A, then the differential equation governing its 


growth is 
8rGD \! 
~~ *) dt=dM =4np*Ddp. 


If it is now further supposed that the density of the medium 
varies with time in the manner A=Ajge™, then the inte- 
gration of the foregoing equation leads to the relation 
(8eGD/3v*)*p = tan [(rGA?/6D)*(1—e™*)/X]. From this re- 
lation the author concludes that if a planet like the earth 
was formed from a “solar nebula” of initial density 10-" 
gm/cm*, then the life of the nebula, A~"~(3"D/2GA,*)}, 
must be of the order 6X10" years. Under these same condi- 
tions, the author also evaluates the angular velocity w of 
the resulting planet by considering the angular momentum 
of the accreted matter. On the assumption that the planet 
rotates with a constant angular velocity, the author finds 
that w=(128GD/75r)*. [Note that since the material on 
the two sides of the plane of symmetry are assumed to 
approach from opposite directions, the angular momenta 
accreted from the two sides do not cancel. ] An attempt is 
made to interpret the known rotation of the planets in the 
solar system in terms of this last relation. 
S. Chandrasekhar (Williams Bay, Wis.). 
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Qvist, Bertil. On the integration of stellar models in 
radiative equilibrium. Soc. Sci. Fenn. Comment. Phys.- 
Math. 15, no. 8, iii+139 pp. (2 plates) (1950). 

The equations governing a star in radiative equilibrium, 
in which the laws of opacity and energy generation have the 
forms x=xop7-** and e=«ep*7™ (p is the density, T is the 
temperature, and ¢€9 and x» are constants) can be brought to 
the forms [cf. S. Rosseland, Z. Astrophys. 4, 255-264 
(1932), pp. 255-256] 


(*) d(er)/dr=r**m/ce—pr, dx/dr= —1**x*/o*e, 
dm/dr= —1**x4/ce, de/dr= —r****x4/q'*e, 


where x, o, r, m, and e denote, respectively, the radius, 
density, temperature, mass, and total energy production 
interior to a given point, and \ and yw are two parameters. 
The boundary conditions which have to be satisfied by an 
acceptable solution are: (a) r=o0=1 for x=m=e=0; and 
(b) ¢ and +r vanish simultaneously. For a given value of u 
these boundary conditions can be satisfied only for a par- 
ticular value of \. The main part of the present paper deals 
with this eigenvalue problem by integrating the equations 
of equilibrium from ¢ =r =1 (where x = m=e=0) for various 
assigned values of \ for the particular case k=2, n=18, and 
u=1. Since x =m =e=0 is a singular point of the system (*), 
the author makes the transformation of variables r= (1—?)*, 
x =t[6(2t—#) ]', o=(1—2)0, e= 4 Fx*, and m=}Qx*. The 
corresponding boundary conditions are @==F=Q=1 at 
t=0 and @ is to be finite at ¢=1. The author finds that the 
solutions are extremely unstable for values of \ near the 
eigenvalue and that the value of \ will have to be specified 
to 15 or more decimals. Since the numerical integration 
was performed only to six significant figures, a special pro- 
cedure must be adopted which the author discusses at some 
length. However, if the solution is followed from r=1 with 
the (nearly) correct eigenvalue for \, then m and e tend 
to certain constant values. When this happens the first 
of the equations (*) becomes, for example, 


(**) d(ar)/dr =r*4mo/ceo— pr’, 
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where my and é are the constant values to which m and 
e tend. By a simple process of iteration this last equa- 
tion can be solved. The solution of equation (*) 
which satisfies the boundary condition ¢=0 at r=0 must 
be joined to the solution found from the “other end.” 
In this manner the author finds that for the case considered 
(k=2,n=18, andu=1)\=1.41747- - - [the author gives this 
to 15 decimals] and that m-—+7.0238--- and e—0.10135--. 
as o and r->0 at x =8.1907---. The paper also contains an 
extensive discussion and summary of the earlier work on 
stellar models. [The enormous difficulty which the author 
has experienced in solving the eigenvalue problem could 
have been avoided if the integrations had been started from 
o=r=0, for various assigned values of \, and continued 
inward. Also it should be noted that the assumption which 
the author makes of radiative equilibrium throughout the 
star, is not a valid one: for as the center of the star is ap- 
proached, the conditions become convectively unstable (this 
is evident from the figure on page 130 illustrating the march 
of the density); and when this happens the solution must 
be completed by the equation appropriate to convective 
equilibrium.] 5S. Chandrasekhar (Williams Bay, Wis.). 


Jarnefelt, G. Reflections on the integration of stellar 
models. A task suited for modern mathematical ma- 
chines. Soc. Sci. Fenn. Comment. Phys.-Math. 15, no. 
18, 19 pp. (1950). 

This paper contains a general discussion and summary of 
the paper by Qvist reviewed above. Since the manner in 
which Qvist solves the basic eigenvalue problem requires 
the eigenvalue to be specified to 15 or more decimals, the 
author concludes “‘that calculations ought to be performed 
with nearly 20 digits. This perhaps would not be impossible 
with the aid of a modern mathematical machine.” [This 
conclusion is valid only if the eigenvalue problem is solved 
in the manner of Qvist. However there are other methods 
of solution which do not demand 20 figure accuracy. ] 

S. Chandrasekhar (Williams Bay, Wis.). 


Miyamoto, S. Radiation field of extended stellar atmos- 

pheres. Astrophys. J. 113, 181-192 (1951). 

The usual manner in which the transfer of radiation ina 
planetary nebula is considered is to divide the radiation field 
into two parts: a field of “ultraviolet” radiation and a 
field of Lyman-a radiation; it is assumed that whenever a 
quantum of ultraviolet radiation is scattered there is a 
probability (1—) that it is reemitted and a probabality 
p (~4) that a quantum of Lyman-a is emitted. This latter 
circumstance allows one to trace how an incident flux of 
ultraviolet radiation gets gradually transformed in the 
nebula into Lyman-a radiation. In this paper the author 
further divides the radiation in Lyman-a into two fields: 
a field (denoted by Lyman-a) in the center of the line and 
a field (denoted by Lyman-a’) in the wings of the line. He 
further assumes that there exist probabilities » (~}) and 
p’ (~10-) such that whenever an ultraviolet quantum is 
scattered there is a probability » that a quantum in the 
Lyman-a field is emitted and a probability p’ that a quan- 
tum in the Lyman-a’ field is emitted. The equations of 
transfer appropriate to these conditions are formulated and 
solved in the so-called Milne-Eddington approximation. The 
method of solution is straightforward and calls for no com- 
ments. A result of some importance which is established is, 
that in the astrophysical contexts the flux of radiation in 
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the outer parts of the nebula is mainly in the Lyman-a’ 
field. S. Chandrasekhar (Williams Bay, Wis.). 


Wrubel, Marshal H. Turbulence and the curve of growth. 

Astrophys. J. 112, 424-433 (1950). 

In this paper the author seeks to determine how the 
spectrum of turbulence in a stellar atmosphere is related to 
the mean square velocity determined from the observed 
profiles of the absorption lines. By analyzing the normal 
velocity in a Fourier series and writing the velocity of the 
kth Fourier component (of wavelength 27/k) in the manner 
% =. sin k(s—68) where the phase 6 can take all possible 
values, the author suggests that the “weight” s(k) with 
which the energy contained in the Fourier components of 
wave number k contributes to the “observed’’ mean square 
velocity is given by s(k) =1— | (0, x6™*) sverage | */(v%o, b) average 
where the averaging of vo, ,e* and v*», is with respect to the 
height z. In this latter averaging over z some assumption 
will have to be made as to how the layers at different depths 
in the atmosphere contribute to the ‘‘observed’’ mean square 
velocity. In a general way it may be expected that the effect 
of deeper layers will decrease exponentially. Making this 
and certain other assumptions suggested by astrophysics, 
the author finds that s(k)=0.5 when a suitably defined scale 
height H exceeds about 1.2/k. From this the author con- 
cludes that ‘all eddies of diameter smaller than two and a 
half times the scale height of the atmosphere appear in the 
curves of growth.” S. Chandrasekhar. 


Huang, Su-shu. On the Doppler broadening of absorption 
lines by turbulence and by multiple interstellar clouds. 
Astrophys. J. 112, 399-417 (1950). 

In this paper an attempt is made to incorporate in the 
discussion of line formation in stellar atmospheres the con- 
cept of the spectrum of turbulence which has been developed 
in recent years in fluid dynamics. The picture which the 
author adopts is that of a probability distribution of veloci- 
ties among ‘‘eddies”’ of various sizes and of the atoms in the 
eddies having a Maxwellian distribution of velocities. This 
leads him to consider the average line absorption coefficient 
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given by 


+o pte Vo 

) Ro= ff waerwetente(»~Ce+ 8:1) desde 
where » denotes the frequency, »» the frequency of the center 
of the line, c the velocity of light, ko(v) the absorption coeffi- 
cient for an atom at rest, and W,(é:) and W2(é) are the 
frequency functions governing the thermal velocity §, and 
the eddy velocity &. For W:(:) the usual assumption of a 
Gaussian distribution is made while for W2(é) the author 
assumes a number of simple forms. [These latter assump- 
tions regarding W2(é.) have no particular justification from 
the theory of turbulence. ] The effect of using a line coeffi- 
cient defined in the manner (*) on problems relating to the 
formation and growth of absorption lines in stellar atmos- 
pheres is reviewed. S. Chandrasekhar. 


Gurevit, L. E., and Lebedinskii, A. I. The theory of the 
chromosphere. Akad. Nauk SSSR. Zurnal Eksper. 
Teoret. Fiz. 20, 566-571 (1950). (Russian) 

If the known temperature and gravity on the solar photo- 
sphere are introduced into the barometric equation, the 
resulting density gradient is about ten times larger than the 
one which is observed in the chromosphere. Light pressure, 
turbulence, and anomalously high chromospheric tempera- 
tures, either singly or in various combinations, have been 
invoked in the past to explain the discrepancy. The author 
favors turbulence and turns, for its origin, to magnetic 
forces produced by convective motions of ionized gases in 
the solar magnetic field at the photospheric level. On the 
photosphere itself, where these motions give origin to the 
so-called “granulation”, the magnetic forces are small com- 
pared to gravity, but in the chromosphere, where the den- 
sity is smaller, they become comparable with gravity and 
are apt to maintain a condition of turbulence. A quantita- 
tive analysis shows that convective motions such as are 
observed on the photosphere may well produce turbulent 
forces capable of supporting a gaseous envelope having the 
mass of the chromosphere. L. Jacchia. 


RELATIVITY 


*Dingle, Herbert. The Special Theory of Relativity. 3d 
ed. Methuen & Co., Ltd., London; John Wiley & Sons, 
Inc., New York, N. Y. viit+94 pp. $1.25. 

This book is the third edition of a book first published 
in 1940. It deals with some of the fundamental concepts, 
assumptions and results of the special theory of relativity. 

M. Wyman (Edmonton, Alta.). 


*d’Abro, A. The Evolution of Scientific Thought from 
Newton to Einstein. 2d ed. Dover Publications, Inc., 
New York, N. Y., 1950. 481 pp. (14 plates). $3.95. 
This book, a revised and enlarged reprint of a renowned 

semi-popular work on the theory of relativity [first ed. 

Boni and Liveright, New York, 1927], attempts to bring 

home to the general reader the significance of what is con- 

sidered by the author to be the greatest advance in our 
understanding of nature that philosophy has yet witnessed. 

In an introductory chapter on pre-relativity physics, the 

reader is acquainted with such mathematical and physical 

notions as are needed to grasp the way in which Einstein 
extends the classical principle of relativity to his own special 
theory. Being familiar with all the difficulties experienced 








by laymen and philosophers in understanding this theory 
the author takes great pains to distinguish between the 
different meanings to be attributed to the term relativity 
and between the various principles of relativity, specifying 
exactly in how far each of them holds in the present state 
of knowledge. Part II contains the special theory, the ¢onse- 
quences of the new space and time measurements, the dis- 
covery of space-time and the paradoxes associated with it. 
In part III the general theory is introduced ; here the chapter 
on the finiteness of the universe has been rewritten entirely 
and supplemented by a brief discussion of the theory of the 
expanding universe. In the final part IV the history of the 
theory is made use of in an exposition of the methodology 
of science; the author here gives a thorough criticism of 
numerous attacks on Einstein's ideas by philosophers not 
equipped with the necessary knowledge of mathematics and 
physics, and of the ideas of the neo-realists. The true scien- 
tific method, consisting in the construction of mathematical 
theories to represent the facts established by experiment 
and in the verification of the anticipations derived from 
these theories, is clearly expounded and its distinctions from 
all a priori reasoning emphasized. Newton’s theory of abso- 
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lute space and absolute time is discussed and shown to have 
been inevitable with the knowledge of his age. In the preface 
the author stresses the fact that his book does not aspire to 
take the place of a complete mathematical treatise on the 
theory of relativity and that anyone desirous to judge or 
criticise it, will have to take pains to peruse such works first. 
E. J. Dijksterhuis (Oisterwijk). 


*McCrea, W.H. Relativity Physics. 3rd ed. Methuen 
& Co., Ltd., London; John Wiley & Sons, Inc., New York, 
N. Y., 1950. vii+87 pp. $1.25. 

The present (third) edition of this book is a reprint of the 
second edition [Methuen, London, 1947]. The announced 
purpose of the book is to “provide an accessible account of 
the deduction of results of relativity theory which find 
common application in physics.” These results are all taken 
from the theory of special relativity and are described in 
terms of three-dimensional vector notation. The author has 
fulfilled his purpose in an admirable fashion. 

A. H. Taub (Urbana, IIl.). 


*Schrédinger, Erwin. Space-Time Structure. Cambridge, 
at the University Press, 1950. viiit+119 pp. $2.75. 
This book is written with the author’s customary en- 

thusiasm and with his perception of the essential in a 

mathematical or physical structure. No effort is made to 

present the mathematical or physical theory with any degree 
of completeness, or even to keep all statements quite free 
from ambiguity. Thus the book would not be easy reading 
for an interested layman or for a mathematician or physicist 
not acquainted with the subject. But to anyone familiar 
with the elements of modern differential geometry and of 
the theory of relativity, this compact little book offers an 
interesting and refreshing bird’s eye view of the road that 
leads directly to the recent unified field theories developed 
independently by Einstein and Straus, and by the author. 

Part I of the book deals with the transformation theory of 

tensors and tensor densities (of weight 1 only). It includes 

a survey of the covariant differential operations which are 

possible in an ‘“‘amorphous’’ space without metric or affine 

connection. Part II deals with affinely connected spaces. 

It discusses covariant differentiation, parallel propagation, 

geodescis, and curvature. It also introduces some nonmetrical 

aspects of general relativity. In Part III, the metric tensor 
is introduced. Special and general relativity are discussed 
with emphasis on variational principles and their conserva- 
tion laws. The final chapter presents briefly the Einstein- 

Straus theory and the author’s recent affine theory and 

ends with a short discussion. A. E. Schild. 


Jordan, P. Einsteins neue Untersuchungen. Elektro- 
tech. Z. 71, 615-618 (1950). 


Papapetrou, A. Equations of motion in general relativity. 

Proc. Phys. Soc. Sect. A. 64, 57-75 (1951). 

A new derivation of the equations of motion of bodies 
moving slowly in a weak gravitational field is obtained. In 
previous work on this topic the method employed took into 
account only the field outside the bodies involved. The 
present method considers both the fields which are present 
inside and outside matter. M. Wyman. 


Papapetrou,A. A 4-dimensional generalization of Wilson’s 
hypothesis. Philos. Mag. (7) 41, 399-404 (1950). 
The author formulates a four-dimensional generalization 


of Wilson’s hypothesis concerning the current density of a 
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rotating material ring. The main consequences of this new 
formulation are obtained. M. Wyman. 


Aufenkamp, Don. Sur |’impossibilité d’univers station- 
naires clos. C.R. Acad. Sci. Paris 232, 213-214 (1951). 
The author considers a universe of which the metric is 

everywhere regular and stationary and satisfies the Einstein 

field equations with zero cosmological constant, and of which 
the spatial sections are compact three-dimensional mani- 
folds. By an appeal to Lichnerowicz’s form of Gauss’s 
theorem [Problémes globaux en mécanique relativiste, 

Actualités Sci. Ind., no. 833, Hermann, Paris, 1939, p. 37; 

these Rev. 1, 282], he deduces that no universe of this type 

can in fact exist. H. S. Ruse (Leeds). 


Synge, J. L. The gravitational field of a particle. 
Roy. Irish Acad. Sect. A. 53, 83-114 (1950). 
The present paper provides a new transformation of the 

Schwarzschild line element so that the transformed line 
element has a singularity at r=0. The new line element can 
then be thought of as a representation of the gravitational 
field due to a particle. The author also gives a very complete 
discussion on the geometrical aspects of his line element and 
considers in detail its singularities. M. Wyman. 


Proc. 


de Mira Fernandes, A. Trasporti finiti. Univ. Lisboa. 

Revista Fac. Ci. A. Ci. Mat. (2) 1, 5-21 (1950). 

This paper contains an examination of the Einstein- 
Bargmann theory of bivector fields [Ann. of Math. (2) 45, 
1-14, 15-23 (1944); these Rev. 5, 218]. In this theory 
“‘bivector field” means a tensor function of the coordinates 
of two points, a meaning different from that generally 
accepted. H. S. Ruse (Leeds). 


Mgller, C. On the Thomas effect in rigid accelerated sys- 
tems of reference. Mat. Tidsskr. B. 1950, 138-145 
(1950). 

A curve in space-time, x‘= f‘(/), determines a family of 
Lorentz transformations a‘;(t), namely those which trans- 
form each point ¢ on the curve to rest and are such that any 
two successive ones are connected by an infinitesimal 
Lorentz transformation without rotation of the spatial axes. 
The author determines a differential equation for this 
family of Lorentz transformations. The coefficients of this 
equation depend on df‘/dt and d*f‘/df. He solves this equa- 
tion for some special cases and interprets the results in 
terms of the Thomas effect. He also shows how the solutions 
of this differential equation allow one to determine a rigid 
accelerated system of coordinates which follow the curve 
and thereby determine the equivalant gravitational field. 

A. H. Taub (Urbana, IIl.). 


Fihtengol’c, I. G. The problem of two finite masses in the 
second approximation to Einstein’s theory of gravitation. 
Akad. Nauk SSSR. Zurnal Eksper. Teoret. Fiz. 20, 824 
833 (1950). (Russian) 

In a previous paper [same vol., 233-242 (1950) ; these Rev. 
11, 746] the author gave a Lagrangian form for the 
approximation (the first being the Newtonian) to the equa- 
tions of motion of a finite number of finite gravitating par- 
ticles in Einstein’s theory. It is here shown that, to this 
approximation, the motion of two particles may be de- 
scribed by means of the motion of the centre of inertia 
together with the relative motion of the particles. As im 
Newtonian mechanics the latter can be treated as a two 
dimensional problem. The equation governing this relative 
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motion is given explicitly in the familiar coordinates u=r— 
and ¢. In the limiting case in which one of the particles is 
a test particle, that is when the ratio of the two masses 
approaches zero, the present method gives rise to the same 
formula for the advance of the perihelion as that predicted 
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by Einstein on the assumption of geodesic motion for a test 
particle. The justification of this assumption of Einstein 
has recently been approached in a different fashion by 
Infeld and Schild [Rev. Modern Physics 21, 408-413 (1949); 
these Rev. 11, 216]. A. J. Coleman (Toronto, Ont.). 


MECHANICS 


CebySev, P. L. Nautnoe nasledie. Vypusk vtoroi. 
Teoriya mehanizmov. [Scientific Legacy. Part Two. 
Theory of Mechanisms]. Akad. Nauk SSSR, Moscow- 
Leningrad, 1945. 192 pp. 

This issue has been edited by Artobolevskil and Levitskil 
who wrote the historical introduction and eulogy, the 54- 
page description of 41 mechanisms either mentioned in 
Chebyshev’s papers or found in his collection of models, 
and a series of seven appendices (Roberts-Chebyshev 
theorem, tables and graphs of certain linkage performances, 
list of all the mechanisms and their sources). The mecha- 
nisms are predominantly linkages generating straight lines, 
circles, imitating animal walk or rowing motion, but they 
also contain a balance, a curvature gage, a continuous add- 
ing machine, and a centrifugal governor. No detailed proofs 
of their properties are given. There are many photographs 
of Chebyshev’s original models. Z. 5. Bloh contributes a 
74-page account of Chebyshev’s method, which is an 
abridged version of his book on this subject [see the second 
following review]. V. V. Dobrovolskil writes four pages, 
listing at random some ideas and devices due to Chebyshev. 
The reviewer believes that Chebyshev’s is still the most ra- 
tional semisystematic method for precision design, and thinks 
it regrettable that no English language account of his me- 
thod is easily accessible. A. W. Wundheiler. 


*Levitskii, N. I. Sintez mehanizmov po CebySevu. 
[Mechanisms Design According to CebySev]. Izdat. 
Akad. Nauk SSSR, Moscow-Leningrad, 1949. 180 pp. 
This is a leisurely, and perhaps a little wordy, account of 

Chebyshev’s method of best approximation, and its detailed 

applications to some fully specialized problems. For general 

mathematical developments the author directs the reader 
to the Bernstein book on polynomial approximations [Ex- 
tremal Properties of Polynomials and Best Approxima- 
tion . . .. ONTI, Moscow-Leningrad, 1937]. After a brief 
historical introduction, the definition of Chebyshev’s best 
approximations are given; the basic theorem is stated with- 
out proof; the Chebyshev polynomials are determined and 
elaborately tabulated; another example of a Chebyshev 
system is presented; and the problem of a monotone best ap- 
proximation to zero is solved for a polynomial. Turning now 
to mechanisms, the choice of definition of deviation is dis- 
cussed : weighted differences; F(x(t), y(t)) where F(x, y) =0, 
is the approximated curve and x(t), y(¢) the approximating 
one; and simplifying truncation of deviations. Polemical 
remarks are directed at Z. 5. Bloh’s favoritism for the 

F(x(t), y(t)) deviation [this criticism is justly voiced by 

many Russian authors, without apparent effect]. The 

second part of the book (96 pp.) devotes 60 pages to Cheby- 
shev's favorite simple and strikingly fertile mechanism: 

It is a four-bar linkage OABC, O and C fixed, AB=BC=BM, 

where M is the tracing point (of the coupler BC), the angle 

ABM=w being constant. There are three parameters: 

0A/AB=r, OC/AB=d, and w. For w=z the mechanism is 

called a “lambda linkage”. The Cartesian equation of M's 

trajectory is derived, and a general survey of its possible 





types (in terms of cusps, inflections, double points is made). 
The method leads to a number of algebraic equations for the 
parameters, positions of maximum deviation, and the magni- 
tude of the deviation. The dimensions 7, d, w are determined 
for the following curves approximated by M (mostly with 
weighting): (1) straight-line segment; (2) two straight-line 
segments; (3) circular arc; (4) two circular arcs; (5) hyper- 
bolic arc (with several weighting assumptions). Reduction 
of the number of oscillations (for reasons of reality) must 
be sometimes used. A slider-crank linkage OBCM with offset 
is taken up next: OB is the crank, BC the connecting-rod, 
C the slider. The angle BCM =w is constant and M is the 
tracing point. The dimensions are determined for an approxi- 
mately straight-line segment for M. Finally, a lambda and 
a turning-block mechanism are determined for uniform 
rectilinear motion. A. W. Wundheiler (Chicago, IIl.). 


*Bloh, Z.5. Priblizennyi sintez mehanizmov. [Approxi- 
mate Mechanism Design]. Gosudarstv. Nautno-Tehn. 
Izdat. MaSinostroitel’nol Lit., Moscow, 1948. 171 pp. 
In comparison with the subject of the preceding review, 

this is a much more concentrated coverage of a larger assort- 

ment of problems solved by Chebyshev’s methods. General 
questions of this method are treated in the first 15 pages, 
and linkage geometry (Roberts’ theorem, trajectory equa- 
tions F(x, y)=0) in the following 14 pages. The remainder 
represents an album of specialized problems. In each there 
is involved: a mechanism with some variable dimensions; a 
point of the mechanism (sometimes with one variable co- 
ordinate); and a curve (or motion) subject to best approxi- 
mation. The solution consists in: choosing the measure of 
the deviation so that it can be represented as a linear com- 
bination of the elements of a Chebyshev system (the author 
ignores the criticism of F(x, y) as deviation measure) ; find- 
ing the coefficients of the best approximation; finding the 
corresponding dimensions of the mechanism, the maximum 
deviation, the length of the approximating segment, and the 
range of crank motion (this is frequently laborious, and 
occasionally series expansions must be substituted for the 
exact functions). The transmission angle (between the 
coupler and the driven member) is sometimes computed. 

The best approximation may be not real, and then a poorer 

one (with fewer oscillations) must be chosen. Considerable 

technique and drudgery are involved in some problems. 

Many specific results were given by Chebyshev without 

proofs; they are supplied here. 

Only four mechanism types are really considered: (A) the 
symmetric four-bar linkage C,:ABC:, C: and Cy fixed, 
AC,=BC:, with symmetric position of the tracing point 
M (MA=MB constant); (B) Chebyshev’s asymmetric 
linkage: C:ABC:, C; and C, fixed, C.A=AB=AM where 
M is the tracing point; (B’) the lambda mechanism (a 
special case of (B) with 2 BAM=rz); (C) slider crank (with 
offset), M on connecting rod; (D) turning block (connecting 
rod is element of a sliding pair). Transformations by means 
of Roberts’ theorem into four-bar and six-bar linkages are 
also noted. 
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The problems are arranged according to type of guidance 
and deviation measure. First, straight-line tracing is solved 
for (A) and (B): Slit tracing (a narrow loop very close to a 
straight line) is solved for (A), (B), and (B’). Using y*— k*x* 
as deviation (rather than y — kx) a simpler solution is obtained 
for (B’) or (A) with M at the center of the connecting-rod 
(Evans’ linkage). Using F(x, y) as the deviation meas- 
ure, where F(x, y)=0 is the stylus curve, the Watt mech- 
anism is obtained. For (C), the stylus is on the connecting- 
rod and the deviations considered are x—xo, F(x, y). For 
(D) the stylus is on the connecting-rod, and the deviations 
chosen are x —x» and F(x, y). 

Second, tracing of a circle T(x, y) =0 is solved for (B), the 
deviation being 7(x,y) and F(x, y) (leading to Watt's 
mechanism). The case when the whole trajectory is close 
to a circle is singled out. For (D) and (C), T(x, ¥y) is 
used as deviation measure. Tracing of a parabola is 
solved for (C) and F(x, y) as deviation. For the curve 
(x*+-y")?+- k(x*+-y")+-mx+n=0 the left hand side is used 
as deviation and (D) as the mechanism. 

Third, (C) with an offset is designed for uniform motion 
of the slider and a general four-bar linkage for uniform 
rotation of the lever. In both cases, certain polynomials in 
time and velocity (resulting from angle elimination) are 
used as deviation measures (an obviously questionable pro- 
cedure). (D) is designed for uniform rotation of the lever, 
and for uniform “‘vertical’’ velocity of a point of the lever. 
(C) is designed for harmonic motion of the slider (a poly- 
nomial in the sine of the crank angle is used as the deviation). 

The last chapter treats an alternative procedure of series 
development, off the main stream of the best-approximation 
method. It can be applied when the crank angle varies but 
little. In the design for high-order tangency the following 
ingenious device of Chebyshev is useful: Two bars KN and 
LMN, pivoted at N, KN=LN= MN, are known as Cheby- 
shev’s dyad. If M is fixed, and L moves in a Ath-order con- 
tact with a straight line, M will move in a (2A+-1)th-order 
contact with a straight line. Three six-bar linkages are 
designed by the series expansion method yielding, respec- 
tively, 7th, 8th, and 6th order contact. One four-bar linkage 
yields 6th order contact with a tangent parallel to the base. 
A lambda mechanism yields a 5th order contact (and a 
linkage spectacularly superior to Evans’). The last two topics 
are: the best choice of circular tooth profile; and the dimen- 
sioning of a centrifugal governor for maximum sensitivity. 
The problem is reduced to the series method; Prelle’s and 
Chebyshev’s designs are obtained. 

A. W. Wundheiler (Chicago, IIl.). 


Baranov, G. G. On the solution of some problems of 

CebySev. Akad. Nauk SSSR. Trudy Sem. Teorii MaXin 

i Mehanizmov 5, no. 20, 78-107 (1948). (Russian) 

In order to popularize Chebyshev’s ideas, the author 
presents solutions of four guidance problems in which the 
application of Chebyshev’s criterion of best approximation 
calls only for elementary analytic geometry. This criterion 
requires, for the best approximating curve, a maximum 
number of oscillations, all of the same amplitude. In this 
paper’s problems the approximating curves can be fully 
analyzed for the most general case by elementary means, 
and then specialized to meet the conditions. The problems 
are: (1) Rectilinear guidance; “lambda” four-hinge linkage 
(OABC, OC fixed, BA = BC= BM, M tracing point on AB). 
As limit cases, third- and fifth-order contact with a straight 
line are obtained. (2) Rectilinear guidance; turning-block 
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linkage OAC, OC fixed, OA constant, A hinge, C slider. 
crank; tracing point M on AC. (3) Uniform straight-line 
motion; turning-block linkage (2) with tan OCA as the 
generated function of time. (4) Uniform straight-line mo- 
tion; Oldham’s linkage: two fixed slider cranks O and C 
guiding the arms of a rigid right angle BAB’. The distance 
of B from OC is the generated linear function. In each 
problem the length of the approximation stretch and the 
magnitude of the deviation are carefully computed. 
A. W. Wundheiler (Chicago, IIl.). 


Cerkudinov, S. A. On the design of four-hinge linkages 
generating approximately uniform motion. Akad. Nauk 
SSSR. Trudy Sem. Teorii Ma%in i Mehanizmov 3, no. 9, 
60-73 (1947). (Russian) 

A point B of the coupler rod AT of a turning-block linkage 
(OAT, OT fixed, OA-crank, A-pivot, T-slider-crank) can be 
made to trace a near-circle. [For the most recent pertinent 
reference see the second preceding review, in particular, 
pp. 101-107.] The author observes that if the center C of 
this circle is on the frame bar OT, the motion of M will 
be uniform. The four-hinge linkage OABC with OC fixed 
will then yield approximately uniform circular motion of 
C if OA rotates uniformly. The Bloh solution is used 
for the dimensioning of this four-hinger in terms of the 
transmission ratio « which must be between 0.5 and 2. 
Either both cranks revolve, or they both oscillate. A linkage 
is determined for which C has instantaneously zero accelera- 
tions of the first and second orders. The locus of the corre- 
sponding positions of A for a given é is a circle symmetric 
about OT. A. W. Wundheiler (Chicago, Ill.). 


Cerkudinov, S. A. On the design of slider-crank mech- 
anisms generating approximately uniform motion. Akad. 
Nauk SSSR. Trudy Sem. Teorii Main i Mehanizmov 5, 
no. 18, 5-23 (1948). (Russian) 

This paper further exploits the idea of the preceding one: 
If the point B of the coupler A of a turning-block linkage 
moves on a perpendicular y to the frame O7, its motion is 
almost uniform. The author hence applies Chebyshev's 
method to solve the problem of rectilinear guidance for the 
turning-block linkage. If now B is connected with y by 
means of a slider crank, and the turning block is suppressed, 
a slider-crank linkage is obtained with almost uniform slider 
motion. The dimensioning (in terms of the lengths of crank 
and slider travel and the velocity error) is discussed in 
detail. It is shown that the linkage crank cannot be a 
revolving one. A. W. Wundheiler (Chicago, Ill.). 


Cerkudinov, S. A. Design of some mechanisms approxi- 
mating uniform motion. Akad. Nauk SSSR. Trudy Sem. 
Teorii Ma%in i Mehanizmov 6, no. 21, 5-26 (1949). 
(Russian) 

In the original Chebyshev method the approximating 
function is given explicitly as a linear combination of an 
appropriate sequence of functions. The author proposed @ 
modification of the method in which the approximating 
function is defined as an implicit function of the basic 
independent variable z, by means of the equation F(v, z) =9, 
F being a polynomial in z. If v is a constant, Chebyshev's 
criterion requires a maximum number of oscillations at 
constant amplitude for the best approximation (the author 
does not discuss the case of variable v). The procedure was 
described in previous papers [Izvestiya Akad. Nauk SSSR 
Otd. Tehn. Nauk 1948, 1517-1530; same Trudy 5, no. 20, 
34-77 (1948), these Rev. 10, 409; 12, 363]. Here it is applied 
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to generation of nearly uniform motion by means of the 
turning-block linkage, OAB (OB fixed, OA is the crank, 
BA slides through A) with the following generated func- 
tions: (1) v=tan ABO, (2) v=sin ABO, and also to the 
motion of the slider of the slider-crank linkage with offset. 
The maximum deviations and range of approximations 
are computed. A. W. Wundheiler (Chicago, Ill.). 


Dimentberg, F. M. A general method for finite displace- 
ments of spatial mechanisms and on certain passive con- 
straints. Akad. Nauk SSSR. Trudy Sem. Teorii Main i 
Mehanizmov 5, no. 17, 5-39 (1948). (Russian) 

This may be the first application of Clifford’s dual num- 
bers to the position problem of four to seven-bar space 
linkages, and the power of this method is here most im- 
pressive. The theory of screws in dual-number symbolics 
is briefly but adequately presented: If u is a sliding vector, 
(a+wb)u is a screw, au being the translation, bu the angular 
velocity, and w a complex unit with w*=0. The dual angle a 
of two sliding unit vectors u, V is ao+-wa:, where ap is the 
angle and a their shortest distance. Their scalar product 
u-V=COS @=COS ap—COS a SiN a, and for their vector prod- 
uct |uXv|=sin a=sin ap+wa; cos ap, its axis being the 
common normal of u and v. With these definitions the 
formulas for screw displacements become identical with 
those for pure finite rotations if all vectors are replaced by 
sliding vectors, and all angles of rotation gp by correspond- 


ing dual angles of displacement .y = go+-w¢1, where ¢; is the. 


length of the translation. A basic formula defines the sliding 
vector u,;' obtained by applying the screw motion gu to a 
sliding vector u,: 


(1+¢7) uy’ = (1 —¢*)ui+2(u-us)ug?+2(uXxXu)¢, 


where ¢=tan o/2=tan go/2+w¢:/2(1+tan ¢/2). 

A four-bar spatial linkage (one turning pair and three 
cylindrical pairs) is defined by the four dual angles between 
adjacent axes. The bars are assumed as the common normals 
of adjacent axes. One of the bars forming the turning pair, 
is the crank, and its dual angle ¢= go+w¢, (¢: is constant 
here) is the independent variable in terms of which the other 
dual angles between adjacent bars are desired. The method 
consists in expressing the closure of the chain: Imagine the 
bar 12 subjected to the screw displacement which makes it 
align itself with 14 in the position 12’ (2’ is the known new 
position of axis 2); similarly, let 43’ be the position of 43 
after a screw displacement yu, to allignment with 41. Now 
express that the axis 2 obtained after the screw displacement 
gu, from 2’ and the axis 3 obtained after the screw displace- 
ment Yu, from 3’ make the dual angle defined by the linkage 
dimensions. Considerable algebra is involved, but explicit 
formulas are obtained for tan ¥o/2 and ¥; in terms of 
tan go/2 and ¢,. Similar formulas are obtained for the other 
dual angles. A discussion is made of singular cases: the 
translational part of the displacement at one cylindrical 
hinge may be either indeterminate or zero. In the latter 
case the cylindrical hinge becomes a turning pair. All such 
linkages (of which Bennett’s mechanism is a classical ex- 
ample) are determined by means of the formulas previously 
mentioned. Four-bar linkages with turning and spherical 
pairs are considered briefly, and a relation between dual 
angles (screw displacements) at adjacent axes derived. The 
same problem is left unsolved for five-bar linkages (in 
spite of considerable algebraic labor). There is only one 
type of a six-bar or a seven-bar linkage; only brief indica- 
tions of the manner of application of the method are given. 
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The paper ends with a brief rederivation of the spatial 
geometric construction of the resultant of two screw dis- 
placements modeled on the corresponding construction for 
finite rotations. This is applied to the derivation of the screw 
displacement of the link 34 of a seven-bar mechanism if the 
rotations at the hinges 1, 2, 3 are known (all the pairs are 
turning pairs in this case). A. W. Wundheiler. 


Pinsker, I. 5. Selection of a four-hinge linkage from a 
special atlas of curves. Akad. Nauk SSSR. Trudy Sem. 
Teorii MaSin i Mehanizmov 9, no. 33, 18-28 (3 plates) 
(1950). (Russian) 

This paper advocates a procedure of graphical interpola- 
tion for the determination of a four-hinge linkage nearly 
generating a given function as the angle ¥ of one crank, the 
angle ¢ of the other crank being the independent variable. 
An atlas of (y, ¥) curves (attached to the paper) is con- 
structed for linkages whose bar-lengths are in the ratios 
41:%9:%3:%4, the ¢ numbers running through the integral 
values 1, 2, 3, 4 and at least one of them being equal to 4. 
Certain five permutations of the #’s lead to functions ob- 
tained by linear transformations (7) of ¢ and y (reflection 
at the g=y line, at the ¢ axis, etc.). It is thus sufficient to 
consider at most four permutations of a given set of i's when 
constructing the atlas. The given curve is drawn to several 
scales on transparent paper (P), and each of these plots 
subjected to the five transformations (7). Then the paper 
is laid over the atlas, face up or down, and with the first 
bisectants (on the paper and the atlas) parallel with the 
same, or opposite senses. If satisfactory coincidence with a 
determines the proper permutation of the 7's defining the 
linkage, and other obvious data determine the initial points 
of the ¢ and y scales and their units. A complete numerical 
example is given (for y=<x*), and the error estimate method 
indicated by a reference to a former paper [same Trudy 5, 
no. 18, 34-83 (1948); these Rev. 12, 295]. 

A. W. Wundheiler (Chicago, IIi.). 


Schmid, W. Uber die mehrfache Erzeugung von Koppel- 
kurven. Z. Angew. Math. Mech. 30, 330-333 (1950). 
The theorem of Roberts on the four-bar mechanism states 

that the path traced by a point carried by the connecting- 

rod may be traced also by two other related four-bar 
mechanisms [cf. Beyer, Technische Kinematik . . ., Barth, 

Leipzig, 1931, pp. 306-309]. The method is applied to more 

general closed chain mechanisms of a single degree of 

freedom. If a fixed hinge is replaced by a sliding coupling, 
the three mechanisms reduce to two; while if a moving hinge 
is replaced by a sliding coupling, théy reduce to only one. 

If the ends of the connecting-rod slide along two straight 

lines (the trammel mechanism), the three mechanisms seem 

to reduce to only one. Nevertheless, it is shown that the 
circle conchoids and ellipses produced by a trammel mecha- 
nism can be traced by ©? other trammels. 

M. Goldberg (Washington, D. C.). 


Zongolovit, I. D. Some Stokes constants for a smoothed 
triaxial ellipsoid. Akad. Nauk SSSR. Byull. Inst. Teoret. 
Astr. 4, no. 8(61), 375-389 (1950). (Russian) 

The author derives the first few terms in the series expan- 
sions for the differences of the moments of inertia of an 
ellipsoid about its axes. 

R. G. Langebartel (Saltsjébaden). 
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Zagrebin, D. V. The differences of the principal moments 
of inertia of a triaxial Earth. Akad. Nauk SSSR. Byull. 
Inst. Teoret. Astr. 4, no. 8(61), 390-401 (1950). 
(Russian) 

Formulae equivalent to those of Zongolovit [see the pre- 
ceding review] are derived using elliptic functions and 
elliptic coordinates. R. G. Langebartel (Saltsjébaden). 


Michailovitch, D. Réduction du systéme des équations 
différentielles du mouvement dans un cas special du 
probléme des trois corps. Bull. Soc. Math. Phys. Serbie 
2, nos. 1-2, 81-97 (1950). (Serbo-Croatian. French 
summary) 

The investigations of H. G. Block [Ark. Mat. Astr. Fys. 
5, no. 9 (1909); Medd. Lunds Astron. Obs. (2) 1, no. 6 
(1909) ] are presented in a vector form and some remarks 
added. W. S. Jardetszky (New York, N. Y.). 


Bélorizky, David. Sur la régularisation du probléme des 
trois corps. C. R. Acad. Sci. Paris 231, 1428-1429 
(1950). 

In order to regularize the problem of two bodies, K. 
Bohlin [Bull. Astr. 28, 113-119 (1911) ] introduced the new 
time-variable u defined by the equation dt=rdu, where r 
denotes the distance of the two bodies. The author intro- 
duces in the problem of three bodies a new time-variable u 
defined by dt=r,rajdu, where 11, r2, 73 are the mutual dis- 
tances of the bodies. The consideration of the Lagrangean 
equilateral parabolic solutions shows that ?, r1, 72, 73 become 
infinite for a finite value of u, hence the variable u cannot 
completely regularize the problem of three bodies. 

E. Egervéry (Budapest). 


Hydrodynamics, Aerodynamics 


*Roy, Maurice. Mécanique des milieux continus et 
déformables. Gauthier-Villars, Paris, 1950. Tome I, 
xxii-+366 pp., 2,800 francs; Tome II, 338+-xii pp., 2,300 
francs. 

This remarkable effort attempts in 400 pages to give a 
unified, systematic, and deductive treatment of the me- 
chanics of deformable bodies, starting with ‘complete and 
precise definitions,’ proceeding by “rigorous demonstra- 
tions,” but pitched at a level sufficiently easy for an 
engineering or officer candidate knowing little more than 
calculus and elementary vector mechanics to be able to 
master the whole in a brief course of study. Of such aims only 
partial fufillment can be achieved. In precision of statement, 
both in mathematics and in the concepts of mechanics, the 
author is much less successful than in selection of material 
and explanation of examples, where he is most skillful in 
showing the enormous scope and vigor of continuum me- 
chanics in the classical tradition in giving direct and simple 
solutions to problems with either fundamental mechanical 
significance or important engineering applications. At the 
back of each volume are about 150 pages of appendices 
containing about 150 separate articles, each of which can 
be read separately from the others but is related to a par- 
ticular section of the text; these are of the widest variety, 
sometimes containing analyses of specially interesting phe- 
nomena, sometimes mathematically more difficult parts of 
the theory, sometimes physical discussions of material not 
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yet adequately formulated in theory, sometimes alternative 
treatments, and sometimes practical applications. 

Part I concerns the thermodynamics and mechanics of 
continua. The author follows the Duhem-Jouguet tradition 
of energetics, according to which elasticity and fluid dy- 
namics are simultaneously developed. He is not able, how- 
ever, to avoid the central defect of this method, viz., that 
while the assumption that the thermodynamic potential is 
a function of the displacement gradients yields elastic 
stresses, viscosity must be dragged in by the heels (p. 58) 
by the very specific assumption that the remainder of the 
virtual work is a linear form in the virtual rates of deforma- 
tion with coefficients which are functions of the actual rates 
of deformation. This is equivalent to assuming the theory 
of stress and assuming a form for the stress tensor, just what 
the energetic method is designed to avoid. The particular 
assumptions stated are not general enough to include plastic 
bodies or rarefied gases. The situation is made worse by the 
author’s statement of what he calls the “hypothesis of 
Navier,” (p. 92), where he speaks of “small” rates of defor- 
mation; since these rates are not dimensionless, the state- 
ment can have no meaning at all. It is unfortunate that so 
ambitious a treatment of the mechanical foundations does 
not include plasticity, which, along with nonlinear elasticity, 
the author regards as of “only occasional interest and of 
limited range.’’ Had the author attempted to bring in plas- 
ticity, however, he would have made the shortcomings of the 
energetic viewpoint more apparent. The main advantage of 
the thermodynamic approach, namely, the ability to include 
chemical changes, as in combustion problems, is well pre- 
sented and emphasized. Part II concerns the classical linear 
elasticity theory, Part III the theory of fluids. The scope of 
the two is quite different. While in elasticity, both in the 
text and in the appendices, the author is content to deal 
only with material known before 1900, omitting, for ex- 
ample, recent progress in the theory of elastic stability and 
large deformations, his treatment of fluid dynamics is quite 
modern. The 35 pages on wave motions and flow of com- 
pressible fluids and the 30 pages on viscous fluids give in 
outline more information than is contained in the entirety 
of most of the recent textbooks of fluid dynamics for 
engineers. Included are Hugoniot’s theorem, several results 
on shock waves, theory of waves on a canal, hodograph 
method, linearised theory, method of characteristics, slow 
motions, boundary layer theory, Boussinesq’s problem, 
shock layer, turbulence, and hydraulics, and the corre- 
sponding appendices contain much more; a surprising omis- 
sion is Bjerknes’s theorem. In this part of the book the 
exposition is very good. Part IV, devoted to the theory of 
machines, actualizes the author’s claim that the principles 
and theory of the classical mechanics of continua have 
important applications to practical problems. The first half 
of the treatment concerns very general properties of ma- 
chines, while the second contains more specific material, 
including a comparison of internal and external combustion 
motors, Euler’s theorem on the torque of a turbine wheel, 
and the regulation of machines. 

It is easy to pick flaws in a work of this magnitude. Some, 
perhaps, should be noted here. In order to follow the classical 
treatments closely, the author several times changes nota- 
tions in a confusing way. On p. 30 an indicial notation and 
the summation convention is used without explanation, but 
elsewhere the author writes out formulae at great length. 
In the thermodynamical part no attempt has been made to 
avoid the usual vague undefined terms, symbols, and differ- 
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entials. To achieve compactness the author sometimes states 
theorems without proof. In at least one case he makes a 
serious and confusing error. On p. 124 he puts down an 
existence and uniqueness theorem (‘‘long regarded as evi- 
dent’’) for the first and second boundary value problems of 
linear elasticity, in which he states that it is “‘likely’”’ that 
uniqueness holds even if 3\+24<0. The falsity of this 
statement can be seen from the proof of the Kirchhoff 
uniqueness theorem, and counterexamples are given by 
W. Leutert [Thesis, Ziirich, 1948, see pp. 8, 10; these Rev. 
10, 42]. There are many misprints; two confusing ones are 
@d for d’ on p. 29, line 28, and “‘irrotationnel” for ‘“‘rota- 
tionnel’’ on p. 348, line 6. There are no references to the 
literature and the author’s occasional attributions and dates 
are often wrong; it would seem impossible to exaggerate the 
contributions of French scientists to the development of 
mechanics, but the author succeeds in doing so. The typog- 
raphy and format are in a magnificent style reminiscent of 
bygone days. C. Truesdell (Bloomington, Ind.). 


Sretenskii, L. N. Refraction and reflection of plane waves 
in liquids at a transition from one depth to another. 
Izvestiya Akad. Nauk SSSR. Otd. Tehn. Nauk 1950, 
1601-1614 (1950). (Russian) 

The author considers the propagation of plane waves from 

a “shallow water” basin into a basin with infinitely deep 
water, the incoming waves making some fixed angle with the 
line of demarcation between the two basins. With the usual 
linearization of the boundary conditions, and with ¢(x, y, ¢) 
and (x, y, z, t) the velocity potentials in the shallow (depth 
h) and deep basins respectively, the problem is essentially 
that of determining ¢ and ® such that gu =gh(¢s2+ Gy), 
y<0, and Ad=0, y>0, z<0, with [64+ 2%, ],-0.=0, and 
further with [¢:],-0= [Be lyme, smo, [%ylymo = [By ]ymo, —a<e<o- 
It is further assumed that g= Y(y)e**-*, 6= Fly, z)e***-0 
and that certain conditions at infinity are fulfilled. The 
solution for the form of the free surface is found and dis- 
cussed. The solutions behave in the main as an elementary 
analysis based upon Snell’s law in optics would predict and 
as the author set out to show. J. V. Wehausen. 


Reiner, M. The rheological aspect of hydrodynamics. 

Quart. Appl. Math. 8, 341-349 (1951). 

This lecture of 1949 is a re-presentation, in expanded 
form, of arguments and results given by the author in 
previous papers [cf., e.g., Amer. J. Math. 67, 350-362 
(1945); 68, 672-680 (1946); these Rev. 7, 44; 8, 294]. 
The first part contains an argument against the relation 
3\+2u=0 between the two viscosity coefficients A, wu of the 
classical theory of viscous fluids. This relation was implied 
by St. Venant (1843) and somewhat hesitantly proposed 
by Stokes (1845); in annotating his collected works [see 
Papers, v. 3, 2d ed., Cambridge University Press, 1922, pp. 
136-137 ] fifty years after the original publication Stokes vir- 
tually retracted. The author’s argument concerns Trouton’s 
experiments on the traction of a very viscous substance like 
tar or pitch. That 3A+2y+0 in gases was shown by the 
experiments of Neklepajev [Ann. Physik (4) 35(340), 175- 
181 (1911)] and many others on the absorption of sound; 
the theory had previously been indicated by Stefan [Akad. 
Wiss. Wien S.B., Abt. 2, 53, 529-537 (1866) ], Smoluchowski 
[Bull. Intern. Acad. Sci. Cracovie, Cl. Sci. Math. Nat. 1903, 
143-182], and others. That 3A+24+0 in ordinary liquids 
is shown by the experiments of Liebermann [Physical Rev. 
(2) 75, 1415-1422 (1949); 76, 440 (1949)] on acoustical 





streaming, the theory for which had been given previously 

(but not quite correctly) by Eckart [ibid. 73, 68-76 (1948) ]. 
The second part of the author’s paper concerns the general 
form of the stress in an isotropic fluid in which stress is an 
analytic function of rate of deformation. The author explains 
how a change of volume in a body subjected to shear, a 
phenomenon called dilatancy by Reynolds, is included in 
the general theory. He defines various “rheological coeffi- 
cients,” these being not material constants as in the classical 
theory, but rather functions of such constants and of the 
rate of deformation. C. Truesdell (Bloomington, Ind.). 


Berker, Ratip. Sur certaines propriétés de l’effort qui 
s’exerce sur une paroi en contact avec un fluide visqueux. 
C. R. Acad. Sci. Paris 232, 148-149 (1951). 

The author proves the following result: In an incom- 
pressible viscous fluid, at every point of a rigid stationary 
wall to which the fluid adheres, (1) the normal component 
of the stress is equal in value to the pressure p; (2) the 
tangential component of the stress is equal to 2u(nXw), 
where yu = viscosity, n= unit normal, #= vorticity, (x =vec- 
tor product). The proof follows at once from a simple appli- 
cation of a form of Stokes’ theorem. In the case of a com- 
pressible fluid obeying the Stokes relation (3A+-24=0), (2) 
remains unaltered, while (1) remains true if p is replaced by 

— (4/3)u div V (V=velocity). The above results, despite 
their simplicity and interest, seem to have passed unnoticed 
in the literature on viscous fluids. D. Gilbarg. 


Ergun, A. N. Some cases of superposable fluid motions. 
Communications Fac. Sci. Univ. Ankara 2, 48-88 (1949). 
Following the results of J. Strang [same Communications 

1, 1-32 (1948); these Rev. 11, 472] the author obtains exact 
solutions of Navier’s dynamical equation by solving the 
equation for superposability upon a given simple solution. 
All his results belong to the class called ‘‘pseudo-plane flows 
of the second kind” by A. R. Berker [Sur quelques cas 
d’intégration des équations du mouvement d’un fluide 
visqueux incompressible, Taffin-Lefort, Paris-Lille, 1936]. 
First, upon a rigid rotation of constant angular speed are 
superposed a line source, directed along the same axis and 
of strength variable in time, and a vortex flow in which the 
various concentric cylinders are endowed with different angu- 
lar speeds, variable in time; a suitable velocity w=w(r, #) 
parallel to the axis is then determined. The solutions are 
expressed alternatively in terms of Bessel functions or of 
confluent hypergeometric functions. The Bessel function 
solutions appear to be different from, though formally 
similar to, those of G. Hamel [Jber. Deutsch. Math. Verein. 
25, 34-60 (1916) ] and Berker [loc. cit., equation (32.9) ]. 
This paper, which is the author’s doctoral dissertation, is 
totally devoid of references to the extensive literature of 
exact solutions of Navier’s equation. The second type of 
solution obtained by the author has velocity components 
xf, yf, h, where f= f(z, t), h=h(z, t), which are to be super- 
posed upon the motion due to a line source. The results are 
presented in terms of power series whose coefficients are 
determined by recursion. The author proves that the series 
in question have nonzero radii of convergence. He discusses 
special cases, including one in which the velocity is initially 
infinite everywhere, but a region of finite velocity spreads 
away from a certain plane as time increases; the speed of 
propagation of the boundary of this region decreases to zero 
in infinite time, as does the velocity component of the fluid 
normal to the plane. C. Truesdell (Bloomington, Ind.). 
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Yaceev, V.I. Ona class of exact solutions of the equations 
of motion of a viscous fluid. Akad. Nauk SSSR. Zurnal 
Eksper. Teoret. Fiz. 20, 1031-1034 (1950). (Russian) 
The author finds an exact solution of the Navier- 

Stokes equations in the form v,=F(@)/r, v9 =f(0)/r, v,=0, 

p/p=g(0)/r*. The solution is given by F=—/f’—f cot 8, 

g= —2rf'+2r*(b cos @—a)/sin? 6, f= —2vx'(0)/x(6), where 


x(@) = (cos 40)7(sin 40)'****-7{c, F(a, B, 7, cos* $0) 

+¢:F(a+1—y, B+1—y7, 2—7, cos* 46)}, 
and where a, 8, y are related to the constants a, b, c by the 
relations 

a=y7'—(1+a+8)y+4(a+6)*—}, 
b=(a+8—1)y—4(at+8)+4, 
c=4[(a—6)*—1]. 

The solutions for the case a=b=c are discussed in some 
detail. J. V. Wehausen (Providence, R. I.). 


Drazin, M.P. The general motion of a sphere in a viscous 
liquid. Proc. Cambridge Philos. Soc. 47, 142-145 (1951). 
A problem of a viscous incompressible flow past a spinning 

sphere with radius a is considered. If the sphere moves with 

a small constant velocity u and angular velocity w, an exact 

solution is obtained by constructing two vector functions 

giving the velocity field. The drag calculated is that of the 

Stokes formula and the torque is 8xya*w, where y is the 

viscosity coefficient. Y. H. Kuo (Ithaca, N. Y.). 


Davies, D. R. A note on Rayleigh’s problem for a plate of 
finite width. Proc. Cambridge Philos. Soc. 47, 248-250 
(1951). 

In this note, the author points out that the problem of 
evaporation from a water surface into a turbulent air stream 
is mathematically equivalent to the two-dimensional prob- 
lem of Rayleigh as solved by Howarth [same Proc. 46, 
127-140 (1950); these Rev. 11, 270]. By merely interpreting 
the meaning of the variables, Howarth’s solution for un- 
steady viscous flow past a semi-infinite plate can be trans- 
formed into the problem of evaporation from a lake defined 
by an infinite quadrant; and the problem of evaporation 
from a rectangular lake with width 2c can be transformed 
to an unsteady viscous flow past a plate with a span 2c but 
infinitely long in the wind direction. Y. H. Kuo. 


Oudart, Adalbert. Le calcul de la couche limite laminaire 
ou turbulente en fluide compressible. Les méthodes 
semi-empiriques modernes et les travaux du Dr. Ing. 
Alfred Walz. Publ. Sci. Tech. Ministére de l’Air, Paris, 
no. 223, vii+101 pp. (1949). 

This paper gives an extensive survey of the various 
integral methods for the calculation of laminar and turbu- 
lent boundary layers in an incompressible as well as a com- 
pressible fluid. In all the methods developed for the com- 
pressible laminar boundary layer, the Prandtl number of 
the flow is taken to be unity and the boundary is insulated. 
This gives the usual simplification of eliminating the tem- 
perature distribution algebraically in terms of the velocity 
distribution. Various methods of approximating the velocity 
profiles are described, principally using a one-parameter 
family of curves. The two-parameter method is mentioned 
only briefly. Discussions in the turbulent case include several 
semi-empirica! approaches. C. C. Lin. 


Shigemitsu, Yutaka. On the laminar sub-layer in the 
turbulent boundary layer. I, Il, II. J. Phys. Soc. 
Japan 4, 61-65, 123-128, 129-136 (1949). 


MATHEMATICAL REVIEWS 





Holstein, H. ther die dussere und innere Reibungsschicht 
bei Stérungen laminarer Strémungen. Z. Angew. Math. 
Mech. 30, 25-49 (1950). (German. English, French, 
and Russian summaries) 

The author follows Tollmien’s approach [same Z. 25/27, 
33-50, 70-83 (1947); these Rev. 9, 476] in developing the 
asymptotic solutions for the differential equation of hydro- 
dynamic stability. He then investigates the usefulness and 
limitations of the formulae in the various regions of integra- 
tion. The results of these investigations agree substantially 
with existing conclusions, with some improvement of accu- 
racy in certain cases. One main disagreement with existing 
work concerns the existence of the inner friction layer in the 
case of finite damping. The author criticizes, in the opinion 
of the reviewer erroneously, the conclusion of Wasow [Ann. 
of Math. (2) 49, 852-871 (1948); these Rev. 10, 377] and 
the reviewer [Quart. Appl. Math. 3, 117-142, 218-234 
(1945); 277-301 (1946); these Rev. 7, 225, 226, 346], that 
the effect of viscosity does not become negligible in this case 
as the Reynolds number becomes indefinitely large. 

C. C. Lin (Cambridge, Mass.). 


Lin, C. C., Wasow, W., und Holstein, H. Zu H. Holstein. 
ter die dussere und innere Reibungsschicht bei 
Stérungen laminarer Strémungen. Z. angew. Math. 
Mech. 30 (1950) S. 25-49. Z. Angew. Math. Mech. 31, 
159-160 (1951). 

Cf. the paper reviewed above. 


Pai, S.I. On the stability for a certain degenerate type of 
disturbance of viscous fluid flow between parallel walls. 
J. Aeronaut. Sci. 17, 525 (1950). 

This note completes the proof of the stability of a certain 
degenerate type of three-dimensional disturbance, con- 
sidered by Squire in his study of hydrodynamic stability 
of parallel flows [Proc. Roy. Soc. London. Ser. A. 142, 
621-628 (1933) ]. C. C. Lin (Cambridge, Mass.). 


Monin, A. S. On the characteristics of anisotropic turbu- 
lence. Doklady Akad. Nauk SSSR (N.S.) 75, 621-624 
(1950). (Russian) 

Let 5; and »,’, i=1, 2, 3, be the components of the mean 
flow and the turbulent fluctuations, respectively, in a turbu- 
lent flow. Let I,;;=pv,'n;’ and 


$5; = 00;/dx;+-00;/x;— 2(00./O%_)3;;/n, 


where is the dimensionality of the flow. The author pro- 
poses writing II in the form 
Tj = 2n—'pbd 45 — 4pb*(LiaPast+Pialaj), 
where L must satisfy tr(L6+6L)=0. The tensor L is 
uniquely determined by II if det (#) 0, and is interpreted 
as a ‘“‘scale.”” The case »=2 is considered in some detail. 
J. V. Wehausen (Providence, R. I.). 


Ioi, Hitosi. Etude d’une théorie statistique de la turbu- 
lence homogéne. J. Phys. Soc. Japan 2, 155-158 (1947). 
The author attempts to develop a theory of shear flow 

with homogeneous turbulence. C. C. Lin. 


, Dimitri. Sur un paradoxe signalé par M. 

Garrett Birkhoff. C.R. Acad. Sci. Paris 231, 1269-1271 

(1950). 

The author reinterprets his theory of ‘‘almost rectilinear” 
motions [same C. R. 206, 472-475 (1938); Publ. Sci. Tech. 
Ministére de |’Air, Paris, no. 157 (1939), pp. 14-41], asa 
theory of ‘‘tangent motions.”’ From the point of view of this 
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theory, there is no essential distinction between equations 
of state of the form p=a—b/p and p=a+c*p. Hence, from 
this viewpoint, there is no paradox in the following three 
known facts: (1) Surface waves in shallow water behave like 
transverse plane waves in a medium with p=a+c’p; (2) 
shallow water waves of finite amplitude can propagate 
without change of form; and (3) transverse waves in a 
compressible medium can propagate without change of form 
only if p=a—b/p. G. Birkhoff (Cambridge, Mass.). 


Miles, John W. On virtual mass and wave drag at sub- 
sonic speeds. J. Aeronaut. Sci. 17, 667-668 (1950). 
Virtual mass, which is a 6X6 tensor (matrix) in an incom- 

pressible fluid, is characterized by functions instead of 
constants in a compressible fluid. By separations of vari- 
ables, these are stated to be reducible to functions of one 
variable. Asymptotic formulae are given without proof, in 
the acoustic approximation (Mach number M<1), for the 
case of a circular cylinder moving broadside. These presum- 
ably describe the fluid reactions to impulsive velocity and 
to suddenly applied constant force. G. Birkhoff. 


Ray, M. Linearized trans-sonic conical flows. Bull. Cal- 

cutta Math. Soc. 42, 145-148 (1950). 

The author considers the linearized potential equation, 
assuming conical flow, for both the supersonic (hyperbolic) 
and subsonic (elliptic) cases. In the former he works out the 
well-known result for a right circular cone. In the latter he 
has overlooked that solutions cannot be joined together as 
in the hyperbolic case; thus his cone extends both ways to 
infinity, there is no undisturbed stream, and the results have 
no physical meaning. W. R. Sears (Ithaca, N. Y.). 


Guderley, G., and Yoshihara, H. An axial-symmetric 
transonic flow pattern. Quart. Appl. Math. 8, 333-339 
(1951). 

This is a preliminary investigation of the problem of 
determining the axisymmetrical flow of a uniform stream 
at Mach number 1 about a projectile of revolution, up to the 
foremost Mach wave which stretches from a point on the 
body all the way to infinity. A singular solution of the 
equation of transonic flow, —(x+1)¢sber toy = —¥~ “by, is 
found in the form ¢= y***f(f), {= (x+1)-txy™. The param- 
eter n has to be determined so that the differential equation 
for f(f) has a solution joining the singular points [= — © 
(upstream conditions), ¢=0 (y-axis), and a point with 
f(t) =n*(S5n —4)(3n—2)-2, f'(¢) =n corresponding to the 
limiting Mach wave described above. The required value 
of m is found by numerical integrations to be approximately 
+. For this value f({) and its derivatives are graphed, and 
the flow pattern in the physical plane (which is perfectly 
regular, except for the singularity at x = y=0, and in particu- 
lar has no limiting lines) is displayed. A body shape (with 
a cusped nose), which would approximately produce the 
flow given by the basic singular solution, is drawn. It is 
conjectured that for general bodies the solution represents 
conditions at infinity (ahead of the limiting Mach wave). 

M. J. Lighthill (Manchester). 


Munk, Max M. The Rankine gas flow in the hodograph 

plane. Quart. Appl. Math. 8, 387—392 (1951). 

An expression is found, for the Legendre potential in the 
hodograph plane, which describes a two-dimensional sub- 
sonic adiabatic flow reducing to the Rankine flow past a half 
body (represented by a source in a uniform stream) when 
the Mach number tends to 0. M. J. Lighthill. 
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Miles, John W. On non-steady motion of slender bodies. 

Aeronaut. Quart. 2, 183-194 (1950). 

“Following the original work of Munk, Jones, and Ward for 
steady flow, a solution is given for unsteady, supersonic flow 
over very slender bodies of revolution and wings. The results 
are subject to the restriction (M*—1)é log [(M?—1)#8]<1 
where 6 is the slenderness ratio, M isthe Mach number and, 
in addition, to the usual restrictions imposed by linearisation. 
As examples, the lifts and pitching moments on flat wings 
and bodies of revolution executing pitching motion and the 
damping moment on a rolling wing are calculated. It is 
shown that the order of approximation is consistent with 
the limitations already imposed by linearisation, at least 
in supersonic flow, where no Kutta condition is required.” 
From the author’s summary. C. C. Chang. 


Cabannes, Henri. Le probléme de l’onde de choc détachée 
pour les écoulements de révolution. C. R. Acad. Sci. 
Paris 232, 686-687 (1951). 


Brown, W.F. The general consistency relations for shock 

waves. J. Math. Physics 29, 252~—262 (1951). 

For the case of uniform plane flow of an ideal gas before 
a shock, T. Y. Thomas in a series of papers [same J. 26, 
62-68 (1947); 28, 62-90, 153-172 (1948); Proc. Nat. Acad. 
Sci. U. S. A. 34, 526-530 (1948); these Rev. 8, 611; 10, 758; 
11, 479; 10, 271] has derived general relations connecting 
the curvature of the shock, the curvature of the streamlines 
behind it, and their derivatives. On these relations he has 
based a theory of the stability of shock waves. The paper 
under review extends these results, using the same methods, 
to the case where the flow preceding the shock is nonuniform 
and rotational. Included are generalizations of results on 
normal shocks attached to a solid boundary obtained with 
different methods by Lin and Rubinov [ibid. 27, 105-129 
(1948); these Rev. 10, 78]. D. Gilbarg. 


Meyerhoff, Leonard. An extension of the theory of the 
one-dimensional shock-wave structure. J. Aeronaut. 
Sci. 17, 775-786 (1950). 

Using the one-dimensional Navier-Stokes equation with- 
out the effects of bulk viscosity, the author discusses the 
structure of a normal shock, taking into consideration the 
variation of the gas properties with temperature. Since the 
Prandtl number is no longer the constant value }, the mathe- 
matics is complicated and only numerical solutions are 
possible. The author justifies this tedious work by his faith 
in the validity of Navier-Stokes equations even for rapid 
changes in the states of gas in a length of a few mean free 
paths. It is obvious to any student of the kinetic theory of 
nonuniform gases that such faith has no basis. 

H. S. Tsien (Pasadena, Calif.). 


Lieber, Paul, Romano, Frank, and Lew, Henry. Approxi- 
mate solutions for shock waves in a steady, one-dimen- 
sional, viscous and compressible gas. J. Aeronaut. Sci. 
18, 55-60 (1951). 

The authors show that, while retaining the viscous term 
in the momentum equation and neglecting heat conduction 
and dissipation terms in the energy equations gives a good 
approximation to shock wave structure, retaining dissipa- 
tion terms in the energy equation and neglecting viscous 
stress in the momentum equation does not give a good 
approximation. The authors however use a curious poly- 
tropic energy relation for the first method of approximation 
instead of the more logical condition of “constant energy.” 
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Had they used the more logical energy equation, they would 
have obtained the “‘exact’’ solution corresponding to con- 
stant Prandtl number of 3. In the reviewer’s opinion, this 
is the reason for the success of the authors’ approximation. 
Therefore, it is highly doubtful whether this procedure is 
justified for general viscous compressible flows, as suggested 
by the authors. H. S. Tsien (Pasadena, Calif.). 


Jones, Robert T. The spanwise distribution of lift for 
minimum induced drag of wings having a given lift and 

a given bending moment. Tech. Notes Nat. Adv. Comm. 

Aeronaut., no. 2249, 14 pp. (1950). 

Instead of the lift and span being prescribed, as in Munk’s 
classical investigation, suppose that the bending moment 
at a certain spanwise station is also specified. It is shown 
that for minimum induced drag the downwash must vary 
linearly over that portion of the span where the bending 
moment arises, and must be constant elsewhere. The corre- 
sponding lift distribution and drag are calculated for the 
special case of the symmetrical wing with prescribed mo- 
ment at the middle. The result is presented by plotting 
D/D, against s/s,., where D is the drag, s the semispan, and 
the subscript e refers to that wing of elliptical loading which 
has the same lift and the same maximum bending moment. 
It is found that D/D,<1 for all s/s,>1; in fact D/D, goes 
monotonically toward zero as s/s, increases. Nevertheless, 
there is an important practical result, for the rate of decrease 
of D/D, is very slow for s/s,>1.15; this establishes a prac- 
tical upper limit on the span for given lift and bending 
moment. W. R. Sears (Ithaca, N. Y.). 


Jones, Robert T. The minimum drag of thin wings in 
frictionless flow. J. Aeronaut. Sci. 18, 75-81 (1951). 
The very general results obtained here depend only on 

the assumptions of the thin-wing theory; i.e., that the 

boundary conditions can be satisfied in a mean plane and 
that the induced velocities are small. There are no restric- 
tions on planform nor on the Mach number, and the flow 
may be either steady or unsteady. The theorems are proved 
by utilizing the concept of reversed flow direction and the 
principle of superposition. Considering first symmetrical 

(nonlifting) wings, it is shown that there is equality of inter- 

ference drag of any two elements in the combined flow 

formed by superimposing the disturbance flows for forward 
and reversed flow (together with the stream in either direc- 
tion). This leads immediately to the first theorem: The 
minimum-drag wing for given volume must have uniform 
streamwise pressure gradient in the combined flow. Now let 
the thickness be specified along a curve C crossing the plan- 
form; the second theorem follows: For minimum drag the 
pressure in combined flow must not vary in the stream direc- 
tion forward of C nor behind C. Moreover, if only the frontal 
area of the wing along C is specified, the pressure must be 
uniform forward of C and again behind C, for minimum drag. 

Turning now to lifting wings without thickness, the lift 
distribution for minimum drag is sought. Here the principle 
of superposition is utilized by superimposing the disturbance 
fields of the same lift distribution (not the same wing) in 
forward and reversed flow. Again a reciprocity theorem of 
equal interference drag is found for the given lift distribu- 
tion in the combined disturbance field. This is directly 
analogous to Munk’s classical reciprocity theorem for the 
lifting-line theory of wings at low speed, and in a quite 
analogous way it leads to the third theorem: For minimum 
drag the combined downwash field must be uniform over 
the planform. 
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In each case the author shows how his new results reduce 
to the familiar minimum-drag configurations of lifting-line 
theory, Ackeret supersonic-airfoil theory, etc. Some new 
results are found for supersonic wings. Finally the third 
theorem is employed to obtain a corollary regarding the 
optimum planform for given lift: The drag can be stationary 
with respect to alterations of the planform only if the down- 
wash of the combined flow field is uniform both over the 
planform and over the adjoining area involved in the 
(first-order) variations of shape. W. R. Sears. 


Scholz, N. Beitriige zur Theorie der tragenden Fliche., 

Ing.-Arch. 18, 84-105 (1950). 

This paper offers an approximative procedure for handling 
the spatial problem of the lifting surface. The basic method 
is to replace the wing by a finite number of Prandtl lifting 
lines equally distributed along the chord; the unknown 
spanwise distribution of circulation along each lifting line 
is expanded in a Fourier series, with undetermined coeffi- 
cients which are to be determined from the condition that 
the given surface be a stream surface. In actual computation, 
this condition is to be satisfied at mm appropriately located 
points on each half wing, where is the number of different 
lifting lines used, and m is the number of terms taken in the 
nm Fourier expansions of the circulation distributions. An 
advantage of the method is that the coefficients of the sys- 
tem of linear equation for determination of the mm Fourier 
coefficients can be determined for all lifting surfaces simul- 
taneously. Specific examples and numerical results are dis- 
cussed at length. Different approaches to the same problem 
have been given by Blenk [Z. Angew. Math. Mech. 5, 
36-47 (1925) ], Wieghardt [ibid. 19, 257-270 (1939); these 
Rev. 1, 91], Ginzel [Jahrbuch der Deutsch. Luftfahrt- 
forschung 1940, [238-1244], and Falkner [Ministry of 
Supply [London], Aeronaut. Res. Council, Rep. and Memo- 
randa no. 1910 (1943) ], to whose work the author makes 
reference. D. Gilbarg (Bloomington, Ind.). 


Weissinger, J. Die Berechnung der Auftriebsverteilung 
elastisch verdrehbarer Tragfliigel. Ing.-Arch. 18, 255- 
262 (1950). 

If the influence function of the torsional deflection of a 
wing is known, the Multhopp method [kuftfahrtforschung 
15, 153-169 (1938) ] for calculation of the circulation dis- 
tribution according to the lifting-line theory can be extended 
to torsionally-elastic wings. [This is essentially the same 
technique as used by Pai and Sears [J. Aeronaut. Sci. 16, 
105-115 (1949)] who considered swept wings, elastic in 
both bending and torsion. ] Obviously this theory must be 
limited to elongated wings for which the approximations of 
both simple beam theory and lifting-line theory are appro- 
priate. Here only unswept wings are treated. As a numerical 
example, a rectangular wing with uniform stiffness is 
considered. W. R. Sears (Ithaca, N. Y.). 


Sewell, Geoffrey L. Theory of an oscillating supersonic 

aerofoil. Aeronaut. Quart. 2, 34-38 (1950). 

In the previous linearised theories of steady supersonic 
flow past a slender oscillating aerofoil, the shock line at the 
nose has been assumed to be a straight, stationary one, $0 
that no vorticity is produced on passing through it. In the 
present treatment, the possibility that the shock may be 
both curved and moving is taken into account, but the 
result is exactly the same as that obtained by the previous 
treatments [G. Temple and H. Jahn, Ministry of Supply 
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[London], Aeronaut. Res. Council, Rep. and Memoranda 
no. 2140 (1945) ]. From the author’s summary. 
J. W. Miles (Los Angeles, Calif.). 


Temple,G. The “tip effect” in oscillating supersonic flow. 
Ricerca Sci. 20, 1938-1939 (1950). 
Abstract of a lecture given at the Colloque Internationale 
de Mécanique, Pallanza, June, 1950. 


Voelz, Kurt. Profil und Auftrieb eines Segels. Z. Angew. 
Math. Mech. 30, 301-317 (1950). (German. English, 
French, and Russian summaries) 

This paper gives a theoretical treatment of the action of 
sails by considering a sail as a thin airfoil of flexible camber 
line. Treating the problem as two-dimensional, aerodynamic 
theory gives the slope of the sail in terms of the local lift 
intensity in the form dy/dx =cSo'[p(é)/(x—£) ]dt, where c is 
some constant. A second relation is the equilibrium equation 
for cylindrical deflections of thin membranes, Sd*y/dx* = p(x), 
where S is the tension in the membrane. Boundary condi- 
tions are the geometrical conditions (0) =0, y(#)=H, and 
the aerodynamic condition p(t) =0. The problem is reduced 
to an integral equation for dy/dx, which is solved approxi- 
mately by a Neumann series and by the method of Schmidt- 
Goursat. E. Reissner (Cambridge, Mass.). 


Ostroumov, G.A. The mathematical theory of steady heat 
transfer in a circular vertical hole with superposition of 
forced and free laminar convection. Akad. Nauk SSSR. 
Zurnal Tehn. Fiz. 20, 750-757 (1950). (Russian) 
Assuming superimposed action of free and forced convec- 

tion, the equations of continuity, motion and energy may 
be solved explicitly in the case of laminar flow in a circular 
hole. The resulting velocity and temperature distributions 
are given explicitly in terms of Bessel functions. The distri- 
bution pattern is shown to be characterized by a parameter 
essentially equal to the product of Grashof and Prandtl 
number. Several numerical results are tabulated and shown 
graphically. Brief reference is made indicating correlation 
with limited experimental data. N. A. Hall. 


Defant, F. Theorie der Steuerung und Spaltung von 
Bodendruckstérungen durch quasi-stationire Hiéhen- 
druckverteilungen. Arch. Meteorol. Geophys. Bioklima- 
tol. Ser. A. 1, 149-232 (1948). 

Wave-motions in the atmosphere are considered using, 
as fundamental equations, the hydrostatic equation in the 
vertical, the geostrophic relation in terms of spherical polar 
coordinates, and the condition that the motion should be 
adiabatic. It is shown that, if the pressure at some level in 
the upper air is given as a function of the latitude, the longi- 
tude, and the time, a partial differential equation for the 
surface pressure may be obtained. Particular solutions 
of this equation, corresponding to pressure-waves along 
parallels of latitude, can be found if the surface pressure 
at time ¢=0 is given. Two or three of these solutions are 
studied at great length, both numerically and by means of 
diagrams. It is concluded that only approximately sta- 
tionary pressure-distributions in the upper atmosphere are 
capable of steering the motion of low-pressure areas on the 
Earth’s surface. The intensity of the steering process is the 
greater, the more the period of the upper-air pressure-wave 
coincides with that of the lower tropospheric waves. Some 
eighteen rules and sub-rules for use in synoptic practice are 
suggested by the investigation. G. C. Mc Vittie. 
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Dedecker, P. Sur les équations approchées de la dyna- 
mique atmosphérique. Arch. Meteorol. Geophys. Bio- 
klimatol. Ser. A. 2, 223-238 (1950). 

The domain of validity of the equations of motion of 
dynamical meteorology is considered when conventional 
local rectangular coordinates are employed. It is taken 
as self-evident that these equations are of the form 
dv;/dt+2wiwi = —p“dp/dx*—dg/dx‘ (¢, j=1, 2, 3), in which 
(x', x*, x*) are the rectangular coordinates, the »;, v/ are the 
velocity-components of the air, w,; is the tensor giving the 
angular speed of the Earth about its axis, and ¢ is the 
geopotential. It is suggested that, if the vertical velocity- 
component v* (or v3) is zero, these equations are valid up to 
horizontal distances of 500 km. from the origin provided 
that the geopotential ¢ is regarded as a function of the 
horizontal coordinates x", x* as well as of the vertical coordi- 
nate x*. But the fact that the plane Ox'x* will have inter- 
sected the tropopause before such distances are reached is 
not referred to. The form of the equations when the pressure 
p replaces x* is also found and the author then turns to 
general coordinate transformations of the type 2‘ = 2*(x/, x‘), 
£‘ =x‘ where £‘, x/ (¢, 7=1, 2, 3) are spatial coordinates and 
Z‘=x‘ is the absolute Newtonian time. He shows that 
vectors and tensors then transform in such a way that it is 
sufficient to consider their transformations under 2‘ = £‘(x‘). 
Lastly the author points out that his work differs from that 
of the reviewer (Quart. J. Math. Appl. Mech. 1, 174-195 
(1948); Proc. Roy. Soc. London Ser. A. 196, 301-310 (1949); 
these Rev. 10, 79, 633] in that he uses a geometry which is 
affine in the time-direction and metrical in the space direc- 
tions whereas the reviewer employs a four-dimensional 
metrical geometry. G. C. Mc Vittie (London). 


Charney, J. G., and Eliassen, A. A numerical method for 
predicting the perturbations of the middle latitude wester- 
lies. Tellus 1, no. 2, 38-54 (1949). 

The authors generalize the method for numerical fore- 
casting described elsewhere [J. Meteorol. 6, 371-385 (1949) ]. 
In the earlier paper, the vorticity equation was integrated 
universally under the assumption of negligible friction and 
no forced vertical motion at the surface. The present paper 
takes into account the effect of friction in the perturbation 
current and of the crossing of mountain ranges on surface 
vertical velocities. Some of the assumptions in the earlier 
paper remain, such as small perturbations, vorticity com- 
puted from geostrophic winds, negligible solenoidal field, 
wind direction to variant with height, and no effect of 
vertical velocities above the surface layer. The interdepend- 
ence of the perturbation on latitude is generalized to permit 
a sinusoidal variation with latitude. The generaligations 
described in this paper account for some of the largest 
errors introduced in the previous forecasts, and explain the 
mean position of troughs and wedges produced by mountain 
ranges. H. Panofsky (New York, N. Y.). 





Elasticity, Plasticity 


Seugling, W.R. Equations of compatibility for finite defor- 
mation of a continuous medium. Amer. Math. Monthly 
57, 679-681 (1950). 

The author states that the conditions of compatibility for 
finite deformations do not appear to be contained in the 
existing literature. In fact, however, they have been given 
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many times over [O. Manville, Mem. Soc. Sci. Phys. Nat. 
Bordeaux (6) 2, 83-162 (1904); R. Marcolongo, Rend. Circ. 
Mat. Palermo 19, 151-155 (1905); C. Riquier, Ann. Sci. 
Ecole Norm. Sup. (3) 22, 475-538 (1905); V. Crudeli, Atti 
Accad. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (5) 202, 306-308 
(1911); P. Burgatti, Mem. Accad. Sci. Inst. Bologna. Cl. Sci. 
Fis. (7) 1, 237-244 (1914), see §3; A. Signorini, Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (6) 12, 312-316 
(1930), see §2; Atti Secondo Congresso Un. Mat. Ital., Bo- 
logna, 1940, pp. 56-71, Rome, 1942, see p. 60; Ann. Mat. Pura 
Appl. (4) 22, 33-143 (1943), see chapter 1, 720; these Rev. 
8, 421, 240, 708; B. R. Seth, Proc. Indian Acad. Sci. Sect. A. 
20, 336-339 (1944); these Rev. 6, 251; A. L. Zel’manov, 
Doklady Akad. Nauk SSSR (N.S.) 61, 993-996 (1948); 
these Rev. 10, 269; J. G. Oldroyd, Proc. Roy. Soc. London 
Ser. A. 202, 345-358 (1950), see §4; these Rev. 12, 300; 
W. Zerna, Ing.-Arch. 18, 211-220 (1950), see §4; these Rev. 
12, 301]. The author’s paper in method and in form of the 
result precisely duplicates that of Crudeli [loc. cit.], but 
more details of the derivation and a more explicit end 
formula are given. C. Truesdell (Bloomington, Ind.). 


Levi, Franco. Fondements théoriques d’une étude directe 
des états de contrainte provoqués par une déformation 
non compatible. Ricerca Sci. 20, 1930-1932 (1950). 
Abstract of a lecture given at the Colloque Internationale 

de Mécanique, Pallanza, 1950. 


Angelitch, T. Equations fondamentales d’élasticité par la 
méthode de Pfaff. Acad. Serbe Sci. Publ. Inst. Math. 3, 
191-195 (1950). 

Continuing with his program of putting all the equa- 
tions of dynamics into Pfaffian form, the author obtains 
Cauchy’s general equations of motion for continuous media, 
tt! ,+-pf'=pa‘, as Pfaffian equations for the element of ac- 
tion. Contrary to the implication of the title, there is no 
treatment of elasticity in the paper, nor is there any deriva- 
tion of the moment equation ¢ =#**, C. Truesdell. 


Moisil, Gr. C. On Galerkin’s formulas in the theory of 
elasticity. Acad. Repub. Pop. Romfne. Bul. Sti. A. 
1, 587-592 (1949). (Romanian. Russian and French 
summaries) 

By setting up a certain matrix, the author shows that 
the solution of the equations of three-dimensional elasticity 
given by Galerkin [C. R. Acad. Sci. Paris 190, 1047-1048 
(1930) ] is both necessary and sufficient. C. Truesdell. 


Synge, J. L. Upper and lower bounds for the solutions of 
problems in elasticity. Proc. Roy. Irish Acad. Sect. A. 
53, 41-64 (1950). 

The problem of finding numerical upper and lower bounds 
for a real-valued function u at a point P (the function u 
being a priori unknown, but about which some information 
is known, e.g., u is the solution of a boundary value problem, 
so that a partial differential equation and boundary condi- 
tions satisfied by u are known) consists in finding real num- 
bers A(P) and E(P), the approximation and the error at P, 
respectively, such that. |u(P)—A(P)|SE(P), where the 
numbers A(P) and E(P) may be computed explicitly in 
terms of known functions which are chosen making use of 
the information known about u. A solution of this pointwise 
bound problem, for interior points, for the solution (i.e. « 
being any displacement) of the first boundary problem 
(surface displacements given on the boundary) of three- 
dimensional, homogeneous, isotropic elasticity, was given 





by the reviewer and H. J. Greenberg [Quart. Appl. Math. 
6, 326-331 (1948); these Rev. 10, 167]. The present paper 
gives a solution of the pointwise bound problem, also for 
three-dimensional homogeneous isotropic elasticity. In the 
first boundary value problem, surface displacement being 
given, bounds are obtained for the dilatation and the dis- 
placement. In the second boundary value problem, surface 
stress being given, bounds are obtained for the sum of the 
principal stresses and for the stress components. The argu- 
ment depends essentially on the mean value theorem for 
harmonic functions. All the inequalities given reduce to 
equalities when the domain occupied by the elastic body is 
a sphere, and several formulas for the various elastic quan- 
tities at the center of the sphere are deduced from this. 
J. B. Diaz (College Park, Md.). 


Sternberg, E., and Eubanks, R. A. On the method of in- 
version in the two-dimensional theory of elasticity. 
Quart. Appl. Math. 8, 392-395 (1951). 

The method of inversion, originally introduced by J. H. 
Michell [Proc. London Math. Soc. (1) 34, 134-142 (1901)], 
has been successfully used for many technically significant 
solutions to “plane” problems in the theory of elasticity. 
After restating both the Michell transformation and the law 
governing the association of the Airy stress functions, in 
their complex form, together with the invariant properties 
characterizing the stress field transformations arising from 
them, the authors prove the converse of this inverse theorem 
relative to one of these invariant properties, viz., that if the 
stress field transformation preserves principal stress tra- 
jectories and the image field of stress is purely hydrostatic 
only if the antecedent field has the same property, then the 
transformation is a Michell transformation. 

R. M. Morris (Cardiff). 


Takeuti, Yoitiro. On a method of solving the two-dimen- 
sional stress problems solved only by harmonic function. 
J. Osaka Inst. Sci. Tech. Part I. 1, 111-113 (1949). 
The method of dealing with two-dimensional stress prob- 

lems in isotropic materials put forward in this paper has 
already been dealt with very effectively by Stevenson [Proc. 
Roy. Soc. London. Ser. A. 184, 129-179, 218-229 (1945); 
these Rev. 8, 115]. In fact the complex functions © and 
of Stevenson's work are such that 2’(s) expressed as a func- 
tion of {, where z=2({), is equivalent to the #(¢) of the au- 
thor, and — }iw’’(z) expressed as a function of { is equivalent 
to the ¥(¢) of the author, given in his equations (1) and (2). 
The author goes on to show that stresses in the curvilinear 
coordinates £, » ({ =£+-in) can be expressed in terms of real 
harmonic functions associated with the above complex func- 
tions, and which satisfy certain boundary conditions. It was 
shown by Bricas [La théorie de I’élasticité bidimensionelle, 
Athens, 1936] that it is possible to solve these problems 
in this way, but it was pointed out by Stevenson that, 
although the resolution of the above complex functions into 
real plane harmonic function has some advantages over the 
Airy stress function method which involves the biharmonic 
equation, it is nevertheless quite unnecessary, since it is 
much easier to determine the complex functions themselves 
and leave the resolution of such functions into their real and 
imaginary parts until the final stages. The author, in fact, 
only gives the general solution in terms of these real plane 
harmonic functions and does not proceed to the actual de 
termination of them for specific problems. Many of these 
specific problems as well as more general ones involving body 
force have already been done by Stevenson. 
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There are several printer’s errors in the paper, as well as 
a misleading notation from the point of view of the reviewer, 
and in addition the English is rather unusual. 
R. M. Morris (Cardiff). 


Takeuti, Yoitiro. Stresses in a plate with a circular hole 
under concentrated loads solving by delta-function. J. 
Osaka Inst. Sci. Tech. Part I. 1, 123-125 (1949). 

Using the results of the paper reviewed above, the author 
derives the real plane stress function Q and the stresses for a 
circular hole in an infinite isotropic plate under concentrated 
forces at any number of points perpendicular to the edge of 
the hole, as well as the function @ and the hoop stress for an 
elliptic hole under similar concentrated loads round its edge. 
Unfortunately these results obviously do not agree with the 
values of the hoop stress obtained by other authors, as for 
example those of Holgate [Proc. Cambridge Philos. Soc. 40, 
172-188 (1944); these Rev. 6, 28] for an isolated force on 
the boundary of a circular hole, because they do not contain 
any term involving Poisson’s ratio for the material of the 
plate. The reason for this discrepancy is that the author has 
failed to realise that his functions, in addition to satisfying 
certain boundary conditions, must also be such that they 
give rise to single-valued displacements. The fact that the 
stresses must be single-valued has not been mentioned either, 
but in fact this condition is satisfied. When the condition 
for single-valued displacements has to be taken into account 
the method adopted by the author is not so satisfactory as 
the complex function method. R. M. Morris. 


Jung, H. Uber eine Anwendung der Fouriertransforma- 
tion in der Elastizititstheorie. Ing.-Arch. 18, 263-271 
(1950). 

Formulas for the Airy stress function F(x, y) and for the 
two-dimensional stresses and strains in two bodies of infinite 
extent in the direction of the x-axis are derived by applying 
the Fourier integral transformation, with respect to x, to 
the biharmonic equation in F(x, y) and to the boundary 
conditions. The formulas give the stresses and strains in 
terms of integrals involving the functions that are prescribed 
along the boundaries. The cases considered here consist of 
the semi-infinite body y=0 with a prescribed normal stress 
¥(x) on the face y=0 and zero shear there, the infinite 
strip |y| 6 under corresponding conditions on each of its 
faces y= +6, the infinite strip with shear prescribed as a 
function of x and zero normal stress on the faces, and the 
infinite strip with concentrated load along the y-axis at the 
origin balanced by concentrated loads and moments on the 
surface y=6 with otherwise free surfaces y= +6. 

R. V. Churchill (Ann Arbor, Mich.). 


*Reissner, Eric. On axisymmetrical deformations of thin 
shells of revolution. Proc. Symposia Appl. Math. v. 3, 
pp. 27-52. McGraw-Hill Book Co., New York, N. Y., 
1950. $6.00. 

The author studies consequences of the nonlinear equa- 
tions for “finite’’ rotationally symmetric deformation of thin 
shells of revolution which he derived in an earlier paper 
[Reissner Anniversary Volume, Contributions to Applied 
Mechanics, pp. 231-247, Edwards, Ann Arbor, Mich., 1948; 
these Rev. 11, 69]. First he reduces these equations to a 
second order system for two unknowns, the horizontal stress- 
resultant and the rotation. He considers mainly two special 
cases: circular cylindrical and spherical shells. He discusses 
the validity of the usual linear theory of shells as an ap- 
proximation to the present theory, concluding that the linear 
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theory is more generally valid than is customarily thought. 
For the case of a certain class of problems of the circular 
cylindrical shell he shows that “linearity in this problem 
does not require that the displacements be small compared 
with the thickness of the shell but rather that they be small 
compared with the geometric mean of the thickness and of 
the radius of the shell.’’ The author adds remarks on buck- 
ling and on the extension of his results to other types of shells 
and loadings. He compares his results in special cases with 
those of several other authors, in particular with his own 
previous work on shallow spherical shells [J. Math. Physics 
25, 80-85 (1946); 25, 279-300 (1947); 27, 240 (1948); these 
Rev. 7, 502; 8, 359; 10, 172], but he does not mention any 
connection with the general theory of Synge and Chien 
[Theodore von K4rm4n Anniversary Volume, pp. 103-120, 
California Institute of Technology, Pasadena, Calif., 1941; 
these Rev. 3, 30, 371]. 

Reviewer's note. The validity of the results in the present 
paper rest upon the validity of the assumptions underlying 
the author’s basic equations. Among these is ‘that normals 
to the undeformed middle surface are deformed, without 
extension, into normals to the deformed middle surface.” 
While indeed ‘‘this is the same assumption that is made in 
the small-deflection theory of shells and also in the finite 
deflection theory of thin rods,” since the corresponding as- 
sumption is not valid even for very slight bending of a 
beam by a transverse load, the reviewer cannot see that it 
should be accepted without question in any finite deflection 
theory. The author states “there is no reason to assume 
that it is less appropriate for the class of problem considered 
in this paper,” but to the reviewer it seems rather that an 
author has the burden of indicating positively why his 
assumptions are appropriate. Perhaps the author’s claimed 
extension of the range of validity of the usux! linearized 
theory arises from the fact that he assumes without proof 
that one of the main simplifying assumptions of that theory 
remains valid. C. Truesdell (Bloomington, Ind.). 


*¥ Hildebrand, F. B. On asymptotic integration in shell 
theory. Proc. Symposia Appl. Math. v. 3, pp. 53-66. 
McGraw-Hill Book Co., New York, N. Y., 1950. $6.00. 
The method of asymptotic integration for the solution of 

problems in the ordinary linear theory of thin elastic shells, 

introduced for the case of the sphere by H. Reissner 

[Miiller-Breslau Festschrift, pp. 181-193, 1912], is extended 

formally by the author to the case of a shell of revolution 

loaded symmetrically about its axis. After obtaining the 
leading terms in the solution corresponding to the case of 
an unloaded shell, the author takes up the problem of deter- 
mining the accuracy of particular integrals obtaiged by 
approximating the complementary functions by those given 
by the membrane theory. Assuming that there is no part of 
the shell where the tangent plane is nearly normal to the 
axis of revolution [see the following review ], he concludes 
that such an approximation may be valid if one neglects 
the membrane rotation, providing the load intensity does 
not vary appreciably over a distance of the order of (Rh)!, 

h being the thickness of the shell and R the radius of curva- 

ture of the meridian. He concludes also that if the membrane 

rotation is important, it is not sufficient to retain only the 
leading terms in the expansions. C. Truesdell, 


Clark, R. A. On the theory of thin elastic toroidal shells. 
J. Math. Physics 29, 146-178 (1950). 
The author obtains asymptotic solutions to the problem 
of rotationally symmetric small deflection of thin toroidal 
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elastic shells. He first reduces the problem to that of inte- 
grating a single linear nonhomogeneous ordinary differential 
equation involving two parameters. Asymptotic formulae 
for the complementary function are obtained by applying 
the general method of Langer [Trans. Amer. Math. Soc. 33, 
23-64 (1931) ], which in the present application has the 
advantage of yielding results valid near the points where 
the tangent plane is perpendicular to the axis of revolution, 
where the methods of asymptotic integration customary in 
shell theory fail [see the preceding review ]. For two prob- 
lems in which only the complementary function is required, 
the author's results are compared with those obtained by 
Wissler [Dissertation, Ziirich, 1916] by a method of power 
series expansion; the agreement is within 4% or better. The 
author observes that the usual method of obtaining asymp- 
totic expressions for a particular integral, being based on 
using as an approximation the complementary function 
obtained from the membrane theory, will fail near points 
where the tangent plane is perpendicular to the axis of 
revolution. He therefore introduces a new method, which 
he states was developed jointly with E. Reissner. He applies 
his results to the cases of an Q joint loaded symmetrically 
and parallel to its axis, a corrugated pipe subject to axial 
load, and a corrugated cylinder subject to axial pressure. 
Many numerical calculations are involved and there are two 
tables of functions occuring in the solutions. 
C. Truesdell (Bloomington, Ind.). 


Mitrinovitch, Dragoslav S. Sur une équation différentielle 
indéterminée intervenant dans un probléme important 
de Pélasticité. C. R. Acad. Sci. Paris 232, 681-683 
(1951). 

The problem of finding the extensional displacements in a 
thin shell of revolution unsymmetrically stressed is more 
difficult than that of finding the stress-resultants. Apart 
from the classical results for the sphere and the cone, few 
if any exact solutions were known until the reviewer [Trans. 
Amer. Math. Soc. 58, 96-166 (1945), see §18; these Rev. 7, 
231] reduced the problem to the integration of the single 


equation F’ vt ’ F’ "7 
a (a Aa 
7 ae es 


r= f(z) being the Cartesian equation of the shell meridian 
and m an integer. Although the reviewer obtained some 
special solutions [loc. cit., equations (20.2), (21.6), (21.8), 
(21.11), (21.13), (21.21), (22.8)], he did not give a sys- 
tematic method of integration. The author constructs an 
inverse method whereby, starting from an arbitrary func- 
tion, by means of two quadratures and two inversions of 
variables one may obtain simultaneously a meridian curve 
r= f(z) and the solutions F belonging to it. As an example 
he notes a special case obtained by the reviewer [loc. cit., 
equation (21.11) ]. He then indicates how his method applies 
to a large class of differential equations. This idea is to be 
developed in a later study. C. Truesdell. 


*Carrier, G. F., and Shaw, F. S. Some problems in the 
bending of thin plates. Proc. Symposia Appl. Math. v. 
3, pp. 125-128. McGraw-Hill Book Co., New York, 
N. Y., 1950. $6.00. 

The authors consider a method of obtaining approximate 
solutions to certain thin plate problems arising when the 
boundary of the plate consists in part of two straight lines 
through the origin. To demonstrate the method, a thin plate 
forming a sector of a circle is considered, with the straight 
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edges free, the curved edge clamped, and a unit couple 
acting at the vertex. There are introduced the eigenfunctions 
of the biharmonic equation in polar coordinates, correspond- 
ing to the free straight edges of the plate. An approximate 
solution is then obtained rapidly as a finite series of these 
eigenfunctions, this solution satisfying the following condi- 
tions: the integrals of the exact boundary conditions on the 
curved boundary vanish and the deflection at the ends of 
the curved boundary vanishes. A second example deals with 
the same plate, but under a uniform load and having all 
edges clamped. G. E. Hay (Ann Arbor, Mich.). 


Salvati, Michele. Su una soluzione del problema della 
lastra incastrata al contorno. Atti Relaz. Accad. Pugli- 
ese Sci. N.S. 2, Parte II, 41-67 (1943). 

The problem of determining small deflections of a thin 
elastic rectangular plate, clamped along its entire boundary, 
is first reduced to the problem of solving an infinite set of 
linear algebraic equations involving the coefficients in the 
series solution. The remainder of the paper is concerned 
with establishing the existence of a solution of this set of 
equations, and with rigorously justifying the series solution 
which would be specified by the corresponding set of 
coefficients. F. B. Hildebrand (Cambridge, Mass.). 


Durié, Milan. Solution du probléme de la plaque rec- 
tangulaire a l’aide des fonctions orthogonales des oscilla- 
tions transversales d’une poutre. Acad. Serbe Sci. Publ. 
Inst. Math. 3, 79-88 (1950). 

The author considers a rectangular plate in generalized 
plane stress, with two opposite edges free and the remaining 
edges loaded generally. This problem is decomposed into 
four problems in each of which the load is either symmetric 
or skew-symmetric with respect to the x-axis, and the 
y-axis also. Each of the four problems is solved approxi- 
mately by the same technique, as follows. The stress func- 
tion ¢ is sought as a sum of the products dmnXm(x) Y,(y), 
where m, n=1, 2, 3, ---, and Gm, are constants. Since 
X.(x), Y.(y) satisfy the same boundary conditions as the 
orthogonal functions associated with transverse vibrations 
of a beam, X,,(x) and Y,(y) are chosen equal to those of 
these orthogonal functions having the proper symmetry. 
The resulting ¢ is not biharmonic as it should be for an 
exact solution, so the @,, are chosen to minimize the elastic 
energy of the plate. The algebraic part of the determination 
of the a,,, involves an iteration process. G. E. Hay. 


Durié, Milan. On the application of trigonometric series 
in the analysis of beams on elastic foundation. Acad. 
Serbe Sci. Publ. Inst. Math. 3, 73-78 (1950). 

The author considers a beam resting on an elastic founda- 
tion, and acted upon by a general continuous load p(x). The 
well-known differential equation governing the system is of 
the fourth order, linear with constant coefficients. The solu- 
tion is obtained readily as a Fourier series with coefficients 
expressed in terms of the Fourier coefficients of the known 
solution of the corresponding problem with the elastic 
foundation removed. G. E. Hay (Ann Arbor, Mich.). 


*Troicki, MihailS. Greda pravougaonog preseka savijena 
sopstvenom teZinom. [The Bending of a Rectangular 
Beam under its Own Weight]. Belgrade, 1943. 51 pp. 
The problem of a beam bent under its own weight was 

solved by A. E. Love for a circular cross-section, using the 

method of J. H. Michell. The author of this publication 
solves it for a rectangular cross-section also by Michell’s 
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method. He treats it as a three-dimensional problem using 
the partial differential equations representing the conditions 
of equilibrium and compatibility, and solves these equations 
in trigonometric series. He finds only the stresses as func- 
tions of x, y, and z; the deformations are not given. A set 
of tables with numerical computations for a beam with 
square cross-section is appended. The author uses his exact 
numerical solution to check the simplifying assumptions of 
Saint Venant and Bernoulli-Navier. The exact value of the 
stress Z, differs by 3.6% from the one found by Bernoulli- 
Navier simplification, and the stresses X., and Y,, which 
according to Saint Venant are small as compared with Z, 
and can be neglected, are 0.41% and 0.13% of Z, in this 
example. T. Leser (Lexington, Ky.). 


Duncan, W. J. Normalised orthogonal deflexion functions 
for beams. Ministry of Supply [London], Aeronaut. 
Res. Council, Rep. and Memoranda no. 2281 (9868), 
23 pp. (1950). 

To illustrate the advantages of normalised orthogonal 
displacement functions in elasticity the author considers 
the problem of the uniform beam built-in at both ends. 
For this case the orthogonal functions F, must satisfy 
the conditions F,(0)=F,(1)=F,'(0)=F,’(1)=0 and the 
orthogonality and normality conditions are of the form 
So'(d?F,,/dx*) (d* F,,/dx*)dx =8nn. It is shown that functions 
thus defined can each be written as a linear combination of 
three Legendre polynomials. The paper concludes with 
tables of the first few of the functions F, and of their first 
and second derivatives and with an application to a specific 
example. E. Reissner (Cambridge, Mass.). 


Mitra, D. N. Torsion and flexure of a beam whose cross- 
section is a sector of a circle. Bull. Calcutta Math. Soc. 
42, 131-144 (1950). 

The circular sector is mapped conformally upon a unit 
semicircle in the upper half plane and the problem becomes 
the determination of functions analytic in the semicircle 
and attaining the proper boundary values. By Schwarz’s 
principle of reflection, the functions are extended to the 
lower half plane and determined by Schwarz’s formula. 
Special cases of the torsion function agree with known 
results. The flexure function entails the evaluations of 
numerous integrals and the center of flexure for the sec- 
tor is expressed by means of special functions given by 
Bromwich. D. L. Holl (Ames, Iowa). 


Mordellet, R. L. A solution to the problem of torsion- 
flexure. A method of using the principle of least work 
and calculus of variations to establish the potential energy 
integrals. Aircraft Engrg. 22, 335-337 (1950). 

A stress analysis, credited to P. Bodet, is given of long 
bars of open or closed profile sections subjected to end force 
and twisting moment. D. C. Drucker. 


Moriya, Tomijiro. On a method of solution of two- 
dimensional boundary value problems. J. Jap. Soc. 
Appl. Mech. 3, 131-133 (1950). 

This paper contains no new results but is simply a sum- 
mary of the methods and results for certain well-known two- 
dimensional boundary value problems, viz. the torsion of a 
general shaped cylinder and the motion of an elliptic cylin- 
der at right angles to its axis, in a perfect fluid. The torsion 
of an elliptic cylinder is dealt with, but by a method which 
involves an infinite number of simultaneous nonlinear equa- 
tions which can only be solved by successive approximation. 
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The author is apparently unaware of the solution of this 
problem by the reviewer [Math. Ann. 117, 31-38 (1939); 
these Rev. 1, 188] whose methods he has summarised in 
this paper. R. M. Morris (Cardiff). 


*Weinstein, Alexander. On the torsion of shafts of revo- 
lution. Proc. Seventh Internat. Congress Appl. Mech., 
1948. v. 1, pp. 108-119. 

In a previous paper [Trans. Amer. Math. Soc. 63, 342-354 

(1948); these Rev. 9, 584] the author considered the system 

of equations 


(1) y?0~/dx=dy/dy, y?de/dy= —dp/dx, 


y=0, where # is a real number. Eliminating y and ¢, respec- 
tively, yields the corresponding second order equations 


(2a) Y( Gest Pw) + Poy =, 

(2b) ¥(Vest+Vy) — Phy =0. 

For positive integral , the functions g and ¥ may be inter- 
preted as follows: ¢ is the potential function; and y the 
stream function of an axially symmetrical flow of an in- 
compressible fluid in a space of p+2 dimensions, with 
rectangular coordinates x=%,, X2, -**, Xp42. The axis of 
symmetry is the x = x,-axis. In the meridian plane, y denotes 
the distance (x2*+- - - -+x*,,2)' from the axis of symmetry. 
For any positive ~, ¢ is called an axially symmetric poten- 
tial and y its associated stream function. Various explicit 
expressions for the fundamental solutions of (2a) and (2b) 
with singularity at (0,b), b>0, and their corresponding 
(multiple-valued) stream function and axially symmetric 
potential, respectively, were given in the paper cited above. 
The special case p=1 (corresponding to ordinary three- 
dimensional space) was investigated by E. Beltrami [Opere, 
v. 3, Hoepli, Milan, 1911, pp. 349-382] who overlooked the 
multiple-valuedness of the stream function for a source off 
the axis of symmetry, as was pointed out by the author 
(Quart. Appl. Math. 5, 429-444 (1948); these Rev. 10, 116], 
where an extension of the method of sources and sinks was 
developed as an application for the formulas for the funda- 
mental solutions of (2a) and (2b) given earlier. The impor- 
tance of the special case p=3, for the torsion problem of 
shafts (or beams) of revolution (corresponding to flows in 
five dimensions), was recognized by W. Arndt [Thesis, 
Goettingen, 1916]. The present paper deals with the case 
p=3 and contains an application of the method of sources 
and sinks to the torsion of shafts of revolution possessing 
axial holes with flat bottoms. J. B. Dias. 


Klitchieff, J. M. Some series applied to the theory of 
structures. Acad. Serbe Sci. Publ. Inst. Math. 3, 1-23 
(1950). 

The author considers a beam simply supported at the 
ends and having a number of intermediate elastic supports. 
The bending moments in the beam due to the external load 
and the elastic supports are expressed in Fourier series. The 
latter series of course involves the unknown displacements 
at the points of application of the elastic supports. These 
series are substituted into the Euler-Bernoulli equation for 
the deflection u of the beam. There is also substituted for u 
in this equation a Fourier series with unknown coefficients 
C,. There readily results an infinite set of equations for C,, 
which equations are solved by successive approximations. 
The same method is also applied to the case when several 
parallel beams rest on several girders perpendicular to the 
beams. The author also considers a rectangular plate. In 
this case the solution when the plate is simply supported 
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and is acted upon by a general concentrated load is assumed. 
From this, there is derived the solution when the plate.is 
acted upon by arbitrary edge moments, which moments are 
expressed as Fourier series. By superposition of these two 
solutions, the solution is obtained when the plate has 
clamped edges and is acted upon by a general concentrated 
load. This last solution is obtained as a double Fourier 
series, with coefficients obtained by the solving of an infinite 
set of equations by successive approximations. Similar uses 
of Fourier solutions yield solutions of buckling problems 
involving beams on elastic supports, and rectangular plates 
reinforced by ribs. G. E. Hay (Ann Arbor, Mich.). 


Efsen, Axel. General method for the computation of stati- 
cally indeterminate elastic systems. Ciencia y Técnica 
114, 277-284 (1950). (Spanish. English summary) 
The determination of influence coefficients for statically 

indeterminate one-dimensional elastic systems is treated in 

an essentially conventional way. F. B. Hildebrand. 


Falkenheiner, H. Le calcul systématique des caractér- 
istiques élastiques des systémes hyperstatiques. Re- 
cherche Aéronautique 1950, no. 17, 17-31 (1950). 

The application of Castigliano’s principle to complex 
statically indeterminate structures is systematized by the 
use of matrix notation, and is illustrated in detail by an 
example. F. B. Hildebrand (Cambridge, Mass.). 


Hemp, W.S. On the analysis of statically indeterminate 
structures. Ministry of Supply [London], Aeronaut. 
Res. Council, Rep. and Memoranda no. 2396 (10,574), 
7 pp. (1950). 

The author establishes and illustrates a generalization of 
Castigliano’s theorem, in which the parameters to be deter- 
mined need not be identified with loads or reactions, but 
may be chosen with a considerable degree of flexibility. 

F. B. Hildebrand (Cambridge, Mass.). 


Bignoli, Arturo J., and BasaldGa, Jorge J. Errors in the 
calculation of elastic systems. Ciencia y Técnica 115, 
314-326 (1950). (Spanish. English summary) 

The authors consider the problem of choosing the un- 
known parameters in the analysis of a statically indetermi- 
nate elastic structure in such a way that the system of linear 
algebraic equations determining them will be least sensitive 
to inaccuracies. No new results appear to be obtained. 

F. B. Hildebrand (Cambridge, Mass.). 


Mériaux, A. Etude des systémes hyperstatiques composés 
d@’éléments droits. Ann. Ponts Chaussées 1950 (120° 
année), 1-41 (1950). 

Corresponding to an originally straight elastic structural 
member deformed in a plane by prescribed forces and 
couples, two numbers, m,; and m2, and a vector D in that 
plane are defined. Fictitious masses m, and m, are then 
considered to be located at the ends of the member, and 
masses —1 and +1 at the extremities of the vector D. It is 
then shown that the equations governing the deformation 
of the member are equivalent to the requirements that the 
algebraic sum of the masses vanish, and that the mass sys- 
tem possess zero first moment about any axis in the plane. 
By exploiting this fact, the author develops special numeri- 
cal and graphical techniques for analyzing statically inde- 
terminate structures with straight members. 

F. B. Hildebrand (Cambridge, Mass.). 
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Kirste, L., und Miiller-Magyari, F. Steifigkeit und Steifig- 
keitsmethode bei riumlichen Stabwerken. Osterreich. 
Ing.-Arch. 4, 387-398 (1950). 

The authors develop an analysis of a certain class of three- 
dimensional elastic trusses, under the assumption of sta- 
tionary nodes. The resultant theory is analogous to that 
relevant to two-dimensional problems, the stiffness coeffi- 
cients in the latter cases corresponding to symmetric stiff- 
ness tensors in the former. F. B. Hildebrand. 


Weiss, H. J.,and Handelman,G.H. A minimum principle 
for structural stability. Quart. Appl. Math. 8, 395-401 
(1951). 

The authors prove that the eigenvalues and eigenfunctions 
of the stability problem discussed by Prager [same Quart. 4, 
378-384 (1947); these Rev. 9, 120] may be obtained from 
a minimum principle related to the variational principle 
established by Prager. The result is also used to establish 
the reality of the eigenvalues and a quasi-orthogonality of 
the eigenfunctions in all significant cases. 

F. B. Hildebrand (Cambridge, Mass.). 


Swida, W. Berechnung eines statisch unbestimmt ges- 
tiitzten und senkrecht zu seiner Ebene beliebig bela- 
steten geschlossenen Kreisringes. Ing.-Arch. 18, 242- 
249 (1950). 

This paper treats the analysis of an elastic circular ring 
of uniform cross section, resting on any number of radial 
supports, and subject to an arbitrary loading distribution 
normal to its plane. The supports need not be uniformly 
spaced, and the ring may be open or closed. The author 
obtains a three-moment equation, relating bending moments 
at successive supports, and tabulates certain auxiliary func- 
tions which specify the coefficients. Numerical examples are 
included. F. B. Hildebrand (Cambridge, Mass.). 


Manacorda, Tristano. Sulla determinazione della velocité 
critica per un binario percorso con moto uniforme da un 
carico semimolleggiato. Ricerca Sci. 20, 667-670 (1950). 
A mass is elastically supported on a second mass, the 

combination moving with constant speed along an infinite 

beam on an elastic foundation. The author obtains the 

characteristic equation for the critical speed, and shows that 

previously known results can be obtained by specialization. 
F. B. Hildebrand (Cambridge, Mass.). 


Poritsky, H. Stresses and deflections of cylindrical bodies 
in contact with application to contact of gears and of loco- 
motive wheels. J. Appl. Mech. 17, 191-201 (1950). 

An exhaustive study is made of stresses and deflections of 
cylindrical bodies in contact along parallel generators by 
expressing them in terms of Airy’s stress function instead of 
deducing them from Hertz theory. The results are applied 
to contact between gear teeth as well as to contact between 
rolling cylinders or a wheel rolling on a track, both under 
conditions of slip and under condition of zero slip or locking 
of part of the contact area. For cylinders having unequal 
elastic moduli it is found that the normal stress distribution 
of Hertz theory has to be slightly modified. 

B. R. Seth (Delhi). 


Shepherd, W. M. On the stresses in close-coiled helical 
springs. Quart. J. Mech. Appl. Math. 3, 459-468 (1950). 
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Garcia, Godofredo. Equations of finite vibratory motions 
in isotropic elastic media. Surface force sufficient to 
maintain equilibrium. Actas Acad. Ci. Lima 13, 29-38 
(1950). (Spanish) 

This paper, whose intent is stated in its title, gives wrong 
solutions to trivial problems. The basic error, however, is 
not new: if the reviewer has correctly understood the au- 
thor’s undefined notations and misprints, the stress-strain 
relations used are those once proposed by St.-Venant [J. 
Math. Pures Appl. (2) 8, 257-295, 353-430 (1863); see §2], 
whose incorrect confusion of coordinates in the deformed 
and undeformed states of the body was pointed out by 
Brill and Boussinesq [cf. St. Venant, ibid. (2) 16, 275-307 
(1871), see §7]. The falsity of the author’s results is obvious, 
since for the speed of propagation of finite waves in iso- 
tropic bodies he obtains expressions which are not scalars 
unless the displacement gradients are infinitesimal. 

C. Truesdell (Bloomington, Ind.). 


Mendelson, Alexander, and Gendler, Selwyn. Analytical 
determination of coupled bending-torsion vibrations of 
cantilever beams by means of station functions. Tech. 
Notes Nat. Adv. Comm. Aeronaut., no. 2185, 62 pp. 
(1950). 

In this report, the method of station functions suggested 
by Rauscher [J. Aeronaut. Sci. 16, 345-353 (1949)] is 
applied to the bending-torsion vibrations of a cantilever 
beam. For a uniform beam, a calculation with m stations 
(n degrees of freedom) gives m—1 frequencies and modes in 
good agreement with the theoretical exact values. 

W. H. Muller (Amsterdam). 


*Grossman, E. P. Flutter. Headquarters Air Materiel 
Command, Wright-Patterson Air Force Base, Dayton, 
Ohio, Tech. Rep. no. F-TS-1225-IA (GDAM A9-T-44). 
iv+v+393 pp. (1949). 

[Translation of Trudy Central. Aero-Gidrodinam Inst., no. 
284 (1937). ] This report was written 13 years ago. In that 
year it was not yet known how to calculate the critical speed 
of systems involving a rudder. A satisfactory method for the 
calculation of the aerodynamic forces on an oscillating wing 
did not appear until some years later. In this report the 
calculation of the aerodynamic forces is based on the hy- 
pothesis of quasi-steady motion and is therefore only 
possible for flexural-torsional oscillations. So the main part 
is occupied by the flexural-torsional oscillations of a wing, 
first in vacuo uncoupled and coupled. After a qualitative 
analysis of the origin of flutter, the critical speed for 
flexural-torsional flutter is calculated. The equations of 
motion are solved by Galerkin’s method. The complex 
conjugates of the accepted modes are used as weight func- 
tions. Successive approximations are found by substituting 
the mth approximation in all terms of the equations of 
motion except those representing bending or twisting mo- 
ments. Integration of the remaining equations gives the 
(n+1)th approximation. The effect of structural parameters 
of the wing on the critical speed and the effect of the position 
of the elastic axis and centre of gravity are investigated 
from examples. In the chapters on the effect of an aileron 
on wing flutter and flutter of tail surfaces there are men- 
tioned, besides the results of some experiment, the conditions 
that the static moment about the hinge line and the product 
of inertia about the torsional axis and the hinge line must 
be zero. 

W. H. Muller (Amsterdam). 
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Kimura, Renichi, and Yoshimura, Masao. On the natural 
frequency of a magneto striction oscillator of [=| type. 
Rep. Inst. Sci. Tech. Univ. Tokyo 1, 125-127 (1947). 
(Japanese) 

Vibration patterns of the |+|-type magneto-striction oscil- 
lator are investigated mathematically. The modes of vibra- 
tion for several plate dimensions (a=4 cm., b=4, 3, 2 cm.) 
are given. C. Kikuchi (East Lansing, Mich.). 


Hoff, N. J. Bending and buckling of rectangular sandwich 
plates. Tech. Notes Nat. Adv. Comm. Aeronaut., no. 
2225, 28 pp. (1950). 

Differential equations and boundary conditions for the 
bending and buckling of sandwich plates are derived by 
means of the principle of virtual displacements. It is believed 
that the method permits the solution of a wider range of 
boundary value problems than other methods that are to 
be found in the rather extensive existing literature of this 
subject. The treatment includes the effect of the stiffness of 
the facings, an effect that has not always been considered 
in previous investigations. The method is applied to the 
derivation of the formula for the buckling load of a simply 
supported plate subjected to edgewise compression. Nu- 
merical results are presented in a family of curves. 

H.. W. March (Madison, Wis.). 


Thielemann, Wilhelm. Contribution to the problem of 
buckling of orthotropic plates, with special reference to 
plywood. Tech. Memos. Nat. Adv. Comm. Aeronaut., 
no. 1263, 122 pp. (1950). 

From the relations connecting the components of stress 
and strain in isotropic materials, formulas are derived for 
calculating the elastic constants of plates of plywood in 
plane stress and in bending, from the constants of the com- 
ponent veneers. By the usual transformations of the com- 
ponents of stress and strain these constants are found for 
the general case in which the axes of reference are inclined 
to the axes of symmetry. In the second portion of the paper 
formulas are derived for the buckling loads of infinitely long 
plywood plates in compression and shear for various inclina- 
tions of the axes of symmetry to the edges of the plates. The 
results of both portions of the paper are presented in an 
extensive series of charts. It should be noted that this paper 
is a translation of a German report [Forschungsgemein- 
schaft Halle, rep. FGH 150/19] and that it was presumably 
prepared before 1945. Much of the same ground and much 
more has been covered in work done during the past decade 
in the United States, Great Britain, and Australia. An excel- 
lent survey of this work together with a bibliography will 
be found in the report “Elasticity of Wood and Plywood” 
issued by the British Forest Products Research Laboratory 
in 1948. The results of much recent theoretical and experi- 
mental work on the elastic behavior of plywood are incor- 
porated in the recommendations of the Army-Navy-Civil 
Committee on Aircraft Design Criteria [Bulletin ANC-18, 
U. S. Govt. Printing Office, Washington, 1944]. 

H. W. March (Madison, Wis.). 


Levi, Franco, e Capra, Vincenzo. Influenza delle defor- 
mazioni viscose sulle condizioni di stabilita dell’equilibrio. 
Ricerca Sci. 20, 1662-1666 (1950). 

The authors claim to indicate by two examples that the 
Euler crippling load of a column is not altered by the pres- 
ence of viscous stresses. They suppose the viscosity to be 
linear, but they do not state precisely what law it follows, 
nor can the reviewer understand their analysis or results. 
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which are presented in terms of an unexplained and unde- 
fined symbol. C. Truesdell (Bloomington, Ind.). 


Edelman, F., and Drucker, D. C. Some extensions of 
elementary plasticity theory. Graduate Division of Ap- 
plied Mathematics, Brown University, Providence, R. I., 
Tech. Rep. All-46, 42 pp. (1950). 

A detailed investigation is presented of yield or loading 
criteria, for work hardening materials, which lead to con- 
stant strain ratios under increasing stress, when the stress 
ratios are maintained constant. The Prager stress-strain law 
is used, and it is assumed, first, that constant stress ratios 
imply constant plastic strain ratios and, second, that no 
plastic volume changes occur. Eight loading criteria are 
examined, in increasing order of complexity, in which the 
loading functions are of either isotropic or anisotropic type, 
and in which the loading functions may depend either upon 
stress alone, or upon both stress and plastic strain. The 
flexibility of each criterion, with respect to correlation of 
test data, is discussed and illustrated. 

F. B. Hildebrand (Cambridge, Mass.). 


Edelman, F. On the coincidence of plasticity solutions 
obtained with incremental and deformation theories. 
Graduate Division of Applied Mathematics, Brown Uni- 
versity, Providence, R. I., Tech. Rep. Al1-49, i+33 pp. 
(1950). 

The author investigates certain conditions under which a 
uniform magnification of surface loads on a plastic body 
leads to a corresponding proportional magnification of the 
interior stresses, and under which deformation theories may 
be substituted for incremental theories. It is shown that, for 
a large class of loading criteria, the desired situation obtains 
if and only if the stress-strain relation is of the so-called 
power-term type. F. B. Hildebrand. 


Hodge, P. G., Jr., and White, G. N., Jr. A quantitative 
comparison of flow and deformation theories of plasticity. 
J. Appl. Mech. 17, 180-184 (1950). 

The stresses and displacements in a partly plastic, infi- 
nitely long, hollow cylinder are obtained according to the 
flow type of stress-strain law of Prandtl-Reuss and to the 
deformation law of Hencky. In both cases the Mises yield 
condition is used, and the compressibility of the material 
is taken into account. It is shown that the results are in 
substantial agreement in this particular case. The results 
are also compared with those of other investigations. 

F. B. Hildebrand (Cambridge, Mass.). 


Hodge, P. G., Jr. The method of characteristics applied 
to problems of steady motion in plane plastic stress. 
Quart. Appl. Math. 8, 381-386 (1951). 

The author considers a thin sheet of plastic material 
whose middle surface coincides with the (x, y)-plane and 
whose bounding surfaces are determined by 22= +h(x, y). 
By introducing (1) the equilibrium relations for the 
averaged stress components, (2) a yield condition (which 
is satisfied approximately) by the averaged stress com- 
ponents, (3) the incompressibility condition, (4) two equa- 
tions relating averaged stress and averaged rate of strain, 
the author obtains a system of six linear partial differential 
equations in six unknown functions. Under the assumption 
that this system is hyperbolic, the author expresses the 
equations in terms of characteristic variables. The resulting 
equations can be integrated by finite difference methods. 
N. Coburn (Ann Arbor, Mich.). 
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Hodge, P. G., Jr. Yield conditions in plane plastic stress, 

J. Math. Physics 29, 38-48 (1950). 

The author first summarizes the stress equations for a 
perfectly plastic material, in a state of plane stress, with 
reference to an arbitrary isotropic yield condition. It is then 
shown that, whereas these equations are of hyperbolic type 
in part of the range of admissible stresses, the reality of the 
characteristics elsewhere is dependent upon the form of the 
yield condition. In the case of an infinite plate with a circular 
hole, under internal pressure, it is shown that small modifica- 
tions of the usual yield conditions lead, in general, to small 
changes in the stress solution. However, in the case of a 
notched strip in tension, this situation does not occur. In 
consequence of a discussion of these results, it is concluded 
that a satisfactory solution of the axially symmetric stress 
problem probably cannot be obtained by the method of 
characteristics. F. B. Hildebrand (Cambridge, Mass.). 


Geiringer, Hilda. On the plane problem of a perfect 
plastic body. Graduate Division of Applied Mathe- 
matics, Brown University, Providence, R. I., Tech. Rep. 
Al11-55, 33 pp. (1950). 

The author considers two plane plastic stress problems in 
this paper. First, for an arbitrary yield condition, the 
analogy between a proper form of the equilibrium relations 
of plasticity (or elasticity) and the relations between the 
stream and potential functions of a two dimensional com- 
pressible flow lead the author to a study of the stress plane. 
This plane is determined by the variable S, the mean stress, 
and 6, the angle between the x-axis and a principal direction 
of stress in the physical plane. Essentially, this plane is the 
analog of the hodograph plane in the case of compressible 
fluids. The author notes that this analogy leads to the result 
that the yield condition corresponds to the adiabatic rela- 
tion. Various formulations of the equilibrium relations in 
the stress plane are studied. All of these lead to linear second 
order partial differential equations. It is shown that the 
character of these equations (elliptic, parabolic, hyperbolic) 
is determined by the yield condition. Secondly, the author 
examines three particular yield conditions: (1) the von 
Mises “quadratic condition’’; (2) the Saint Venant “hex- 
agonal condition”; (3) a new “parabolic condition” due to 
von Mises. In the hyperbolic domain, the characteristics for 
the general yield condition and in particular for the above 
three yield conditions are studied. Finally, the author con- 
siders the case when one family of characteristics is a simple 
wave (an equivalent term is a “fan” or a “lost solution”). 
These simple waves and the cross characteristics for each 
of the above three yield conditions are explicitly determined. 
The above results are to be applied to problems in a future 
report. As the author notes, some of her results have been 
previously obtained [P. G. Hodge, Jr., same report series 
All-S2 (1950); these Rev. 12, 459; von Mises, Reissner 
Anniversary Volume, Contributions to Applied Mechanics, 
pp. 415-429, Edwards, Ann Arbor, Mich., 1948; these Rev. 
10, 648; Sokolovsky, J. Appl. Mech. 13, A-1-A-10 (1946); 
these Rev. 7, 352]. N. Coburn. 


*Coburn, N. A graphical method for solving problems in 


plane plasticity. Proc. Symposia Appl. Math. v. 3, pp- 
201-211. McGraw-Hill Book Co., New York, N. Ys 


1950. $6.00. 
The construction given is based on a tensor which has the 
same principal directions as the stress tensor. Its advantages 
are not evident. 


D. C. Drucker (Providence, R.I.). 
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¥Lee, E. H. On stress discontinuities in plane plastic 
flow. Proc. Symposia Appl. Math. v. 3, pp. 213-228. 
McGraw-Hill Book Co., New York, N. Y., 1950. $6.00. 
Prager [Courant Anniversary Volume, pp. 289-300, 
Interscience, New York, 1948; these Rev. 10, 82] considered 
the problem of determining the plastic stresses in a wedge 
when the material is assumed to be in a state of plane strain 
and uniform pressure acts over a portion of one side of the 
wedge. He found that two types of solutions arise. If the 
wedge angle is less than 90° then a stress discontinuity line 
must be introduced, along which the normal component of 
stress (parallel to this line) is discontinuous. However, if the 
wedge angle is larger than 90° then a continuous solution 
for the stresses exists. The author points out that even in 
this second case a stress discontinuity line may be intro- 
duced with a resultant discontinuous solution for the 
stresses. In order to eliminate the possibility of this solution, 
the author is led to an examination of the plastic velocity 
distributions associated with a given stress system. By 
assuming that the velocity distribution is known along one 
side of the wedge and that the stress discontinuity line acts 
as an inextensible membrane, the author succeeds in deter- 
mining the velocity distribution in the wedge. The method 
is based upon subdividing the wedge region into domains 
bounded by characteristics. It is shown that for the acute- 
angled wedge, a nonvanishing velocity normal to one side 
of the wedge leads to a unique velocity distribution through- 
out the wedge. However, in the case of the obtuse-angled 
wedge, the assumption of a stress discontinuity (and hence 
a resultant inextensible membrane) leads to the result that 
the plastic velocity must vanish identically within the 
wedge and on the boundary. Since this result is not com- 
patible with plastic flow, a stress discontinuity line cannot 
exist within the obtuse-angled wedge. Thus, the author 
concludes that only by studying the velocity distributions 
as well as the stress distributions can one obtain a proper 
solution for the plain stress problem. N. Coburn. 


Lee, E. H., and Wolf, H. Plastic wave propagation effects 
in high speed testing. Graduate Division of Applied 
Mathematics, Brown University, Providence, R. I., Tech. 
Rep. All-48, 33 pp. (1950). 

The authors show that neglect of plastic wave propaga- 
tion effects may invalidate stress-strain measurements in 
high speed material testing, due to the presence of nonuni- 
form strain variations over the specimen as the testing speed 
is increased. A particular test arrangement is analyzed in 
detail, and it is shown that the application of one-dimen- 
sional plastic wave theory accounts for earlier discrepancies 
between experimental results and theoretical predictions in 
that case. F. B. Hildebrand (Cambridge, Mass.). 


von Kérman, Theodore, and Duwez, Pol. The propagation 

of plastic deformation in solids. J. Appl. Phys. 21, 987- 

994 (1950). 

Longitudinal impact on the end of a semi-infinite rod is 
analysed when the impact velocity is sufficient to cause 
plastic flow. An invariant stress-strain relation is assumed, 
independent of the strain rate. Elastic and plastic wave 
fronts are predicted. Theory for a rod of finite length is dis- 
cussed briefly. Experiments show reasonable agreement with 

cory for copper, although a minor strain rate effect is 
evident. This effect is shown to be large for tests with an- 
nealed iron and mild steel. E. H. Lee. 





*Prager, W., and Symonds, P. S. Stress analysis in 
elastic-plastic structures. Proc. Symposia Appl. Math. 
v. 3, pp. 187-197. McGraw-Hill Book Co., New York, 
N. Y., 1950. $6.00. 

The authors choose as their model the elastic-plastic 
plane truss. By using the concept of a Euclidean stress 
space, they obtain simple derivations and geometrical inter- 
pretations of the relevant minimum principles, and apply 
the results to limit design in the case of proportional 
loading. F. B. Hildebrand (Cambridge, Mass.). 


Heyman, Jacques. Plastic design of beams and plane 
frames for minimum material consumption. Quart. 
Appl. Math. 8, 373-381 (1951). 

This paper is concerned with the design of plane frames 
in such a way that the material consumption is a minimum. 
The method of solution is to set up linear inequalities for the 
variables involved, and to solve these inequalities by the 
method of Dines [Ann. of Math. (2) 20, 191-199 (1919) ]. 
The author treats collapse design under fixed and varying 
loads and shakedown design under varying loads, and in- 
cludes explicit examples. F. B. Hildebrand. 


Neal, B.G. Plastic collapse and shakedown theorems for 
structures of strain-hardening material. J. Aeronaut. 
Sci. 17, 297-306 (1950). 

This paper appeared previously [Graduate Division of 
Applied Mathematics, Brown University, Providence, R. I., 
Tech. Rep. All—40 (1949); these Rev. 11, 560]. 

F. B. Hildebrand (Cambridge, Mass.). 


Symonds, P. S. The basic theorems in the plastic theory 
of structures. J. Aeronaut. Sci. 17, 669-670 (1950). 
The inequalities developed by Neal [see the preceding 

review | are simplified to two sets with clear physical mean- 

ing. One is the requirement that the range of moment com- 
puted on a purely elastic basis be less than the algebraic 
difference between positive and negative moments which 
would produce initial (extreme fiber) yield. The second re- 
quirement is that a residual set of moments can be found 
such that the sum of the elastic moments and the residual 
always lies between the negative and positive fully plastic 
(plastic hinge) moments. D. C. Drucker. 


Neighbours, J. R., and Smith, Charles S. An approxima- 
tion method for the determination of the elastic constants 
of cubic single crystals. J. Appl. Phys. 21, 1338-1339 
(1950). 

Die Gleichungen der Elastizitatslehre werden im regu- 
laren System, in dem nur drei elastische Konstanten auf- 
treten, besonders einfach, wenn man die kristallographischen 
Achsen als Koordinatenachsen benutzt, im entgegen- 
gesetzten Fall sind sie verwickelter, wenn jedoch die eine 
Achse des willkiirlichen Koordinatensystems in einer 
Koordinatenebene des ersteren liegt, so kénnen alle neun 
Richtungscosinus der neuen Achsen mit Hilfe der drei von 
einer dieser anderen zwei Achsen ausgedriickt werden. Die 
Verfasser berechnen die Ausbreitungsgeschwindigkeiten der 
zwei transversalen und der einen longitudinalen Welle in 
dieser letzteren Richtung und erhalten dafiir nach bekannten 
Methoden eine sekulare Determinantengleichung dritten 
Grades, die sie mit Hilfe von Perturbationsmethoden lésen. 
Umgekehrt kann man dann aus den drei Ausbreitungs- 
geschwindigkeiten die elastischen Konstanten im willkir- 
lichen und daraus die im kristallographischen Koordinaten- 
system (also die Gréssen Cy, Ci: und Cy) berechnen. Das 








Problem ist die zweckmAssige Wahl der fraglichen Richtung, 
damit das Perturbationsverfahren genug schnell kon- 
vergiert. Am geeignetesten ist die [110 ]-Richtung in der die 
Stérglieder verschwinden. (Die entsprechende Matrix ist 
diagonal.) Richtungen, die von der erwadhnten nicht sehr 
abweichen, liefern nur kleine Perturbationsglieder. 

T. Neugebauer (Budapest). 


Peach, M., and Koehler, J.S. The forces exerted on dis- 
locations and the stress fields produced by them. Phys- 
ical Rev. (2) 80, 436-439 (1950). 

Ziel der Arbeit ist die Berechnung cer auf eine Burgerssche 
Dislokation wirkenden Kraft, wenn im fraglichen Kristall 
ein elastischer Spannungszustand besteht. Unter dem 
erwahnten Kristallbaufehler ist eine kleine Verriickung 
entlang einer Flache eines kleinen abgegrenzten Teiles des 
Kristalls zu verstehen, demzufolge Kristallbaufehler (Dislo- 


Optics, Electromagnetic Theory 


Tedone, Giuseppe. Su un tipo particolare di mezzi ottici 
isotropi eterogenei. Boll. Un. Mat. Ital. (3) 5, 251-255 
(1950). 


Kiuchi, Masazo, Ishiguro, Kozo, and Miyake, Kazuo. 
Aberrations of decentred optical system. Rep. Inst. 
Sci. Tech. Univ. Tokyo 1, 154-158 (1947). (Japanese) 

Kiuchi, Masazo, and Miyake, Kazuo. On the aberration 
of decentred optical system. [I. Rep. Inst. Sci. Tech. 
Univ. Tokyo 3, 77-82 (1949). (Japanese) 

A more explicit discussion of the results obtained by A. 

E. Conrady [Monthly Not. Roy. Astr. Soc. 80, 78-91 
(1919) ] is given. C. Kikuchi (East Lansing, Mich.). 


Franz, Walter. Zur Theorie der Beugung am Schirm. Z. 

Physik 128, 432-441 (1950). 

In two previous papers [same Z. 125, 563-596 (1949); 
Proc. Phys. Soc. Sect. A. 63, 925-939 (1950); these Rev. 10, 
764 | the author developed a method of successive approxi- 
mations applicable to Kirchhoff’s diffraction theory. For an 
infinitely sharp edge, however, the high-order approxima- 
tions became meaningless because they led to divergent 
integrals. The author now proposes a different procedure, 
which avoids the difficulty of singularities, similar to that 
of Braunbek [same Z. 127, 381-390 (1950); these Rev. 12, 
223]. Unfortunately, the author is somewhat careless in 
referring to Meixner’s [Ann. Physik (6) 6, 2-9 (1949); these 
Rev. 11, 562] precise edge conditions in electromagnetic 
diffraction theory when he requires only that (grad u)* be 
integrable at the edge. C. J. Bouwkamp (Eindhoven). 


Keller, Joseph B., and Blank, Albert. Diffraction and 
reflection of pulses by wedges and corners. New York 
University, Washington Square College, Mathematics 
Research Group, Research Rep. No. EM-21, i+24 pp. 
(1950). 

The authors study the two-dimensional problem of diffrac- 
tion and reflection of a plane acoustic or electromagnetic 
pulse by a wedge or a corner. By considering the propagation 
of the discontinuity at the front of the pulse, they solve the 
problem in terms of elementary functions by the method 
of conical flow (supersonic aerodynamics) and conformal 
transformation. All possibilities, relative to angle of inci- 
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kationen) entlang einer geschlossenen Kurve auftreten. Die 
Verfasser berechnen die an einem Element do dieser Kurve 
geleistete Arbeit, wenn die um eine kleine Strecke in einer 
willkiirlichen Richtung verschoben wird. Daraus erhalt man 
die in dieser Richtung wirkende Kraft. Weiter folgt ganz 
allgemein fiir die auf do wirkende Kraft dF = —v X (f-r)dg, 
wo U den in die Richtung von de weisenden Einheitsvektor, 
f die bei der erwahnten Dislokation auftretende Verriickung 
und r den Spannungstensor bedeuten. Dieses Gesetz ist zum 
elektrodynamischen Gesetz der von einem Magnetfelde auf 
ein Stromelement ausgeiibten Kraft analog; die erwahnte 
geschlossene Dislokationskurve spielt die Rolle einer 
Stromschleife. Im dritten Teil der Arbeit wird ahnlich der 
von solch einem Kristallbaufehler verursachte Spannungs- 
zustand berechnet und dabei wieder in einer weitgehenden 
Analogie zu dem Biot-Savartschen Gesetz gefunden. 
T. Neugebauer (Budapest). 
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dence and angle subtended by the boundaries of the wedge, 
are carefully distinguished. The analogous three-dimensional 
case is briefly discussed and other possible extensions are 
indicated. C. J. Bouwkamp (Eindhoven). 


Clemmow, P. C. A note on the diffraction of a cylindrical 
wave by a perfectly conducting half-plane. Quart. J. 
Mech. Appl. Math. 3, 377-384 (1950). 

The author’s summary is as follows: ‘““The most easily 
derived solutions in diffraction theory are for the case of 
incident plane waves. The solution for a line-source can then 
be obtained by a further integration, but this method, al- 
though well known in some fields, does not seem to have been 
applied in diffraction theory. Because of its importance in 
more complicated problems it is here illustrated by the 
example of a line-source in the presence of an infinitely thin, 
perfectly conducting half-plane. The introduction of Hankel 
functions is avoided, and the solution appears in a useful 
form, equivalent to that given by MacDonald and analo- 
gous to Sommerfeld’s famous solution for an incident 
plane wave.” C. J. Bouwkamp (Eindhoven). 


Mirimanov, R. G. The diffraction of spherical electro- 
magnetic waves from a thin conical surface of bounded 
dimensions. Doklady Akad. Nauk SSSR (N.S.) 73, 693 
696 (1950). (Russian) 

The author's general method [same Doklady (N.S.) 66, 
641-644 (1949); these Rev. 10, 764] for diffraction by bodies 
of infinitesimal constant thickness and finite conductivity 
is applied to obtain a formal solution in series for another 
special case. The source is an electric dipole lying in the axis 
of the cone and oriented parallel to it. By taking the angle 
of the cone to be 4x, the case of a circular disk can be 
obtained. W. H. Furry (Cambridge, Mass.). 


Svartholm, Nils. Velocity and two-directional focusing of 
charged particles in crossed electric and magnetic fields. 
I. Ark. Fys. 2, 195-207 (1950). 

This is a semi-expository paper on electron (ion) optical 
focusing and aberration problems, limited to simultaneous 
adjustable electric and magnetic fields of cylindrical and 
mirror symmetry; intended as introduction to a theory of @ 
mass spectrometer for mass defect work. The treatment 
expansional throughout, the fields being assumed specified 
in an annular region of the center plane; approximations are 
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carried out to 4th order (potentials) or 3rd order (fields), 
respectively. After derivation of the formal expansions for 
electric and magnetic fields and the introduction of the 
equations of motion and their formal solutions in terms of 
potentials, the following specific items are treated: direc- 
tional (radial, axial, double; focusing angles) focusing; 
velocity focusing; the geometrical aberrations for a point 
object; directional focusing of the second order (two- 
directional focusing, astigmatic imaging systems). 
H. G. Baerwald (Cleveland, Ohio). 


Ortusi, J., et Simon, J. C. Diffraction des paraboloides 

de révolution. Ann. Radioélec. 5, 321-330 (1950). 

This paper deals with the reflection of plane monochro- 
matic electromagnetic waves by a perfectly reflecting para- 
boloidal mirror of finite extent. The field at or near the focus 
is calculated by means of Kottler’s modification [Ann. 
Physik (4) 71(376), 457-508 (1923) ] of the Larmor-Tedone 
formulation of Huygens’ principle. It is assumed that the 
contribution of each surface element of the paraboloid is the 
same as that of the corresponding element of a tangential 
plane reflector. Experiments have been performed with three 
paraboloids of different shapes, using 8 cm. waves, and the 
results agree quite well with the theory. £. T. Copson. 


Gibellato,S. Onde elettromagnetiche ordinarie ed evanes- 
centi prodotte da distribuzioni piane di cariche e di 
correnti. Nuovo Cimento (9) 7, 606-625 (1950). 
Maxwell's equations possess solutions representing attenu- 

ated plane waves; each component of the electric and mag- 

netic vectors is proportional to exp [tw(t—R-a,)—wR-a, ], 
where R is the position vector (x, y, z), and a; and a; are real 
constant vectors called by the author the propagation vector 
and the attenuation vector respectively. By means of a; and 
&:, certain properties of the waves are discussed. If such a 
wave is incident, in z>0, on a perfectly conducting plane 
z=0, a charge density o and a current density j are induced 
in the plane. This charge and current generate the reflected 
waves in s>0, but in <0 they produce a field which just 
cancels the incident waves. By using this result, the field due 
to a charge and current density o=«) cos (nut—nzx), 
je= ou cos (nut—nx) is discussed in detail. If |u| <(eu)-}, 

a harmonic wave is propagated in the direction of the axis 

of x with attenuation in the positive and negative z direc- 

tions; but if |«|>(eu)-!, there are two ordinary waves 
which start symmetrically from the plane s=0. 
E. T. Copson (St. Andrews). 


Kober, C. L. Riickstrahlung von Reflexionskiérpern in 
Wellenfeldern. Osterreich. Ing.-Arch. 4, 235-243 (1950). 
The radar problem of determining the back radiation 

from a target can be solved by diffraction methods only 

when the target has a simple geometrical shape. The author 
suggests an asymptotic method for targets of any shape in 
which the target is replaced by a set of N arbitrarily oriented 
dipoles. Then, for an impulse of given frequency and band- 
width sent out by a transmitting antenna, the amplitude 
of the received radiation will be, in the first approximation, 
the sum of the reflected radiation from the N dipoles re- 
ceived over the transmitter surface. This amplitude is ex- 
panded in a triple Fourier series whose coefficients can be 

evaluated, and the number of nonvanishing coefficients is a 

measure of the amplitude of the back radiation. This number 

is determined by an ingenious lattice point construction, 
and is shown to be independent of the original number N of 
hypothetical dipoles. For waves in the meter range (or 
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longer) it is inversely proportional to the fourth power of the 
operating wavelength \; for shorter waves, in the decimeter 
and centimeter range, it is inversely proportional to the 
sixth power of A. The result may be used to determine the 
effective range of a transmitter for a target of assigned total 
volume. The method is also applied to different types of 
transmitting apparatus, and to the asymptotic determina- 
tion of resonant frequencies for cavities of arbitrary 
dimensions. M. C. Gray (Murray Hill, N. J.). 


Taub, A. H., and Wax, Nelson. Theory of the parallel 

plane diode. J. Appl. Phys. 21, 974-980 (1950). 

The author analyzes the theory of the parallel plane diode 
when a current of density J= J)[1+-u/(t) ] is applied at time 
t=0. Here J» is the direct current density, » is a constant, 
and f(t) is periodic in ¢. Topics discussed include the motion 
of the electrons initially between cathode and plate, and of 
the electrons which leave the cathode at time ¢>0. It is 
shown that the orbits of these electrons will not intersect 
when » <1. For small values of » the transit time and peak 
voltage are each expressed as power series in u. Then the 
average power per unit area can also be expressed as a power 
series. The constant term (independent of 4) is the d.c. 
power, the first order correction is zero, but the second order 
correction contains two integrals, which may be of com- 
parable magnitude, though the one which represents the 
contribution to the a.c. power from the second order voltage 
correction has usually been neglected. M. C. Gray. 


Ahiezer, A. I., and Lyubarskii,G. Ya. On the theory of the 
excitation of oscillations in a wave guide by means of a 
linear antenna. Akad. Nauk SSSR. Zurnal Tehn. Fiz. 
20, 1049-1064 (1950). (Russian) 

Expressions are derived for the fields in a circular wave 
guide excited by a linear antenna directed along the axis of 

the guide. E. N. Gilbert (Murray Hill, N. J.). 


Muhina, G. V. On the screening effect of conducting 
layers located over a vertical dyke. Izvestiya Akad. 
Nauk SSSR. Ser. Geograf. Geofiz. 14, 392-402 (1950). 
(Russian) 

An approximate solution of the problem stated is obtained 
by replacing the vertical dyke and the horizontal screening 
layer of thickness he, hk, and of conductibility oo”, oo’ by 
infinitely thin planes of conductibility hao’ and hoo’, respec- 
tively. The discontinuities of the observed apparent resis- 
tivity just above the dyke are illustrated by curves for 
various values of parameters. E. Kogbetliants. 


Schumann, W. O. Ausbreitung elektrischer Wellen lings 
geschichteter und lings kontinuierlich verinderlicher 
Plasmen. Z. Naturforschung 5a, 612-617 (1950). 

In einer friiheren Arbeit [S.-B. Math.-Nat. Kl. Bayer. 
Akad. Wiss. 1948, 255-279 (1949); diese Rev. 11, 567] 
wurde vom Verfasser gezeigt, dass Wellen langs einer 
homogenen Plasmaschicht sich nur bei Kreisfrequenzen 
wSwo/+/2 ausbreiten, wo wo? = Ne*/mey ist und € die Dielek- 
trizitatskonstante des Vakuums bedeutet, die hier, da 
technische Einheiten benutzt werden, nicht gleich eins ist. 
Die Phasen- und Gruppengeschwindigkeit nimmt vom 
Werte c bei w=0 bis auf Null bei w,=w//2 ab. In der 
vorliegenden Arbeit wird die Frage besprochen, ob analoge 
Verhaltnisse auch bei Plasmen verinderlicher Dichte 
auftreten. 
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Zuerst wird der Fall eines geschichteten Plasmas unter- 
sucht in der sich eine longitudinale E-Welle der Form 
e/*-«2) ausbreitet. Fiir die in der angrenzenden Luft, im 
dusseren Plasma und im inneren Plasma auftretenden 
elektrischen und magnetischen Feldintensitaten werden 
dann die bekannten Ausdriicke angenommen und aus den 
Stetigkeitsbedingungen an den Grenzflachen folgt, dass 
zwei Frequenzbander auftreten: im ersten geht die Kreis- 
frequenz von w=0 bis wo2/+/2, im zweiten von einem mit 
Hilfe der Schichtdicken und wo; and wo: ausdriickbaren Wert 
von w bis w? = $(w*o:-+w"o2). Die Kreisfrequenzen wo2 und wo: 
beziehen sich auf das dussere und innere Plasma. Die 
Phasengeschwindigkeit andert sich in beiden Fallen von 
v=c bis v=0. 

Wenn sich dagegen die Dichte des Plasmas senkrecht zur 
Ausbreitungsrichtung kontinuierlich andert, so folgt unter 
gewissen vereinfachenden Annahmen fiir die magnetische 
Feldintensitat die Differentialgleichung 


#H,/ay'—y~9H,/dy —@H, =0, 


welche die Lésung H, = yZ,( jay) besitzt, wo Z eine Besselsche 
Funktion ist. Die auftretenden elektrischen Feldintensitaten 
werden ebenfalls durch Besselsche Funktionen ausgedriickt. 
Da die Felder in die Tiefe des Plasmas hinein exponentiell 
verschwinden, so kommt dort nur die Hankelsche Funktion 
zweiter Art in Frage, dagegen fiir y>0O die erster Art. 
Zuletzt wird noch der Fall besprochen, dass die zunehmende 
Plasmadichte endlich wieder konstant wird; dann sind nur 
Wellen fiir w* <w,o?/2 méglich, wobei sich w» auf die konstante 
Plasmadichte bezieht. T. Neugebauer (Budapest). 


Wigge, Heinrich. Eigenschwingungen von dielektrischen 
Ringen. Arch. Elektr. Ubertragung 4, 455-461 (1950). 
The author considers free oscillations of a ring, or torus, 

of material of high dielectric constant and small but finite 

conductivity. Assuming rotational symmetry, an approxi- 
mate solution of Maxwell's equations in toroidal coordinates 
is obtained for the case when the radius of the ring is large 
compared with the radius of the circular cross section. From 
the field inside the ring the wave length for natural oscilla- 
tions is obtained and also an approximate formula for the 
displacement current, which shows that the ring may be 
regarded as an infinite number of series-connected elemen- 
tary capacitances with associated self-inductances. The case 
of a ring of magnetic material is also discussed. 

M. C. Gray (Murray Hill, N. J.). 


KrasnuSkin, P. E. On the theory of waves and vibrations 
in nonhomogeneous discrete structures (nonhomogene- 
ous wave filters). Akad. Nauk SSSR. Zurnal Tehn. Fiz. 
20, 1065-1083 (1950). (Russian) 

Perturbation methods are used to find the currents in the 
branches of a ladder type filter which does not have identical 

sections. E. N. Gilbert (Murray Hill, N. J.). 


Kich, Alfred. Die Wbertragungseigenschaften des Hohl- 
raumresonators als Zwischenkreistransformator. Arch. 
Elektr. Ubertragung 4, 301-308 (1950). 

The Author’s summary is as follows: “Es werden die 
transformatorischen Eigenschaften des Hohlraumresonators 
als passiver Zwischenkreis und unter Beriicksichtigung der 
Eigenverluste eingehend untersucht und allgemeine Zusam- 
menhange tiber Leistungsanpassung, Betriebsdampfung und 
Bandbreite angegeben. Im besonderen zeigt sich, dass 
lediglich durch Veranderung der Kopplungsgrade auch dann 
optimale Betriebsbedingungen eingestellt werden kénnen, 
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wenn sich sowohl im Einkopplungskreis wie auch im Aus- 
kopplungskreis ein beliebiger Reaktanzvierpol befindet. Die 
hervorgehenden Resultate stehen in vollem Einklang mit 
den abschliessend aufgefiihrten Vergleichsmessungen am 
Eingangskreis eines Mikrowellenempfangers.” 

N. Levinson (Cambridge, Mass.). 


Tomonaga, Sin-itiro. A general theory of ultra-short wave 
circuits. I. J. Phys. Soc. Japan 2, 158-171 (1947). 
The author discusses the increasing use of waveguides and 

cavities as circuit elements in complex networks at ultra- 
high frequencies, and suggests that some properties of such 
networks may be obtained without actually solving Max- 
well’s equations for the whole waveguide system. For in- 
stance, consider a system consisting of a cavity resonator 
with waveguides emerging at various points, and assume 
that there are no reflections at the outer end of each guide. 
Then if the guides, considered separately, have known 
modes of propagation, a characteristic matrix A may be 
introduced, each element a}, representing the amplitude 
of the wave of mode /’ emerging from the N’th guide when 
a wave of mode / and unit amplitude is propagated inwards 
in the Nth guide. From reciprocity considerations A is 
symmetric, and once its value has been found it may be used 
to solve other incident wave conditions by purely algebraic 
processes. Further, when the original system possesses cer- 
tain types of symmetry the number of independent elements 
in A may be radically reduced and it may be possible to 
determine the matrix completely from one or two simple 
measurements. As an example, the matrix elements are 
evaluated for a “‘symmetric trap,” a waveguide with a side 
tube attached symmetrically. M. C. Gray. 


Tomonaga, Sin-itiro. A general theory of ultra-short-wave 
circuits. II. J. Phys. Soc. Japan 3, 93-105 (1948). 
This is a continuation of the paper reviewed above, and 

contains additional examples of the use of the characteristic 

matrix. The author shows how to determine the matrix A 

of a system composed of two or more simpler systems whose 

matrices are known. This theory is applied first to the case 
of a cylindrical resonator of variable length with two open- 
ings, one near each end of the resonator, and then to the 
case of a resonator of fixed length with any number of 
openings. In the first case the resonant length for a fixed 
frequency can be determined, in the second, the resonant 
frequency. The formulas obtained are too complicated to be 
easily summarized, but properties discussed include the 
evaluation of the Q of each resonator, the energy stored per 
cycle, the damping coefficients and leakage factors, and the 
amplitudes of the waves in each waveguide opening when 
it is assumed that natural oscillations have been excited in 
the resonators. M. C. Gray (Murray Hill, N. J.). 


' Kovalenkov, V.I. The separation of equations express- 
ing electromagnetic processes in linear circuits. Avto- 
; matika i Telemehanika 8, 255-261 (1947). (Russian) 
Kuznecov, V. N. Geometrical interpretation of V. L 
Kovalenkov’s method of separation. Avtomatika i 
Telemehanika 8, 405-410 (1947). (Russian) 
The first author, by a linear change of variables, trans- 
forms the 2(m—1) differential equations of an m-wire trans- 
mission line into »—1 pairs of differential equations of the 
kind that represent two-wire transmission lines. The only 
cases considered assume special relationships to hold among 
the parameters of the line so that the transformation is 
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especially simple. The second author carries out the details 
of solving the equations of the three-wire line. 
E. N. Gilbert (Murray Hill, N. J.). 


Zadeh, L. A. Correlation functions and power spectra in 
variable networks. Proc. I.R.E. 38, 1342-1345 (1950). 
From the author’s summary: ‘The problem considered 

in this paper is that of establishing a relation between the 
correlation functions and also the power spectra of the input 
and output of a linear varying-parameter network whose 
transmission characteristics are random-periodic functions 
of time.” N. Levinson (Cambridge, Mass.). 


Pélissier, René. La propagation des ondes transitoires et 
périodiques le long des lignes électriques. I, I, Il. 
Rev. Gén. Electricité 59, 379-399, 437-454, 502-512 
(1950). 

The author discusses in considerable detail the establish- 
ment of the transmission line equations (telegraphers’ equa- 
tion) and their solution by means of Laplace transforms, but 
using current and surface charge (per unit length) as main 
quantities of interest instead of the more usual current and 
voltage formulation. He deduces first the solution for the 
infinite line as also given by J. R. Carson [Electric circuit 
theory and the operational calculus, McGraw-Hill, New 
York, 1926]. A number of graphs illustrate the propagation 
and distortion of current and charge waves if unit step 
voltage is applied at the sending end of the line, as well as 
the deformation of rectangular voltage pulses. For the 
treatment of transmission lines of finite length, the expan- 
sion in travelling waves is used whereby the characteristic 
impedance is approximated by 


.=[(r+pl)/(g+pc) }'= (t/c)(1+e/p), 


where ¢=}(r/l—g/c) is the distortion constant introduced 
by Heaviside. This approximation permits a relatively 
simple evaluation of reflection effects at the open- or short- 
circuited far end of the lines, as well as of the effects of 
termination into an inductance or capacitance; several 
interesting graphs are given for voltage and current values. 

In second approximation, the author introduces modifica- 
tions in the propagation constant and characteristic im- 
pedance z, to take care of the “skin effect.” From a brief 
consideration of Maxwell's field equations, he deduces the 
following approximations 


x(b) =C(r+bp'+lp)(g+cp) }' = (ie)'p(1+A/p'+6/p), 
2e(p)=(t/c)(1+A/p'+o/p) 


which lead to new results illustrated by several graphs for 
the infinitely long transmission line as well as the finitely 
long line. The effect of dielectric losses and of corona are 
also briefly discussed. The theory is then applied in a general 
way to several specific cases of three parallel transmission 
wires of which one might be replaced by a ground. Again, 
graphs are given for several specific cases. 

The overall theoretical results are applied to several cases 
of practical importance. The damping of sinusoidal voltage 
and current waves of high frequency is examined and graphs 
are given. The propagation of waves induced by lightning 
and by other faults is studied and the theoretical results 
compared with experimental evidence. It is concluded that 
the extended theory gives much more information than 
previous treatments of wave propagation along lines and 
gives better confirmation of the experimental facts even 
though drastic simplifications were necessary to make it 
manageable. E. Weber (Brooklyn, N. Y.). 








Ginzburg, S.A. A theorem a nonlinear 
pole. Blektriéestvo 1950, no. 9, 68-73 (1950). (Russian) 
Nonlinear characteristic curves are replaced by approxi- 
mating polygonal ones made up of line segments. On each 
segment a linear relation holds. This is made the basis of 
an approximate theory. The limiting case is considered. 
N. Levinson (Cambridge, Mass.). 


Kirschner, Ulrich. Allgemeine Netzwerktheorie. Arch. 

Elektr. Ubertragung 4, 367-373 (1950). 

A rather detailed analysis of multipole networks is given 
in this paper. The relations between the terminal voltages, 
the branch currents, and the mesh currents are given in 
matrix notation. Through the impedance matrix, the ter- 
minal voltages may be expressed as linear transformations 
of the currents entering the terminals. Conversely, the 
currents appear as linear transformations of the voltages, 
through the admittance matrix. A transmission matrix is 
derived by means of which it is possible to express the volt- 
age and current at one pair of terminals as a linear trans- 
formation of the voltages and currents at the remaining 
pairs of terminals. R. Kahal (St. Louis, Mo.). 


Oono, Yosiro. Synthesis of a finite 2-terminal network by 
a group of networks each of which contains only one 
ohmic resistance. J. Math. Physics 29, 13-26 (1950). 
This paper affords a proof of the result (theorem 6 of 

the paper), stated as a surmise by Cauer [Math. Ann. 

106, 369-394 (1932)], that every positive real matrix 

|| f.. (A)||, s, t= 1, ---,m (ie., such that the quadratic form 

Do in1d.2=1fe,e(A)%-x, is an impedance function for all real 

values of the x’s) of order m of rational functions is the 

impedance matrix of a 2n-terminal passive network with 
lumped linear elements. The proof, which has constructive 
character, thus furnishing a general method of synthesizing 

a finite passive 2m-terminal network from its prescribed 

impedance matrix, rests essentially on the following result 

(theorem 2 of the paper). A positive real matrix of order n, 

whose real-part matrix is of rank 1 on the imaginary axis, 

is capable of representation by a 2(m+-1)-terminal network 
terminated in a resistance at its one pair of terminals. This 
result, combined with the fact (theorem 4), that a positive 
real matrix is expressed as the sum of positive real matrices 
whose real-part matrices are of rank 1 or 0 on the imaginary 
axis, easily yields (theorem 5) that a positive real matrix of 
order m is represented by a 2m-terminal network made of at 
most m reactive networks in series, each of which is ter- 
minated in a resistance at one end. [Remarks by the re- 
viewer. (a) Theorem 6, which has obvious importance for 
the theory of network synthesis, has been independently ' 

found by M. Bayard [Bull. Soc. Francaise Electriciens (6) 

9, 497-502 (1949) ], and both proofs rest essentially on the 

same idea. One also finds [loc. cit., p. 501] atheorem which 

is equivalent to theorem 4. (b) Theorem 2 has been inde- 

pendently proved by Leroy [Cables & Transmission 4, 234— 

247 (1950), p. 242, theorem 10]. (c) In a later paper [ibid., 

281-296 (1950)], Bayard gives a further independent 

method of network synthesis, which amounts to furnishing 

an alternative, constructive proof of theorem 5. ] 
A. Gonzdélez Dominguez (Buenos Aires). 


Félici, Noél-J. Les surfaces 4 champ électrique constant. 
Rev. Gén. Electricité 59, 479-501 (1950). 
In high voltage design, it is frequently desirable to shape 
electrodes such that the electric field gradient nowhere in 
the space between the electrodes assumes a value larger than 











a given critical one. For two-dimensional fields, this problem 
is directly analogous to the treatment of free jet problems in 
hydraulics by means of the hodograph method originally 
proposed by Kirchhoff. The author applies this method to 
eight examples, employing where necessary conformal 
mapping in order to simplify the geometry of the electrodes 
and to reduce the basic field problem to that of a source and 
sink. Mention is made of three-dimensional problems, but 
no definite method is a for solving these. 
. Weber (Brooklyn, N. Y.). 


Scott, James C.W. The Poynting vector in the ionosphere. 

Proc. I1.R.E. 38, 1057-1068 (1950). 

This paper is concerned primarily with graphical methods 
of solution of equations arising in the treatment of the 
equations of motion of electrons under the influence of a 
plane electromagnetic wave, the earth’s magnetic field, and 
collisions with molecules of the surrounding gas. The Poyn- 
ting vector is calculated taking account of the polarization 
of the wave, the complex index of refraction and the com- 
ponent of the electric field in the direction of propagation. 
The problem becomes similar to that for the propagation of 
light through a transparent anisotropic crystal where the 
Poynting vector makes an angle not zero with the wave 
normal. There is, however, a difference in the case dealt 
with here because in the optical (crystal) case the angle is 
usually fixed whereas in the ionosphere case the angle varies 
cyclically for the real Poynting vector. The complex 
Poynting vector will of course give the magnitude and direc- 
tion averaged over a cycle, i.e. average direction of energy 
flow. Conditions of reflection in connection with the Poyn- 
ting vector are discussed. The ray path in what is called 
a parabolic ionosphere is discussed in detail for ordinary and 
extraordinary rays. R. Truell (Providence, R. I.). 


Truesdell, C. On the effect of a current of ionized air upon 
the earth’s magnetic field. J. Geophys. Res. 55, 247-260 
(1950). 

This paper is concerned with the solution of the pair of 
equations 


mn é\ (dH . 
v=" (4ro+ ih (cur [vxH]) and divH=0, 
2 ot ot 


governing the magnetic field H, where the conductivity ¢ 
and the velocity v are regarded as known functions of r 
and ¢, and k and yu are constants. Assuming that it is possible 
to write H=H,+e where Hy is a constant and |e|<|Hb|, 
the author writes down the perturbation equation for e. 
For the case when ¢ and v are independent of time, the 
equation determining e reduces to 


Ve = —4xpo[ — Hy div v+Ho-grad v]. 


The solution for e can accordingly be written down in the 
form of a Poisson integral. Various special cases of the solu- 
tion are considered including the case V = w Xr (# = constant), 
and «=constant for |r| Sa and zero outside |r| =a. It is 
concluded that “‘it is futile to verify conjectures about ¢ and 
v from magnetic observations’’. S. Chandrasekhar. 


Alfvén, H. Discussion of the origin of the terrestrial and 

solar magnetic fields. Tellus 2, 74-82 (1950). 

This paper discusses whether Cowling’s theorem [Monthly 
Not. Roy. Astr. Soc. 94, 39-48 (1933)] that in a hydro- 
dynamic flow, having an axis of symmetry, no new magnetic 
lines of force can appear, presents an insuperable difficulty 
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for accounting for the origin of terrestrial and stellar mag- 
netism as due to internal motions acting as a self-exciting 
dynamo [cf. E. C. Bullard, Proc. Roy. Soc. London. Ser. A. 
197, 433-453 (1949) ]. By considering illustrative examples, 
such as the amplification of a magnetic field by torsion of a 
tube of force and the formation of a loop, the author con- 
cludes that “the breeding of new lines of force is no serious 
problem’’. Various possible types of motions which can lead 
to such “breeding of new lines” is considered. But the author 
realizes that in so far as these conclusions are not based on 
strict deductions from the equations of motion, they must 
be regarded as tentative. S. Chandrasekhar. 


Huber, A. Zur Theorie der geoelektrischen Widerstands- 
methoden. Arch. Meteorol. Geophys. Bioklimatol. Ser. 
A. 1, 408-420 (1949). 

An approximate interpretation of earth-resistivity meas- 
urements based on the study of that small region on the 
map where the field created by two electrodes can, in the 
first approximation, be considered as a homogeneous field is 
proposed. The boundaries of that region are determined for 
the different values of the accuracy of approximation de- 
sired, its measure being the relative deviation (U—U»)/U, 
of the real potential U due to two electrodes from the 
potential U, of the homogeneous field. As an example, the 
case of an infinite circular cylinder imbedded horizontally 
is considered. E. Kogbetliantz (New York, N. Y.). 





Quantum Mechanics 


Gamba, Augusto. Una generalizzazione della relazione di 
indeterminazione. Atti Accad. Naz. Lincei, Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 8, 606-608 (1950). 

The author describes a method of deriving successively 
more and more general relations of indeterminacy modeled 
after the Schriédinger indeterminacy relation. O. Frink. 


Cazin, Michel. Sur les systémes qui admettent une inte- 
grale premiére quadratique distincte de celle de |’ énergie. 
C. R. Acad. Sci. Paris 232, 688-690 (1951). 


‘Rideau, Guy. La transposition dans l’espace des mo- 
ments en théorie des collisions. C.R. Acad. Sci. Paris 
J) _ 231, 949-951 (1950). 
Rideau, Guy. La transposition de Fourier de |’équation 
de Dirac. C. R. Acad. Sci. Paris 231, 1286-1288 
(1950). 
The method of the Fourier transform is used to give 
successive approximations to the solution of the equation 
LW¥(r) = U(r) ¥(r), where L is a linear operator of the type 
occurring in nonrelativistic quantum mechanics. [There is 
an obvious misprint in an equation on p. 950.] In the second 
paper a similar treatment is used for the Dirac equation. 
C. Strachan (Aberdeen). 





Keberlé, Edouard. Etablissement du principe d’exclusion. 
Arch. Sci. Soc. Phys. Hist. Nat. Genéve 3, 271-287 (1950). 
The author presents arguments of a physical character to 

show that the Pauli exclusion principle is valid for all ele- 

mentary particles except those of zero rest mass. 

I. E. Segal (Chicago, Iil.). 
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Le Couteur, K. J. The structure of linear relativistic wave 
equations. I. Proc. Roy. Soc. London. Ser. A. 202, 
284-300 (1950). 

A linear relativistic wave equation is taken to be of the 
form (ia,0*—x)y =0, where 0%) = dy /dx*. It is assumed that 
the y transform in accordance with an irreducible repre- 
sentation of the Lorentz group and that no subsidiary 
conditions are satisfied by the y. It is then shown that such 
equations describe particles with a spectrum of spin and 
mass values. If it is assumed that all particle states can be 
unambiguously specified by momentum, mass, spin, and 
charge, then the eigenvalues of total spin are shown to 
be determined and to form an arithmetic progression 
Sa, Sa—1, --- beginning and terminating with 0, 4, or 1. 

A. H. Taub (Urbana, IIl.). 


Le Couteur, K. J. The structure of linear relativistic wave 
equations. II. Representations. Proc. Roy. Soc. Lon- 
don. Ser. A. 202, 394-407 (1950). 

The author constructs a representation of the spin mat- 
rices I,, and of the matrices a, associated with a wave 
equation of the form (a*p,—x)y=0. The representation 
given here enables one to calculate the simultaneous mass 
and spin eigenvalues. The matrix elements of the magnetic 
moment are calculated and an example is given of a particle 
with an intrinsic magnetic moment equal to that of the 
proton. A. H. Taub (Urbana, IIl.). 


Mimura, Yositaka. Synopsis of wave geometry. Jap. J. 

Phys. 14, 17-44 (1942). 

The broad outlines of wave geometry are set forth in this 
paper and the present state of the subject is summarized. 
Wave geometry is the study of a four-dimensional continuum 
in which the “distance’’ depends on a state function y 
(a four-component spinor field) and the operator ds = y,dx*‘ 
in the form dsy, where the 7; are the analogues of the 
Dirac matrices. That is, y; are 4X4 matrices satisfying 
VVit7V71i= 2:1. The tensor gi; is determined by the re- 
quirement that the differential equations determining the y 
be completely integrable. These differential equations are 
dp /dx” = (T.+2,,.)¥, where matrices I’,, are the components 
of the spin connection determined by Christoffel symbols 
calculated from the g;; and the =,, are arbitrary 4X4 mat- 
rices. Different aspects of wave geometry correspond to 
different choices of the 2, Although many problems in 
wave geometry are discussed, the fundamental aspects of 
the subject are not treated in great detail. Thus it is never 
stated clearly what number if any represents the “distance” 
between the points with coordinates x‘ and x‘+-dx‘. Further 
the space of state functions is never specified, nor is it clear 
what role it plays in the theory. The only reason given for 
adopting the fundamental equation for the state function is 
that it describes a parallel spinor field. However, it is not 
clear that this is necessary in a physical theory. 

A. H. Taub (Urbana, IIl.). 


Salecker, H. Quantenelektrodynamische Selbstenergie 
und exakte der Schrédinger-Gleichung. I. 
Z. Naturforschung 5a, 431-438 (1950). 

A critical survey is given of the divergence difficulties 
encountered in quantum field theory. An attempt to remove 
these difficulties by taking degeneracy into account [Peng, 
Proc. Roy. Soc. London. Ser. A. 186, 119-147 (1946); these 
Rev. 8, 122] is shown to be unsatisfactory. The self-energy 
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problem is discussed and it is concluded that the divergence 
difficulties are inherent in the very foundations of the theory. 
E. Gora (Providence, R. I.). 


Salecker, H. Quantenelektrodynamische Selbstenergie 
und exakte Lisungen der Schrédinger-Gleichung. II. 
Z. Naturforschung 5a, 480-492 (1950). 

The Schroedinger equation for particles in the radiation 
field is shown to be equivalent to an infinite system of first 
order differential equations. Formally, an exact solution can 
be obtained by iteration as is customary in quantum field 
theory. This procedure is convergent if the coefficients in 
the differential equations and the initial values of the solu- 
tion fulfill certain conditions. A solution can be represented 
in the form of a matrix which is given by the product 
integral 2 


X(t, &) =lim T] [1+ F(t,)4,]= f ‘[1+F(u)dw], 
no ral) % 


where the F(t,) are matrices, A, =¢,,,—1t,, and all the |A,| +0 
for n—>«. For proof and further mathematical develop- 
ments the reader is referred to L. Schlesinger [Math. Z. 33, 
33-61 (1931) ] and G. Rasch [J. Reine Angew. Math. 171, 
65-119 (1934) ]. In simple cases the product integral assumes 
the form of a series expansion: 


X(t, wy=[1+ f Poodn+ fio f Poddsdat va ‘|: 


An example is quoted from N. Arley and V. Borchsenius 
[Acta Math. 76, 261-322 (1945); these Rev. 7, 161] where 
the matrix elements represented by the double integral in 
this series expansion are infinite, but a solution of the system 
of differential equations considered is known to exist. Also, 
in quantum field theory the corresponding double integrals 
diverge, and attention is drawn to the possibility that the 
situation there might be similar to the example quoted. 
E. Gora (Providence, R. I.). 


Yang, C. N., and Feidman, David. The S-matrix in the 
Heisenberg representation. Physical Rev. (2) 79, 972- 
978 (1950). 

A method is described whereby the S-matrix can be 
formulated in the Heisenberg representation. Heretofore, 
the complexity of the commutation relations of the field 
quantities in this representation has been regarded as a 
deterrent to the development of a practical field theory in 
this representation. However, knowledge of the complete 
commutation relations is not needed provided one can effect 
a separation of the motion of the system into that of a free- 
field part plus that of an interacting part. This is achieved 
by expressing each Heisenberg variable as a sum of two 
parts, the one representing the free field, either incoming or 
outgoing, and the other the influence of the interaction. 
This leads to integral equations for the variables which are 
solved by successive approximations in powers of e. The 
S-matrix is defined by the relation ¥°"*(x) = S“y'*(x)S. Its 
matrix elements are determined by comparing the solution 
obtained when the incoming field is used to represent the 
free field, with that obtained when the outgoing field is used. 
The S-matrix thus obtained is shown to be identical with 
that of the Tomonaga-Schwinger theory. Use of this method 
has the advantage that the concepts of space-like surfaces 
and their normals are not needed. These concepts lead 
to considerable complications where one has derivative 
coupling (as in the pseudoscalar theory with pseudovector 
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coupling) or dynamically dependent field variables (as in 

the neutral vector theory). It is shown that these cases can 

be handled comparatively easily in the Heisenberg picture. 
E. Gora (Providence, R. I.). 


Kallén,G. Mass- and charge-renormalizations in quantum 
electrodynamics without use of the interaction represen- 
tation. Ark. Fys. 2, 187-194 (1950). 

A method is given for evaluating the vacuum polarization 
in an external field for particles of spin 0 and 4, without 
using the interaction picture. The calculations are all carried 
out in the Heisenberg picture. Explicit expressions are 
obtained for (j,(x))o. The method is straight-forward 
using iteration based on expansion in powers of e/fc, and 
avoids the complication of the space-like surfaces and nor- 
mals of Schwinger’s approach. The method is applied to 
obtain the same result as Schwinger for the radiation correc- 
tion to the current and the mass renormalization factor for 
particles of spin 4. The paper, essentially, carries through 
explicitly in the dbove three cases a procedure described in 
general terms by Yang and Feldman [see the preceding 
review ]. A. J. Coleman (Toronto, Ont.). 


Lippmann, B. A., and Schwinger, Julian. Variational prin- 
ciples for scattering processes. I. Physical Rev. (2) 
79, 469-480 (1950). 

The development in time is considered of a wave-function 
V(t) for a system consisting of two parts whose interaction Hi; 
approaches zero with increasing spatial separation. Varia- 
tional principles are set up corresponding to differential and 
integral equations for U,(t), U_(é), the unitary operators 
for which ¥(t) = U,(i)¥(— ©), Y(t) = U_(t)¥(@). The colli- 
sion operator S= U,(), for which ¥(«) = SW(— ©), is the 
stationary value obtained and this minimizes errors from 
approximate calculation. A disadvantage that the unitary 
property is not guaranteed for inexact S is also removed. 
More explicitly and very systematically, the theory is also 
developed in terms of eigenfunctions for the initial and final 
separated states of the system. A time-independent formu- 
lation of the theory is also given. For scattering by a central 
field a variational principle for phase shifts is derived. In 
illustration the results of Fermi [Ricerca Sci. 2, 13-52 
(1936) ] and Breit [same Rev. (2) 71, 215-231 (1947) ] are 
deduced. C. Strachan (Aberdeen). 


Lippmann, B. A. Variational principles for scattering 
processes. II. Scattering of slow neutrons by para- 
hydrogen. Physical Rev. (2) 79, 481-486 (1950). 

The techniques of the paper reviewed above are applied 
to calculate the scattering of slow neutrons by two protons 
bound to a molecule allowing for interference terms. This 
shows that the Fermi approximation to the para-hydrogen 
cross section is reliable to about 0.3%. C. Strachan. 


Lioyd, Stuart P. Angular correlation: A general proof of 
the method of D. R. Hamilton. Physical Rev. (2) 80, 
118-119 (1950). 

An alternate proof of the theorem conjectured by Falkoff 
and Uhlenbeck [same Rev. (2) 79, 323-333 (1950); these 
Rev. 12, 228] and proved by Spiers [see the following 
review | that there is no interference between transitions via 
different intermediate levels for angular correlation effects 
is given. It is first shown that summing and averaging the 
angular correlation function over all coordinates except the 
momenta of the two emitted particles gives a function 
depending only on the magnitude of the two momenta and 
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the angle between them. Considering rotations around an 
axis in the direction of one of the moments and the lack of 
dependence on azimuthal angle shows that the interference 
term must vanish. Some simple forms for the correlation 
function suggested by the proof are given. 

K. M. Case (Ann Arbor, Mich.). 


Spiers, J. A. On the directional correlation of successive 
nuclear radiations. Physical Rev. (2) 80, 491 (1950). 
The conjecture of Falkoff and Uhlenbeck [same Rev. (2) 

79, 323-333 (1950); these Rev. 12, 228] as to the lack of 

interference of the various transitions contributing to the 

function describing the angular correlation between succes- 
sive nuclear radiations is proved. An alternative proof has 
been given by Lloyd [see the preceding review ]. Using the 

Wigner coefficients the wave functions for the states arising 

from the transitions are expressed in terms of nuclear and 

emitted particle wave functions of known angular depend- 
ence. Taking the direction of quantization in the direction 
of emission of the first particle results in a sum with only 
one nonvanishing term. From this it follows that there is 
no interference. A by-product of these considerations is a 
more symmetrical form for the angular correlation function. 
K. M. Case (Ann Arbor, Mich.). 


Dolginov, A. Z. The angular correlation between a-par- 
ticles and y-quanta in successive emissions. Doklady 
Akad. Nauk SSSR (N.S.) 73, 1149-1151 (1950). (Russian) 
The author obtains an expression for a—+ angular corre- 

lation, based on the method used by C. N. Yang [Physical 

Rev. (2) 74, 764-772 (1948) ]. N. Rosen. 


Dolginov, A. Z. The correlation between the directions of 
a 6-electron and a y-quantum in consecutive emissions. 
Akad. Nauk SSSR. Zurnal Eksper. Teoret. Fiz. 20, 636- 
646 (1950). (Russian) 

The author investigates the correlation between the direc- 
tions of a f-electron and a y-quantum emitted in two 
successive transitions, for the five electron-neutrino inter- 
actions. Calculations are carried out for allowed, first 
forbidden, and second forbidden §-transitions and for arbi- 
trary multipolarity of the emitted y-quantum. Formulas 
are also given for the 8-neutrino correlation in the case of 
second forbidden transitions. Finally the author considers 
the effect of the Coulomb field on the 8-neutrino correlation, 
using the electron wave functions of Berestetskil, Dolginov, 
and Ter-Martirosyan [see the following review ]. 

N. Rosen (Chapel Hill, N. C.). 


Beresteckii, V. B., Dolginov, A. Z., and Ter-Martirosyan, 
K. A. Angular wave functions of particles with spin. 
Akad. Nauk SSSR. Zurnal Eksper. Teoret. Fiz. 20, 527- 
537 (1950). (Russian) 

If LSland Uy, V,are, respectively, components of vectors 
in spaces giving representations D, and D, of the orthogonal 
group, then the Clebsch-Gordan series analyzes the Kro- 
necker product as follows: UmuVm=Df.-ppn.¥*nmw (ef. 
van der Waerden, Die gruppentheoretische Methode in der 
Quantenmechanik, Springer, Berlin, 1932, p. 70]. The 
2L+1 quantities Y*..4 with M varying from —L to L 
constitute what the authors call ‘‘an (L, 2) vector of type }.” 
They apply this notion with some success to unify the theory 
of the angular functions which occur in physics, discussing, 
in particular, double (L=4) and triple (L=1) spherical 
functions, multipoles, the expansion of functions of vectors, 
Rayleigh’s expansion for e* ®** and some other well-known 
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matters. In the final section the phase shift method is 
applied to the Dirac equation for scattering by a central 
field and results are obtained essentially equivalent to those 
reported by Parzen [see the following review ] in section II 
of his paper. A. J. Coleman (Toronto, Ont.). 


Parzen, George. On the scattering theory of the Dirac 

equation. Physical Rev. (2) 80, 261-268 (1950). 

The phase shift 5; due to scattering of a Dirac electron 
by a central potential V(r) is studied. Whereas for a 
Schrédinger electron the shift approaches zero and the Born 
approximation becomes exact as the energy of the electron 
approaches infinity, for a Dirac electron the shift approaches 
a constant 5, independent of / and the Born approximation 
is valid only if 


| 0) = 





(he)? f ” vin) arl «1. 





Two new exact formulas for the phase shift of a Dirac 
electron and a variation method of approximating to 3; 
are given. In order to display the relation of the Schrédinger 
and Dirac theories vividly, the author reformulates the 
Schrédinger equation as two first order equations which are 
almost identical to the equations for the two radial Dirac 
functions. The treatment of phase shift for the Dirac equa- 
tions on which the paper is based is attributed by the author 
to Mott [Proc. Roy. Soc. London. Ser. A. 124, 425-442 
(1929) ]. Results equivalent to those of Mott are also ob- 
tained by Beresteckif [Akad. Nauk SSSR. Zurnal Eksper. 
Teoret. Fiz. 17, 12—18 (1947) ; see also the preceding review ]. 
A. J. Coleman (Toronto, Ont.). 


Costa de Beauregard, Olivier. Variation de la fonction de 
distribution du quadri-opérateur (—//27i)d* dans une 
transition. Equivalence entre notre théorie et la théorie 
du positon de Feynman. C. R. Acad. Sci. Paris 232, 
927-929 (1951). 


Visconti, Antoine. Remarques sur quelques points de la 
théorie de R. P. Feynman. C. R. Acad. Sci. Paris 232, 
697-699 (1951). 


Ma, S. T. Quantum theory of the longitudinal electro- 
magnetic field. Physical Rev. (2) 80, 729-732 (1950). 
Since it is no longer customary in recent work on quantum 

electrodynamics to eliminate the longitudinal field, it has 

become necessary to make a closer study of the problems 
involved. The formulation of the supplementary condition 
and of the vacuum condition appears essential. After a dis- 
cussion of various proposals concerning these conditions the 
author suggests taking vacuum expectation values only for 
the transverse degrees of freedom. If one does this, it makes 
no difference whether the longitudinal field is eliminated or 
not, provided the expectation values are represented by 
gauge-invariant integrals. That will be the case if (i) the 
integrands are gauge-invariant, and (ii) the integrals extend 
over the whole space. At the present stage of the theory it 
is not certain whether it is always possible to fulfill these 
conditions. E. Gora (Providence, R. I.). 


Miyazima, Tatuoki. Remarks on the field theory. Prog- 
ress Theoret. Physics 5, 735-739 (1950). 
The author considers critically the usual definitions of the 
vacuum and of free particles in quantum electrodynamics. 
In particular, the gauge invariance of the usual definitions 
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is questioned. They are replaced with definitions which 
relate the fields at a given instant of time to the fields which 
existed in the infinite past, it being assumed that the inter- 
action is turned on ‘‘adiabatically”. As a result of the new 
definitions, the usual expression for the infinite charge re- 
normalization turns out no longer infinite, but indeterminate. 
J. M. Luttinger (Madison, Wis.). 


Husimi, Kédi, and Utiyama, Ryéy@. Canonical theory of 
quantum electrodynamics. Progress Theoret. Physics 5, 
718-729 (1950). 

A formulation of quantum electrodynamics is proposed 
where the subsidiary condition is not used from the be- 
ginning. This is shown to be equivalent to the ordinary 
formulation if the longitudinal components of the vector 
potential are eliminated. However, it is pointed out that the 
Fourier components of the potentials contain terms which 
are proportional to ¢, and may give rise to difficulties. 

E. Gora (Providence, R. I.). 


Bloch, Claude. On some developments in non-local field 
theory. Progress Theoret. Physics 5, 606-613 (1950). 
The nonlocal field theory of Yukawa [see the following 

review and the first reference cited there] involves a new 

fundamental length \ and two sets of fundamental equa- 
tions. One set, the “propagation” equations (P), is analogous 
to the equations of ordinary field theory and should be 
derivable from a Lagrangian. The other set (Y) is peculiar 
to nonlocal theory and must be inferred from some new 
physical principle. Assuming that the nonlocal Lagrangian 
reduces to the local one when A—>0, the author studies the 
general form of the P-equations and shows that they depend 
on the volume over which the action integral is taken and 
hence that the nonlocal field theory cannot, as in the usual 
theory, be regarded as a succession of independent infinitesi- 
mal processes. Thus there is no hope of putting the theory 
in Hamiltonian or Schrédinger form. Lagrangians are ex- 
hibited for a free scalar field and for a free electron which 
lead to the P-equations given by Yukawa. It is shown that 
for an electron in an electromagnetic field the field must 
be treated as local. The requirement of gauge invariance 
enables the Lagrangian for this case to be deduced from that 
of the free electron. A method of solving the resulting equa- 
tions is indicated which leads to the evaluation of the 

S-matrix as a series expansion in the coupling constant. 

A. J. Coleman (Toronto, Ont.). 


Yukawa, Hideki. Quantum theory of non-local fields. 
Part II. Irreducible fields and their interaction. Phys- 
ical Rev. (2) 80, 1047-1052 (1950). 

This is a continuation of the author's attempt to introduce 

a fundamental length into atomic theory [same Rev. (2) 77, 

219-226 (1950); these Rev. 11, 567]. The first section shows 

that four compatible operators can be found characterizing 

elementary systems, three of which may be interpreted as 
the mass, the radius, and the total angular momentum. No 
classical analogue for the fourth is suggested. The author 
admits the validity of the recent observation of Fierz 

[Helvetica Phys. Acta 23, 412-416 (1950); these Rev. 12, 

67] that the behaviour under Lorentz transformations of a 

nonlocal scalar field has a counterpart in the ordinary theory 

of particles of higher spin, but insists that an essential differ- 
ence between local and nonlocal scalar fields will appear 

when interaction is taken into account and remarks that a 

difference between local and nonlocal spinor fields is already 

apparent even for a single particle. He advances the con- 
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jecture that there are only two kinds of elementary particles 
corresponding to scalar and spinor fields and that the ordi- 
nary discrimination among particles of various higher spins, 
in fact, refers to different values of the internal angular 
momentum. 

The author has suspected for some time and Bloch has 
recently proved [see the preceding review ] that there is no 
hope of developing nonlocal theory by means of differential 
equations corresponding to Schrédinger’s. Therefore the 
second section of this paper is devoted to a direct study 
of the S-matrix. A new operator is defined as follows 
(x’ | D,.| x") = D(x’ —x’’)=1, 4, 0 according as x’—x”’ is 
future-, space-, or past-like. The S-matrix is then given 
explicitly in terms of D, and the interaction Lagrangian. 
The role of D., seems to be to replace Dyson’s time ordering 
P-operation by a Lorentz invariant process and is therefore 
related, if not equivalent, to Koba’s P*-operation [Progress 
Theoret. Physics 5, 696-717 (1950); these Rev. 12, 464]. 
The author specializes his formalism to the case of local fields 
and finds, in contradistinction to the usual theory, that the 
vacuum self-energy is zero. Finally, he remarks on the vital 
importance of finding a relation between the mass and the 
other constants such as radius and total angular momentum 
of an elementary particle. A. J. Coleman. 


Yennie, D. R. Some remarks on non-local field theory. 

Physical Rev. (2) 80, 1053-1061 (1950). 

This is essentially an amplification of some points raised 
in the paper reviewed above. A study of the convergence of 
the S-matrix for a simple interaction between two fields 
shows that the nonlocal character of the theory leads to 
convergence factors in the integrals for each term of the 
S-matrix. This gives rise to the hope that a nonlocal theory 
will be strictly convergent. A discussion of the local limit of 
nonlocal theory leads to the conclusion that the method 
of introducing interaction in nonlocal theory is not yet 
correct. A straight-forward derivation of the angular mo- 
mentum operator is given and it is shown that the four 
operators, referred to in the preceding review, form a com- 
plete set for all the operators which can be obtained from 
certain differential expressions in the coordinates of the 
particles. Three appendices treat certain integrals arising 
in the evaluation of the S-matrix and the operator 
D(x) = D.,(x)—D.*(x)=1, 0, —1 according as x is future-, 
space-, or past-like. It is perhaps surprising, and proves to 
be of critical importance, that though D,(x) and D(x) are 
closely related to they are not identical with the functions 
&+(x) and ¢«(x) introduced by a number of recent authors 
such as Rivier [Helvetica Phys. Acta 22, 265-318 (1949); 
these Rev. 11, 301]. A. J. Coleman (Toronto, Ont.). 


Breit, G. Regarding covariant subtraction of infinities. 

Science (N.S.) 113, 103-104 (1951). 

This note discusses some natural though arbitrary ways 
of removing the indeterminateness in the Tomonaga- 
Schwinger field theory which was remarked upon by Pauli 
and Villars [Rev. Modern Physics 21, 434-444 (1949) ; these 
Rev. 11, 301 ]. He points out how Schwinger effected this by 
imposing certain symmetry requirements on the k-repre- 
sentation of the singular functions. A. J. Coleman. 


Gupta, Suraj N. On the elimination of divergencies from 
classical electrodynamics. Proc. Phys. Soc. Sect. A. 64, 
50-53 (1951). 

By a simple subtraction device the author eliminates the 
infinite self-energy of a classical electron. He obtains 
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Dirac’s equations, with finite self-force, for the motion of 
the electron [Proc. Roy. Soc. London. Ser. A. 167, 148-169 
(1938) }. A. J. Coleman (Toronto, Ont.). 


Karplus, Robert, and Neuman, Maurice. Non-linear inter- 
actions between electromagnetic fields. Physical Rev. 
(2) 80, 380-385 (1950). 

Nonlinear interactions between electromagnetic fields had 
already been envisaged in early developments of quantum 
electrodynamics, but attempts to calculate them had led to 
considerable complications; these were due not only to the 
usual divergence and gauge invariance difficulties, but also 
to the involved character of the expressions encountered. 
The recent developments in quantum electrodynamics make 
it possible to eliminate the former and to reduce the latter 
of these obstacles. This is shown by applying the covariant 
S-matrix formalism of Dyson [same Rev. (2) 75, 1736-1755 
(1949); these Rev. 11, 145] to the calculation of the fourth 
order nonlinear polarization of the vacuum which is related 
to the lowest order nonlinear interaction between electro- 
magnetic fields. E. Gora (Providence, R. I.). 


Pauli, W. On the connection between spin and statistics. 

Progress Theoret. Physics 5, 526-543 (1950). 

The author returns to a basic question he has discussed 
before [Ann. Inst. H. Poincaré 6, 137-152 (1936); Physical 
Rev. (2) 58, 716-722 (1940) ]. Particles of integral spin obey- 
ing Fermi-Dirac statistics and of half-integral spin obeying 
Bose-Einstein statistics are called “abnormal’’. The problem 
is to show that abnormal particles are physically impossible. 
Unlike the second cited paper which discussed particles of 
arbitrary spin, the present paper considers only spin 0 and }. 
The following propositions are taken as essential to a satis- 
factory field theory: (1) The vacuum is the state of lowest 
energy; (2) observables at points separated by a space-like 
interval commute; (3) the metric of the Hilbert space of 
quantum states is positive definite. For the two cases con- 
sidered it is shown that insistence on properties (1) and (2) 
implies that abnormal particles must fail to satisfy (3). A 
consequence of the failure of (3) is that the probability that 
the vacuum should remain unchanged is greater than unity. 
This result which occurred first in a paper of Feynman [ibid. 
76, 749-759 (1949)] evidently suggested the present ap- 
proach which has the advantage over the method of the 
author’s second cited paper of treating the two cases in a 
more strictly analogous fashion. A. J. Coleman. 


Michel, Louis. Théoréme sur les invariants formés de 
quatre fonctions d’onde de Dirac. C. R. Acad. Sci. 
Paris 232, 391-393 (1951). 

In the field theory of fermions sixteen quantities 
distributed among five tensors frequently appear, viz. 


E(a; 1, 2) =tpiE*G@y., where EX E"+ E7E" =2g™, 
G®=1, GY=(E"), G® =(—iE XE), 
G® =(E"E"E*), GY =(—E "E"E"E"), 
r=1, 2, 3,4, and a=0, 1, 2, 3, 4. When the field quantities 
¥; commute or anticommute their interchange at most 


changes the sign of E(a;1, 2)=+E(a; 2,1). The author 
considers expressions of the type 


E(a, 8; 1, 2, 3, 4) =E(a’; 1, 2)E(a’; 3, 4) 
depending on four wave functions and finds that there are 


128 linearly independent components distributed among 
5, 8, 9, 8, and 5 tensors of type a=0, 1, 2, 3, and 4 respec- 
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tively. He asserts, without proof, that, if P is any permu- 
tation on the indices 1, 2, 3, 4 of the wave functions, then 
E(a, 8B; P) => A%as(P)E(a, y; 1, 2, 3,4). The matrices A 
are given explicitly for P=(12), (24), and (13)(24) which 
are sufficient to generate the whole permutation group on 
four letters. The author claims that the above relations have 
greatly simplified the calculation of the differential cross- 
sections for nucleon-nucleon collisions and will be equally 
useful in any problem involving four fermions. Also, in the 
particular case ¥i1=¥3, ¥2=y, the above equations immedi- 
ately give the quadratic identities of Pauli [Ann. Inst. H. 
Poincaré 6, 109-136 (1936) ] and Kofink [Ann. Physik (5) 
38(430), 420-435, 436-455 (1940) ]. A. J. Coleman. 


Fierz, M. Uber die Bedeutung der Funktion D, in der 
Quantentheorie der Wellenfelder. Helvetica Phys. Acta 
23, 731-739 (1950). 

The author gives a new representation of Stueckelberg’s 
“causal” D-function D(x) which illuminates its physical 
meaning and enables him to show that Stueckelberg’s use 
of D.{x) is equivalent to insisting (i) that interactions are 
effected only by means of positive energy quanta, and (ii) 
that energy changes are restricted by the complementarity 
of time and energy. He then summarizes Heisenberg’s recent 
convergent theory [see the two following reviews] and 
shows that it transgresses condition (i). He conjectures that 
the failures of contemporary field theory arise from the 
current procedure of assuming the existence of free fields 
and artificially superimposing on them an interaction 
coupling which he considers both logically and physically 
reprehensible. A. J. Coleman (Toronto, Ont.). 


Heisenberg, W. Zur Quantentheorie der Elementarteil- 

chen. Z. Naturforschung 5a, 251-259 (1950). 

The authors summary is as follows: ‘“The recent advances 
in the quantum theory of wave-fields indicate a mathe- 
matical model, on which a future theory of elementary par- 
ticles may perhaps be built. This model has the following 
properties: The totality of elementary particles is repre- 
sented by a single spinor field. In the interaction representa- 
tion this spinor field satisfies an anti-commutation relation 
free from singularities in the whole space-time. A relativisti- 
cally invariant interaction energy is given, an expression at 
least of fourth degree in the spinor field. Two functions, the 
anti-commutator and the interaction energy, characterise 
the theory completely. From them the masses of elementary 
particles can in principle be calculated, a clear distinction 
between elementary and composite particles being however 
impossible. In general there exist elementary particles with 
integer and half-integer spin, satisfying Bose and Fermi 
statistics. Light quanta are also represented by the spinor 
field. In calculating the masses and interactions of elemen- 
tary particles, because of the regular anti-commutator, no 
divergences arise; the whole theory is as regular in its 
behaviour as nonrelativistic quantum theory. These prop- 
erties seem to the author a strong argument for believing 
that a future theory of elementary particles, which one may 
then call a ‘unified field theory’, will be based upon such 
a model.” 

The above summary indicates a program which the author 
intends to follow in looking for a satisfactory theory of 
elementary particles. In the paper itself, the program is 
explained in greater detail. The most noteworthy feature 
not mentioned in the above summary is that the interaction 
energy is not a Hermitian operator. Thus the system is not 
described by a causal quantum mechanical formalism of the 
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usual type, with a wave-function developing in time accord- 
ing to a Schrédinger equation. On the contrary, the model 
provides rules only for calculating an S-matrix which de- 
scribes the behaviour of a system over all space-time in a 
nonlocalized way. The author states that the model pre- 
serves causality over times and distances larger than a 
“fundamental length” which occurs as a parameter in the 
field-commutators and which is of the order of magnitude 
10-* cm. However, M. Fierz [see the preceding review ] has 
pointed out that this claim is incorrect, and that acausal 
processes will occur over arbitrarily great distances. Another 
criticism which may be made of the paper is that there is 
no evidence presented to show that the model will do any 
of the things that are required of it, in order to include the 
diversity of elementary particles and their interactions. 
F. J. Dyson (Birmingham). 


Heisenberg, W. Stationiire Zustiinde in der relativis- 
tischen Quantentheorie der Wellenfelder. Z. Natur- 
forschung 5a, 367—373 (1950). 

A method is explained by which an eigenvalue equation 
may be written down to represent the stationary states in 
a relativistic quantized field theory. The method applies 
either to theories of the usual kind, or to the new theory 
recently proposed by the author [see the preceding review ]. 
The latter theory yields in the first place only an S-matrix, 
and the stationary states have to be deduced from the 
S-matrix by a rather complicated prescription. There exists 
a correspondence principle, according to which the results 
of the new theory will become identical with those of ordi- 
nary field theories in the limit of low energies and large 
distances. Finally, a second-order perturbation theory treat- 
ment of the new formalism is carried through, the results of 
which confirm those of the more general analysis. 

F. J. Dyson (Birmingham). 


Wiuermuth, K. Eine Differentialgleichungstheorie der 
Elementarteilchen. Z. Naturforschung 5a, 373-381 
(1950). 

Heisenberg [see the second preceding review] has sur- 
veyed the present state of the quantum theory of fields and 
made certain conjectures about the form of a future satis- 
factory theory. Within the general framework of Heisen- 
berg’s remarks the present paper investigates the possibility 
of a divergence-free theory employing a Hamiltonian involv- 
ing only finite order derivatives. The author concludes that 
such a theory is impossible if one requires that the inter- 
action Hamiltonian be Hermitian. The arguments advanced 
do not appear to the reviewer to be logically conclusive, but 
are probably as convincing as could be hoped for considering 
the actual condition of field theory. A. J. Coleman. 


Ulehla, Ivan. Quantum mechanics of elementary par- 
ticles. Acta Fac. Nat. Univ. Carol., Prague no. 194, 
34-40 (1948). (Czech and English) 


Hu, Ning. The S-matrix in meson theory. Physical Rev. 

(2) 80, 1109-1110 (1950). 

Dyson’s [same Rev. (2) 75, 1736-1755 (1949); these Rev. 
11, 145] rules for determining the S-matrix and for removing 
divergences from higher order radiative corrections in quan- 
tum electrodynamics are generalized to apply to meson 
theory. A pseudoscalar field under pseudovector coupling 
with the nucleon is considered. The divergencies encountered 
are of the same type as in quantum electrodynamics. 

E. Gora (Providence, R. I.). 











Corinaldesi, E. On the electromagnetic properties of 

mesons. Nuovo Cimento (9) 7, 892-898 (1950). 

The author considers the effect that meson-nucleon 
coupling has on the electromagnetic properties of mesons. 
A correction to the meson current is found by an expansion 
in powers of the meson-nucleon coupling, the first non- 
vanishing term being the only one retained. Both charge 
and mass renormalization terms are found, and they are 
dropped according to the prescriptions of current field 
theories. Using the finite current thus obtained the author 
calculates the correction electromagnetic scattering of me- 
sons by charged particles. It is suggested that when the 
momentum transfer is great this correction may not be 
negligible. J. M. Luttinger (Madison, Wis.). 


Bodiou, Georges. Démonstration géométrique des équa- 
tions tensorielles du photon: complexité de la particule 
de spin égal ai. C. R. Acad. Sci. Paris 231, 568-570 
(1950). 

The author discusses in outline form the conditions under 
which the tensors formed from the products of solutions of 
two Dirac equations will approximately satisfy the de Broglie 
equations. A. H. Taub (Urbana, IIl.). 


Petiau, Gérard. Sur la théorie de la diffusion des par- 
ticules de spin 4/2. C. R. Acad. Sci. Paris 231, 825-827 
(1950). 


Slansky, Serge. Sur les formules de normalisation et de 
valeurs moyennes, le photon et les particules de spin 
supérieur 4 1/2. C. R. Acad. Sci. Paris 231, 404-406 
(1950). 

To obtain the probability density and normalization con- 
dition for particles of spin greater than 4 a system of n 
particles of spin 4 is considered. Assigning different times 
to the particles makes possible the introduction of a space- 
time density function for the system. The mean value of 
an operator pertaining to one particle may be defined by 
means of an integration over the space coordinates of this 
particle and the space-time coordinates of all others. Re- 
stricting the time integrations to a small region around the 
time at which the single particle expectation is to be com- 
puted gives a probability density for this particle. Assuming 
that a particle of spin of 4 is described by requiring the n 
particle wave function to depend only on the center of 
gravity coordinate gives, on considering the contributions of 
each of the constituents, a probability density which then 
leads to a normalization condition. K. M. Case. 


Hanawa, Sigeo, and Miyazima, Tatuoki. Radiative correc- 
tions to decay processes. I. The meson decay. Prog- 
ress Theoret. Physics 5, 459-472 (1950). 

To investigate the applicability of the methods of mass 
and charge renormalisation which have been developed by 
Tomonaga, Schwinger, and Dyson, to cases where several 
particles interact with each other, the second order radiative 
corrections to meson decay are calculated. Such corrections 
are necessary since the spontaneous decay of a charged 
meson is always accompanied by electromagnetic radiation 
of fairly uniform intensity distribution over a frequency 
interval between zero and an upper limit which is deter- 
mined by the amount of available energy. As for all such 
processes, the ordinary quantum mechanical treatment leads 
to a divergent result for the emission probability of low 
energy photons. This infrared divergence is removed if the 
emission and reabsorption of virtual photons is taken into 
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account, but such a correction brings in an ultraviolet 
divergence due to the virtual high frequency photons. Using 
the method of contact transformation, the authors show 
that the main part of this divergence can be removed by 
mass renormalisation, and a remaining part by a renormali- 
sation of the coupling constant between the meson and the 
electron-neutrino field. The radiative correction to the mean 
lifetime thus obtained amounts to about 5%. 
E. Gora (Providence, R. I.). 


de Groot, S. R., and Tolhoek, H. A. On the theory of 
beta-radioactivity. I. The use of linear combinations 
of invariants in the interaction Hamiltonian. Physica 

16, 456-480 (1950). 

In this paper, the first of a projected series, the theory of 
beta-decay is based on a Hamiltonian consisting of a linear 
combination of all five of the relativistically invariant terms 
referred to as scalar (S), vector (V), tensor (J), pseudo- 
vector (A), pseudoscalar (P). Allowed transition proba- 
bilities, the shape of the beta-spectrum, the angular corre- 
lation of electron and neutrino are discussed, neglecting the 
effect of nuclear charge. The correction due to nuclear 
charge for the beta-spectrum and its role in K capture is 
considered. The chief new element in the paper is a sym- 
metry condition proposed for the processes of negaton and 
positon emission which is analogous to, but less restrictive 
than, the one suggested by Critchfield and Wigner [Physical 
Rev. (2) 60, 412-413 (1941); Critchfield, ibid. 63, 417-425 
(1943) ]. It is shown that the proposed principle is rela- 
tivistically invariant and requires that the Hamiltonian 
contain either S, A, and P terms, or V and T terms, but not 
both. This implies that there is no term in Z~ in the beta 
spectrum, in apparent agreement with experiment. The 
authors conclude with a survey of the present experimental 
evidence bearing on the theory, and make a number of 
suggestions about possible fruitful directions for future ex- 
perimental effort. A. J. Coleman (Toronto, Ont.). 


Thirring, W. Radiative corrections in the non-relativistic 

limit. Philos. Mag. (7) 41, 1193-1194 (1950). 

Using Dyson's procedure of renormalization [Physical 
Rev. (2) 75, 1736-1755 (1949); these Rev. 11, 145], the 
author shows that, in the limit of vanishing momentum of 
the incident photon, radiative corrections to the scattering 
by a free electron vanish in all orders of approximation. The 
conclusion is that the Thomson formula is exactly correct, 
and can be taken as one definition of the experimental 
(renormalized) charge of the electron. W. H. Furry. 


Moseley, H. M., and Rosen, Nathan. The meson as a 
composite particle. Physical Rev. (2) 80, 177-181 
(1950). 

The z+ meson is considered as a combination of proton 
and antineutron described by a sixteen component wave- 
function yi; (i, 7=1, 2, 3, 4), the particles individually satis- 
fying the Dirac equation and having a contact interaction 
expressed as a linear combination of invariants constructed 
from the usual scalar (S), vector (V), tensor (7), pseudo- 
vector (PV), pseudoscalar (PS) combinations of Dirac 
matrices. Equations are derived for S, V, T, PV, PS linear 
combinations of the ¥;. To produce bound states of finite 
energy the 4(x) (x relative coordinates) of the contact inter- 
action is discarded and replaced, for simplicity, by a square 
well. The assumption that a proton and neutron do not 
form a composite particle gives reasonable ground for keep- 
ing only V and T interactions. It is stipulated that the 
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energy approaches the rest-energy of two particles as the 
interaction tends adiabatically to zero. For zero total angu- 
lar momentum the T interaction must be discarded. It then 
appears that for unit angular momentum there is a (mainly) 
§P, level below the (mainly) *P, level. A number of different 
states with angular momenta 0, 1, 2 lie close to the ground 
state and would be interpreted as particles with nearly equal 
masses and spins 0, 1, 2. C. Strachan (Aberdeen). 


Ashkin, J., Simon, A., and Marshak, R. On the scattering 
of r-mesons by nucleons. Progress Theoret. Physics 5, 
634-668 (1950). 

On the assumption that both the neutral and the charged 
x-mesons do not possess spin, an attempt is made to answer 
the question as to whether they suffer appreciable non- 
Coulombic scattering by nucleons. Direct and charge- 
exchange scattering cross sections are calculated with the 
help of Feynman's [Physical Rev. (2) 76, 749-759, 769-789 
(1949) ; these Rev. 11, 765] covariant perturbation methods. 
Toillustrate the power of the new perturbation techniques the 
calculations are reported in considerable detail. For scalar 
mesons with scalar coupling and for pseudoscalar mesons 
with pseudoscalar coupling the lowest order cross sections 
are of the order of magnitude 10-* cm?; higher order correc- 
tions to these cross sections are determined by the usual 
methods of mass and charge renormalization, and shown to 
be negligible. These values are lower than the experimental 
values (~10-*’ cm?*). For scalar mesons with vector coupling 
and pseudoscalar mesons with pseudovector coupling the 
lowest order cross sections are of the order of 10-** cm’. 
These values are too high. It is likely that acceptable values 
for the scattering cross sections would be obtained if the 
higher order corrections could be included. As yet that is not 
possible. The methods available at present apply to weak 
coupling only, and apparently a strong coupling theory is 
needed to deal with vector and pseudovector coupling. 

E. Gora (Providence, R. I.). 


Yamada, E. Anomalous magnetic moment of the nucleon. 

Progress Theoret. Physics 5, 312-314 (1950). 

Magnetic moments of proton and neutron are calculated 
by second-order perturbation theory, assuming the meson 
field to be either vector or pseudo-vector, charged or neutral, 
and with either vector or tensor coupling. The results are 
finite but in bad disagreement with experiment for vector 
coupling, and infinite for tensor coupling. 

F. J. Dyson (Birmingham). 


Groenewold, H. J. Radiative electron interaction. I, I. 
Nederl. Akad. Wetensch:, Proc. 53, 414-431, 610-624 
(1950). 

The author's unitary charge theory was announced in 
two previous papers [same Proc. 52, 133-144, 226-239 
(1949); these Rev. 11, 146]. The present papers deal with 
the parallel in unitary charge theory to the processes of 
spontaneous and induced emission and absorption of pho- 
tons and the interference and diffraction of electromagnetic 
waves. This is done in terms of a rather simplified spherical 
universe which is further ‘‘mutilated” in that effects due to 
longitudinal electromagnetic waves are not suppressed. The 
author shows that the results of ordinary quantum theory 
can be paralleled in his theory which employs action at 
a distance between electrons without an intermediary 
photon field. A. J. Coleman (Toronto. Ont.). 
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Thermodynamics, Statistical Mechanics 


Taketa, Naruo. On the modification of Boltzmann’s equa- 

tion. J. Phys. Soc. Japan 4, 357-358 (1949). 

The author claims to show that any solution of a certain 
integral equation also satisfies the Boltzmann integro- 
differential equation. The treatment contains two errors: 
The right hand side of Boltzmann's equation is treated as a 
given function, and d/dt is confused with 0/dt. There may 
be some sense in which the result is approximately valid, 
however, since the author claims that it expresses a generali- 
ization of the method of Meyer [presumably O. E. Meyer, 
Ann. Physik (2) 125(201) = (5) 5, 177-209, 401-420, 564-599 
(1865) ]. C. Truesdell (Bloomington, Ind.). 


de Boer, J. The caloric and thermal equation of states in 
classical and in quantum statistical mechanics. Nuovo 

Cimento (9) 6, Supplemento, no. 2 (Convegno Inter- 

nazionale di Meccanica Statistica), 199-207 (1949). 

The pressure of a classical ensemble of a large number 
of molecules can be computed in either of two ways: 
(a) from the volume derivative of the partition function 
(1) Z=f---f exp (—8H(p, q))dgdp, where H is the Hamil- 
tonian of the system, p the set of momentum coordinates, 
q the set of position coordinates of all the molecules, and 
8=1/KT; (b) from the virial theorem. Although these two 
methods give the same results in classical mechanics, it has 
recently been suggested by Born and Green [Proc. Roy. 
Soc. London. Ser. A. 191, 168-181 (1947); these Rev. 9, 402] 
that in a quantum mechanical system the two equations of 
state might be different. Indeed, Born and Green believe 
the peculiar properties of liquid helium below its A-point to 
be associated with this possible difference. By introducing 
wave functions of running waves in the appropriate Slater 
sum (the quantum mechanical analogue of (1)), the author 
claims to show that contrary to the Born-Green assertion 
both pressures are the same. This result is based on the 
vanishing of the trace of the commutators of p and g 
operators with the exp (—8H) operator. In a later paper 
Green [Physica 15, 882-890 (1949); these Rev. 11, 634] 
claims that these commutators do not vanish. By making a 
careful analysis of the effect of the nature of the boundary 
of the container on the pressure, Riddell and Uhlenbeck 
[see the following review] confirm the author’s results. 
Green in turn questions this work [see the second following 
review |]. E. W. Montroll (College Park, Md.). 


Riddell, R. J., Jr., and Uhienbeck, G. E. On the notion of 
pressure in a canonical ensemble. J. Chem. Phys. 18, 
1066-1069 (1950). 

In classical systems the pressure in a canonical ensemble 
derived from the virial theorem is exactly the same as that 
derived from the partition function. It has recently been 
suggested by M. Born and H. S. Green] Proc. Roy. Soc. Lon- 
don. Ser. A. 191, 168-181 (1947); Green, ibid. 194, 244-258 
(1948); Physica 15, 882-890 (1949); these Rev. 9, 402; 11, 
634] that at low temperatures where quantum effects are 
significant this equivalence does not exist. Born and Green 
attribute the behavior of liquid helium below its A-point to 
the existence of two kinds of pressure. The authors insist on 
the equivalence of the two pressures in quantum as well as 
classical systems. They attempt to prove their point by in- 
troducing a smooth potential energy function for the inter- 
action of the particles of the system with the walls of its 
containers. Certain complications of a sharp potential func- 
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tion at the walls are avoided. It is claimed that Green’s 
deviations from the classical results were the result of an 
improper analysis of the wall potential. The authors agree 
with de Boer’s [Physica 15, 843-848 (1949); these Rev. 11, 
634] criticism of Green’s results. E. Montroll. 


Green, H.S. Remarks on a paper by Riddell and Uhien- 

beck. J. Chem. Phys. 18, 1123-1124 (1950). 

This is the author's reply to the criticism of his work by 
Riddell and Uhlenbeck [see the preceding review]. The 
author reaffirms his belief in the existence of two pressures 
under certain conditions. He questions several of the critical 
equations derived by Riddell and Uhlenbeck. 

E. Montroll (College Park, Md.). 


Yvon, J. De l’équilibre des liquides. Nuovo Cimento (9) 
6, Supplemento, no. 2 (Convegno Internazionale di 
Meccanica Statistica), 187-197 (1949). 

This is a discussion of the statistical mechanical deriva- 
tion of the equation of state of quantum and classical liquids. 
The author disagrees with the conclusions of Born and Green 
[see the three preceding reviews and references cited there ] 
concerning the existence of two pressures under the proper 
conditions in a quantum liquid. E. Montroll. 


Price, P. J. On the quantum mechanics of fluids. 

Mag. (7) 41, 948-960 (1950). 

This is a critique of the work of Born and Green on the 
theory of quantum liquids. The author claims that the 
difference between the so-called kinetic and thermodynamic 
pressure is zero. He is therefore in agreement with Yvon, de 
Boer, Riddell and Uhlenbeck in this controversy [cf. the 
four preceding reviews and references cited there ]. 

E. Montroll (College Park, Md.). 


Philos. 


Stupotschenko, J.W. Uber die Verteilung der kinetischen 
Energie in reagierenden Gas-Systemen. Sowjetwissen- 
schaft. Naturwiss. Abt. 1950, no. 1, 88—97 (1950). 
Translation of a. paper in Akad. Nauk SSSR. Zurnal 

Eksper. Teoret. Fiz. 19, 493-501 (1949); these Rev. 12, 231. 


Wannier,G.H. Antiferromagnetism. The triangular Ising 

net. Physical Rev. (2) 79, 357-364 (1950). 

The statistical mechanics of a two-dimensional infinite 
set of spins [Onsager, same Rev. (2) 65, 117-149 (1944); 
these Rev. 5, 280; B. Kaufman, ibid. 76, 1232—1243 (1949) ] 
is worked out for the case in which the spins form either a 
triangular or a honeycomb arrangement. Only nearest 
neighbor interactions are considered. The results for the 
honeycomb and the ferromagnetic triangular net differ little 
from those for a square net (Curie point with logarithmically 
infinite specific heat). The antiferromagnetic triangular net 
is a case of antiferromagnetism in a nonfitting lattice. The 
entropy at absolute zero is finite (0.3383 R). The system is 
disordered at all temperatures and possesses no Curie point. 

F. London (Durham, N. C.). 


Husimi, Kodi, and Sy6zi, Itiro. The statistics of honey- 
comb and lattice. I. Progress Theoret. 
Physics 5, 177-186 (1950). 

Sy6zi, Itiro. The statistics of honeycomb and triangular 
lattice. II. Progress Theoret. Physics 5, 341-351 
(1950). 

The partition functions of the Ising models of ferro- 

magnets with two-dimensional hexagonal and triangular 
lattices have been calculated exactly by the matrix method 





[Kramers and Wannier, Physical Rev. (2) 60, 252-262, 
263-276 (1941); Montroll, J. Chem. Phys. 9, 706-721 
(1941); Lassettre and Howe, ibid., 747-754 (1941); the 
Rev. 3, 63, 64]. In this method the partition function is a 
power of the largest characteristic value of a matrix who 
elements depend on the interaction energy of pairs of atoms 
that are nearest neighbors in the lattice. The techniqu 
used in the calculation of the largest characteristic value is 
based on that used by Onsager [Physical Rev. (2) 65, 
117-149 (1944); these Rev. 5, 280] in his work on 
dimensional rectangular lattices. A rather complete di 
cussion of the required abstract algebra is given. It is she 
that a logarithmic infinity exists in the specific heat at 
Curie point H, given by cosh 2H,=2 (H=J/kT and J/2i 
the interaction energy of a pair of nearest neighbors with 
parallel spins) for the hexagonal lattice and at H.=} logF 
for the triangular lattice. The antiferromagnetic hexagonal 
lattice (which corresponds to replacing J by —J) also has 
a Curie point when cosh 2H,=2, but the antiferromagneti 
triangular lattice has no Curie point [see also the preceding 
review |. The same problem has been treated independently 
in a similar manner by Temperley [see the following review 
Newell [see the second following review ], and Houtappe 
[see the third following review ]. All of these papers are i 
complete agreement. E. Montroll (College Park, Md.). — 


Temperley, H. N. V. Statistical mechanics of the two- 
dimensional assembly. Proc. Roy. Soc. London. Ser. A: 
202, 202-207 (1950). : 
This is an exact calculation of the partition functions ¢ 

the Ising model of ferromagnets with two-dimensional hex 
agonal and triangular lattices. The results are in complet 
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